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ANNOTATION 


Systemy  Kvazilineynykh  Uravneniy.  I  Ikh  Prilozheniya  K  Gazovoy  I'ianmike 
(Systems  of  Quasilinear  Equations  and  Their  Applications  to  Gas  Dynamics) , 
Boris  Leonidovich  Rozhdestvenskiy  and  Nikolay  Nikolayevich  Yanenko,  I960,  Main 
Editorial  Department  of  Physics -Mathematics  Literature  of  the  Nauka  Publishing 
House. 


Mathematical  methods  of  investigating  one-dimensional  problems  in  gas 
dynamics  are  presented.  Systems  of  quasilinear  equations  and  principal  prob¬ 
lems  for  hyperbolic  systems  are  studied  in  detail.  Equations  of  gas  dy¬ 

namics  are  derived  and  investigated}  analytic  solutions  of  gas  dynamics  are 
presented}  discontinuous  flows  containing  shock  waves  are  studied. 

The  fundamentals  of  the  theory  of  difference  schemes  are  set  forth  and 
a  variety  of  numerical  solution  methods  for  gas  dynamics  problems  employed  in 
practical  calculations  are  set  forth. 

A  theory  of  the  generalized  solution  is  outlined  for  systems  of  quasi- 
linecr  equations  of  the  hyperbolic  type. 

The  monograph  contains  the  results  of  recent  work  on  these  problem  areas. 

Bibliography:  105  entries.  Figures:  101.  Tables:  1. 


INTRODUCTION 


Theoretical  physics  employs  a  variety  of  models  in  describing  the  behav¬ 
ior  of  a  continuous  medium  (gas5  liquid,  or  solid);  in  most  cases  the  models 
lead  to  nonlinear  differential  equations  with  partial  derivatives.  This  is 
not  fortuitous.  Actually,  the  interaction  of  two  gas  molecules  depends  on  their 
velocities.  For  this  reason,  the  coefficients  of  differential  equations  of  a 
continuous  medium  describing  the  averaged  pattern  of  molecular  interaction  de¬ 
pend  not  on  the  time  and  point  in  space,  out  solely  on  the  state  of  the  medium 
at  the  given  point,  i.e.,  the  equations  are  nonlinear. 

The  mechanics  of  a  continuous  medium  is  a  principal,  but  not  the  only 
field  of  practical  use  of  systems  of  nonlinear  differential  equations  in  partial 
derivatives.  In  describing  most  real  physical  processes,  we  arrive  at  nonlinear 
equations,  and  only  substantial  additional  assumptions  on  the  smallness  of  the 
amplitudes  of  the  field  waves  or  the  amplitudes  of  fluctuations  in  the  medium, 
amplitudes  of  deviations  from  the  equilibrium  state,  and  so  on  lead  to  nonlinear 
equations,  which  are  studied  more  profoundly.  Chapter  Four  of  this  book  pre¬ 
sents  examples  of  problems  in  physics,  chemistry,  and  mathematics  that  are  asso¬ 
ciated  with  nonlinear  equations. 

Study  of  general  properties  of  nonlinear  equations  and  methods  of  their 
solution  is  a  fast-growing  field  of  modern  mathematics. 

Given  the  wealth  of  interesting  facts  and  the  diversity  of  original  and 
ingenious  methods  of  investigation  and  solution  of  nonlinear  equations,  this 
field  of  mathematics  has  until  now  not  had  as  solid  theoretical  foundation 
as  the  theory  of  linear  equations.  This  is  because,  first  of  all,  vhe  prin¬ 
ciple  of  superpositioning  of  solutions  is  not  applicable  to  nonlinear  differ¬ 
ential  equations,  so  that  the  set  of  solutions  is  not  linear. 

Among  hyperbolic  systems  of  nonlinear  equations  with  partial  derivatives, 
the  simplest  are  the  systems  of  quasilinear  equations.  Systems  with  two  inde¬ 
pendent  variables  have  been  most  thoroughly  studied;  these  systems  describe,  in 
particular,  the  nonateady  one-dimensional  and  supersonic  two-dimensional  steady 
flows  of  compressive  gases  and  liquids.  But  even  for  these  systems,  at  present 
time  there  is  not  a  complete  enough  theory;  there  are  no  general  theorems  of 
tho  existence  and  uniqueness  of  solutions  to  problems  with  initial  data  (Cauchy's 
problem). 
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This  situation  is  explained  by  the  faot  that*  the  solution  to  Cauchy1* 
problem  is  a  whole  for  hyperbolic  systems  of  nonlinear  equations  is  associated 
with  the  marked  complexity  both  of  the  formulation  of  the  problem  as  well  as 
methods  cf  solving  it.  And  almost  all  the  principal  difficulties  arising  here 
appear  already  for  the  situation  of  two  independent  variables,  and  we  can  expect 
that  solutions  to  multidimensional  equations  in  gas  dynamics  locally  have 
generally  the  same  features  as  solutions  to  one-dimensional  equations. 

So  the  study  of  hyperbolic  systems  of  nonlinear  equations  with  two  inde¬ 
pendent  variables  represents  a  wholly  necessary  and  thus  far  still  unaurmo'inted 
stage  in  the  exploration  of  more  general  nonlinear  equations. 

From  these  considerations,  the  authors  decided  to  limit  themselves  gen¬ 
erally  to  the  theory  of  hyperbolic  systems  with  two  independent  variables  and 
to  study  one-dimensional  nonsteady  flows  of  compressible  liquids  and  gases. 
Therefore,  as  a  rule,  we  will  consider  one  of  the  independent  variables  to  be 
time  and  denote  it  by  the  letter  t. 

Let  us  clarify  at  this  point  the  present  status  of  the  problem  of  the 
solvability  of  Cauchy's  problem  for  hyperbolic  systems  of  quasilinear  equations 
and  the  difficulties  arising  in  attempts  to  construct  the  solution  to  this  problem 
overall.  The  fundamental  method  in  solving  hyperbolio  systems  of  quasilinear 
equations  is  the  method  of  characteristics,  presented  in  detail  in  Chapter  one* 

It  is  used  to  prove  the  existence,  uniquenesn,  and  continuous  dependence  on 
initial  data  of  the  classical  solution  to  Cauchy's  problem.  These  results  are 
highly  satisfactory  in  the  sense  that  the  classical  solution  is  constructed 
throughout  the  domain  of  variables  e  and  x,  where  they  exist.  Ve  note  that 
the  domain  of  existence  of  the  classical  solution,  generally  speaking,  is 
bounded fBince  solutions  to  nonlinear  equations,  in  contrast  to  linear  equations, 
exhibit  the  property  of  unbounded  increase  ir>  the  value  of  the  derivatives,  which 
is  called  the  gradient  catastrophe. 

The  significance  of  this  property  is  that  even  at  as  smooth  initial 
values  as  desired,  the  first  derivatives  of  the  solution  remain  bounded,  gen¬ 
erally  speaking,  only  within  a  finite  time  interval.  At  s^me  t0  >  0,  they 
become  unbounded, and  when  t  >  t0  no  classical  solution  to  the  formulated 
Cuachy's  problem  exists  any  longer. 

From  the  viewpoint  of  gas  dynamics  this  corresponds  to  the  formation  of 
a  shock  wave  (a  compression  jump)  from  a  compression  wave.  Thus,  if  we  wish  to 
define  the  solution  to  Cauchy's  problem  for  any  t  J  0,  i.e.,  overall  (and  this 
is  precisely  how  the  problem  stands,  for  example,  in  gas  dynamics),  then  ve 
must  first  of  all  give  a  definition  of  the  solution,  since  tne  solution  to  a 
system  of  equations  in  the  usual  s$nse  —  a  classical  solution,  does  not  exist 
when  t  >  t0,  as  we  stated  above. 

In  most  physical  problems  and,  in  particular,  in  gas  dynamics  the  deter¬ 
mination  of  the  generalized  solution  is  dictated  by  the  way  in  which  the  problem 
is  formulated.  Thus,  for  example,  in  gas  dynamics  tbt  physical  laws  from 

which  we  derive  all  consequences  are  the  laws  of  conservation  of  mass,  momentum, 
and  energy.  These  laws  of  conservation  are  in  the  nature  of  :ntegral  relations, 


and  they  are  applicable  not  only  to  smooth  (differentiable)  flows.  Bather, 
differential  equations  of  gas  dynamics  are  derived  from  these  laws  of  conserva¬ 
tion  on  the  aaaunqction  of  the  smoothness  of  flow. 

Thus,  we  define  the  generalized  solution  of  gas  dynamics  equations  as 
a  flow  (possibly  even  with  discontinuous  parameters)  satisfying  the  main  laws 
of  conservation:  of  mass,  of  momentum,  and  of  energy.  To  this  we  add  the 
requirement  of  thermodynamics  on  the  increase  ir  the  entropy  of  each  system 
closed  in  the  thermal  sense.  The  view  is  widely  held,  thus  far  not  refuted  by 
a  single  example,  that  a  determinate  solution  exists,  is  unique,  and  satisfies 
all  rational  requirements. 

Here  a  most  essential  requirement  is  that  of  thermodynamics  dealing  with 
the  rise  in  entropy,  which  shows  the  possible  direction  of  the  process  of  rapid 
change  in  the  gas  state.  This  requirement  does  not  figure  in  an  examination  of 
classical  solutions  to  equations  in  gas  dynamics  for  a  gas  deprived  of  viscosity 
and  thermal  conductivity,  since  in  smooth  flows  the  entropy  of  the  system  is 
retained  by  virtue  of  the  same  fundamental  laws  of  conservation. 

Another  approach  to  generalized(dis continuous)  flows  of  an  ideal  gas 
deprived  of  viscosity  and  thermal  conductivity  is  also  wall  known  in  gas  dynam¬ 
ics.  Since  gas  without  dissipation  is  an  idealization  of  gas  subject  to 
dissipative  processes,  naturally  we  can  consider  its  discontinuous  flow  as  the 
“limiting  flow"  of  a  viscous  thermally  conductive  gas  as  the  coefficients  of 
viscosity  and  thermal  conductivity  tend  to  zero.  Here  it  is  assumed  that 
viscous  flows  are  always  described  by  classical  solutions  of  differential  equa¬ 
tions  and  that  the  limit  as  the  dissipative  coefficients  approach  zero  does 
exist  and  is  unique  in  a  rational  sense.  And  actually,  thus  far  this  assumption 
has  not  been  overthrown  by  a  single  example,  though  exact  proofs  hava  been 
obtained  thus  far  only  for  the  very  particular  case  of  a  stationary  shock  wave. 

Here  we  must  bear  in  mind  that  in  many  cases  real  gases  exhibit  suffi¬ 
ciently  small  dissipation  so  that  they  can  be  "approximated"  by  nondissipative 
gases.  However,  the  occurrence  of  dissipative  processes,  even  though  limited 
in  extent,  leads  to  an  increment  in  the  system's  entropy.  Thus,  the  require¬ 
ment  of  entropy  increase  in  the  discontinuous  flow  of  an  ideal  gas  is  associated 
with  the  representation  of  this  flow  as  the  "limiting"  flow  of  a  viscous 
thermally  conductive  gas. 

Let  us  note  that  from  the  mathematical  point  of  view  the  requirement  of 
an  entropy  increase  is  a  requirement  insuring  the  uniqueness  of  the  generalized 
solution  and  its  stability  with  respect  to  perturbations. 

Though  this  formulation  of  the  problem  of  the  flow  of  compressible  gases 
was  known  more  than  a  century  ago  and  even  Riemann  investigated  the  simplest 
discontinuous  flows,  there  has  been  relatively  limited  progress  in  investigating 
general  properties  of  generalized  solutions  of  equations  in  gas  dynamics.  Thus, 
and  we  have  already  mentioned  this  earlier,  up  till  now  there  have  been  no 
satisfactory  existence  and  uniqueness  theorems. 


On  the  other  hand,  the  demands  of  practice  stemming  from  the  urgent 
need  for  practical  investigation  of  discontinuous  flows,  and  also  the  new 
computational  possibilities  associated  with  the  emergence  of  high  speed  comput¬ 
ers  has  led  to  a  situation  in  which,  in  spite  of  our  inadequate  information 
about  the  general  properties  of  discontinuous  flows,  different  numerical  algo¬ 
rithms  have  been  devised  and  employed  for  satisfactory  calculation  of  flows 
containing  shock  waves.  It  mast  be  noted  that  cost  of  the  hypotheses,  about 
which  we  referred  to  earlier,  in  developing  the  numerical  algorithms  have  been 
regarded  as  reliable. 

Since  the  direct  and  rigorous  sustantiation  of  various  assumptions  on 
generalized  solutions  in  gas  dynamics  is  a  difficult  problem,  the  natural  deeire 
arose  to  teat  our  views  even  though  with  model  equations  and  systems  of  equa¬ 
tions  which  to  some  extent  simulate  equations  of  gas  dynamics. 

A  consequence  of  this  desire  was  the  emergence  in  recent  decades  of  the 
so-called  theory  of  generalized  solutions  of  systems  of  quasilinear  equations, 
or,  more  concisely,  the  theory  of  systems  of  quasi linear  equations  (this  is 
usually  what  is  referred  to  as  systems  of  hyperbolic  type).  This  theory  setBout 
to  introduce  on  analogy  with  gas  dynamics  the  concept  of  the  generalized  solu¬ 
tion  as  an  "arbitrary"  system  of  quasilinear  equations  in  partial  derivatives 
of  the  hyperbolic  type,  to  demonstrate  its  existence,  uniqueness,  and  continuous 
dependence  on  -initial  problem  data,  and  to  study  the  properties  of  these  solutions. 
At  least  formally  this  theory  is  more  general  than  one-dimensional  gas  dynamics 
and  includes  the  latter  as  a  particular  case. 

The  theory  has  attracted  any  mathematicians  and  several  results  of  Soviet 
and  foreign  scientists  have  aroused  expectations  of  its  further  development. 

Beginning  with  this  view  of  the  advancement  of  the  theory  of  generalized 
(discontinuous)  solutions  of  systems  of  quasilinear  equations,  the  authors 
confine  themselves  to  the  case  of  only  two  independent  variables  and  cover 
the  following  fundamental  problem  areas  in  the  bockj 

1,  Methods  of  constructing  classical  solutions  to  systems  of  quasilinear 
equations;  proofs  of  existence  and  uniqueness  theorems,  and  the  continuous 
functions  of  classical  solutions;  conditions  of  forming  discontinuities  in  solu¬ 
tions  of  arbitrary  systems  of  quasilinear  equations.  These  problem  areas  are 
taken  up  in  Chapter  one  of  the  book.  Here  are  presented  results  obtained  for 
classical  solutions  of  systems  of  quasilinear  equations  in  recent  years. 

2.  Classical  and  generalized  solutions  to  equations  of  gas  dynamics  for 
one-dimensional  nonsteady  flows.  This  problem  is  taken  up  in  chapter  two  of 
the  book.  The  authors  deem  it  advisable  to  examine  in  detail  several  problems 

in  gas  dynamics  discussed  in  many  reference  works.  Presented  are  the  fundamentals 
of  thermodynamics,  the  derivation  of  equations  of  gas  dynamics  for  different 
symmetries  of  one-dimensional  flow,  Hugoniot's  conditions,  general  properties  of 
flows,  the  theory  of  the  shock  transition,  and  self-modeling  and  analytic  solu¬ 
tions  of  gas  dynamics.  Including  these  traditional  problem  areas  of  gas  dynamics 
in  the  book  made  it  possible  to  deal  with,  from  a  unified  point  of  view,  several 
mathematical  problems  that  arise  in  gas  dynamics;  moreover,  most  of  the  numerical 
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methods  in  gas  dynam5.cs  are  actually  based  on  this  material.  Covered  in 
greater  detail  than  elsewhere  is  the  fundamental  problem  of  the  theory  of  dis¬ 
continuous  solutions  as  equations  of  gas  dynamics,  as  well  as  general  systems 
of  quasilinear  solutions  of  the  hyperbolic  type  —  problem  of  the  collapse  of 
an  arbitrary  discontinuity,  and  also  the  interaction  of  shock  waves  with  each 
other,  with  traveling  waves,  and  with  the  contact  boundary. 

3.  Chapter  Three  in  the  book  deals  with  difference  methods  of  solving  gas 
dynamics  equations.  These  methods  have  now  become  the  principal  means  of  inves¬ 
tigating  problems  in  gas  dynamics,  therefore  progress  in  studying  discontinuous 
flows  is  closely  linked  with  difference  methods. 

In  this  book  we  were  obligated  to  present  the  fundamental  concepts  of 
the  theory  of  difference  methods.  Unfortunately,  most  statements  in  this  theory 
apply  only  to  the  case  of  linear  equations. 

The  present  status  of  the  validation  of  difference  methods  used  in  the 
numerical  solution  of  problems  in  gas  dynamics,  briefly  stated,  amounts  to  the 
following.  Classical  solutions  (smooth  flows)  can  be  calculated  with  practically 
arbitrary  accuracy.  The  main  methods  —  the  numerical  method  of  characteristics 
—  is  adequately  substantiated  for  classical  solutions.  At  the  same  time, 
numerical  methods  used  in  calculating  discontinuous  flows  strictly  speaking  have 
not  been  substantiated  and  in  most  cases  a  number  of  hypotheses  on  solution 
behavior,  on  the  approximation  of  some  solutions  by  others,  and  so  on  are  used. 
Most  often  simply  equations  for  which  the  behavior  of  the  discontinuous  solution 
is  well  known  are  employed  to  verify  any  particular  assumptions.  It  is  not 
fortuitous  that  in  this  chapter  in  mo3t  caseB  each  scheme  is  checked  with  one 
of  the  simplest  quasilinear  equations  whose  solution  can  be  explicitly  written. 

This  principle  in  substantiating  difference  methods  shows  that  progress 
in  this  field  is  closely  bound  up  with  progress  in  investigating  general  proper¬ 
ties  of  the  generalized  solutions  of  systems  of  quasilinear  equations  and,  in 
particular,  solutions  of  gas  dynamics  equations.  On  the  other  hand,  difference 
methods  yield  experimental  material  and  most  strongly  stimulate  advances  in  the 
theory  of  generalized  solutions. 

4.  Chapter  Four  deals  with  the  theory  of  generalized  solutions  of  hyper¬ 
bolic  systems  of  quasilinear  equations  and  contains  the  main  results  attained  in 
this  field  in  recent  years.  Here  the  chief  success  must  be  regarded  as  the 
construction  of  a  theory  of  the  generalized  solution  of  a  single  quasilinear 
equation,  which  can  be  assumed  to  be  almost  consummated.  The  existence,  unique¬ 
ness,  and  continuous  dependence  of  a  generalized  solution  on  initial  data  are 
proven  for  this  equation;  the  equivalence  of  definitions  of  generalized  solu¬ 
tion  from  the  viewpoint  of  the  law  of  conservation,  on  the  one  hand,  and  as  a 
limit  of  "viscid  solutions,"  on  the  other,  is  shown. 

At  the  same  time,  just  as  in  gas  dynamics,  the  study  of  generalized 
solutions  of  systems  of  equations  encounter  great  difficulties,  and  hare  thus 
far  only  very  scanty  results  have  been  forthcoming.  The  main  problem,  which  is 
now  undergoing  comprehensive  investigation,  is  the  problem  of  the  disintegration 
of  an  arbitrary  discontinuity.  By  means  of  this  simplest  problem,  we  can  study 
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the  structure  of  the  generalized  solution  and  even  construct  generalized  solu¬ 
tions  for  the  case  of  a  systsm  of  two  equations,  by  relying  on  the  former  solu¬ 
tion. 


Chapter  pour  represents  the  main  result  obtained  for  a  single  quasilinear 
equation;  covered  in  this  chapter  is  the  problem  of  disintegration  of  a  dis¬ 
continuity  for  an  arbitrary  hyperbolic  system  of  quasilinear  equations;  also 
presented  are  some  results  appertaining  to  more  general  cases.  This  chapter 
concludes  with  a  description  of  several  problems  of  different  fields  of  science 
associated  with  the  theory  of  systems  of  quasilinear  equations  and,  in  parti¬ 
cular,  discontinuous  solutions  of  such  equations. 

The  book  is  dividsd  into  chapters,  sections,  and  subsections.  Ths  num¬ 
bering  of  formulas  is  self-contained  in  each  subsection.  Therefore  in  desig¬ 
nating  formulas,  along  with  formula  number  ths  subsection  number  and  the  section 
number  are  added,  so  that  formula  (2.7.18)  stands  for  formula  (18)  in  subsection  7 
of  section  2  of  a  given  chapter.  Only  when  ths  reference  is  not  mads  outsids  ths 
confines  of  a  given  subsection  is  the  formula  number  alone  indicated. 

In  writing  the  book,  we  try  to  treat  as  fully  as  possible  the  entire 
range  of  problems  associated  with  classical  and  generalized  solutions  of  g",a 
dynamics  equations  and  more  general  quasilinear  systems.  Still,  our  personal 
points  of  view,  undoubtedly,  have  affected  ths  choice  of  material. 

In  writing  the  book,  the  authors  consulted  with  different  teams  of  Soviet 
mathematicians.  Among  these  we  can  cits  the  collectives  headed  by  M.  V.  Keldysh, 
A.  N.  Tikhonov  and  A.  A.  Samarskiy,  and  I.  M.  Gel'fand.  Our  opinions  and  points 
of  view  were  inevitably  affected  by  consultation  with  friends  and  collsagues  it 
work;  several  results  were  made  known  to  us  by  oral  communication  with  them. 

For  a  number  of  years  each  of  us  has  given  special  courses  to  studsnts 
on  the  subject  areas  of  this  book.  As  a  result  of  working  on  the  book,  a  number 
of  new  results,  presented  here  for  the  first  time,  were  obtained. 

Summing  up,  it  must  be  clear  that  mathematical  theory  of  dis¬ 

continuous  solutions  of  systems  of  quasilinear  equations  and,  in  particular, 
equations  of  gas  dynamics  though  contain!  many  remarkable  results  and  contain¬ 
ments,  is  still  far  from  its  culmination  -pe  that  our  book  will  afford  the 

reader  a  grasp  of  modern  methods  of  sclutio.  and  investigation  of  systems  of 
quasilinear  equations  and  at  the  same  time  spur  him  to  further  investigation  in 
this  highly  interesting  and  rapidly  growing  field  of  applied  mathematics. 

This  book  grows  out  of  many  long  years  of  work  during  which  ws  always 
enjoy  the  cooperation  of  many  of  our  friends  and  colleagues  at  work  as  well  as 
many  of  our  students.  To  all  we  express  our  heartfelt  gratitude. 

We  are  also  indebted  to  A.  N.  Tikhonov  whose  advice  we  were  continually 
favored  with. 

The  assistance  of  L.  Y.  Ovsyanikov  was  especially  valuable  for  us,  sines 
he  not  only  reviewed  the  manuscript  cf  the  entire  book  and  made  a  number  of 
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disposal  materials  which  we  used  in 


valuable  comments,  but  also  pla-  3d  our 
writing  section  ij  of  C^P^81  One. 


A.  A.  Samarskiy  read  the  manuscript  of  chapter  Three  of  this  book  and 
made  several  valuable  comments. 

We  .ere  giver  a  great  deal  of  help  by  K.  ».  Kusnetaov,  «ho  read  the  entire 
manuscr  ip  t^nade  eeverafralnable  ohservatione ,  and  as  an  editor  of  this  booh 
did  much  to  promote  its  improvement. 


We  express  our  deep  sense  of  appreciation  to  all  of  these 


CHAPTER  OHE  POOTAMSIITAIB  OP  THE  THEORY  OP  HYPERBOLIC  SYSTEMS  OF  WiSI- 
LIHEAR  EQUATIONS  WITH  TWO  IHDEPENDENT  VARIABLES 


Section  I.  Basic  Definitions 

m  this  book  we  will  limit  ourselves  to  oousideriug  dilferential  equa¬ 
tions  tor  functions  dependent  only  on  two  independent  variables. 


The  system  of  relations 

z  <to,  du„  d*!_  —  o 

fAx.  t.  «s . «.•  IT . lx  *  <* .  *  ) 

(/  =  1  ,  2,  .  .  •  e  M), 


0) 


relating  values  of  the  unknown  functions  u^x,  t),  u2(x,  t),  ...  un(x>  t)  and 
their  first  derivatives  ,  •  -  ■  ,  ’  18 

oll  ,  .  fir«t-order  system  of  differential  equations  with  respect  to  the 
SSL!  S  r!.!X  *stem  <D  *•  referred  to  as  determinate  for  the  case 

when  m  -  n.  We  will  limit  ourselves  to  considering  only  this  case. 
Introducing  the  vectors 


r  „  i  <*i  _f  <^1 

«=l«i . -dl~\dx . 


du  f  dut  ~ 

i 


du,  I 
dx  r 


we  can 


write  system  (1)  more  conciselyj 


4uj.«-o  . * 


(2) 
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The  functionBu.,  -  v^(x,  t),  exhibiting  continuous  first  derivatives  and  satis¬ 
fying  the  equations  of  system  (2),  are  called  the  solution  of  this  system  of 
equations. 


If  the  system  of  nonlinear  differential  equations(2)  can  be  represented 
in  a  form  that  is  solvable  with  respect  to  the  derivatives  of  the  functions 
u.j,  . u  with  respect  to  any  derivative  (for  example,  t): 


(3) 


then  this  form  of  system  (2)  will  be  called  the  normal  form.  System  (J)  is 
called  a  Cauchy-Kovalev3ki  type  system.  We  note  that  when  system  (2)  is 
reduced  to  normal  form  the  transformation  of  variable  x,  t  is  admitted. 

System  (2)  is  called  a  system  of  quasilinear  equations  if  the  functions 
are  linear  with  respect  to  the  variables  ^u/^x,  <)u/^t;  if  however  func¬ 
tions  are  linear  over  a  set  of  variables  u,  ^u/^x,  3u/*)£,  then  system  (2)  is 
called  linear. 

A  first-order  system  of  quasilinear  equations  can  be  written  as 


j&aU-5T  + 

J 


b 


'>  „r';  '  V  •*!'  11 

2.  ....  n). 1 

•  '4:3  =  "-,.4 


(4) 


where  the  coefficients  a. b. c.  depend  on  x,  t,  u.  If  the  coefficients 

ij  l  j  l 

a. b. .  do  not  depend  on  u,  then  system  (4)  is  called  semilinear  (if  in  this 
ij  ij 

case  ^  is  linearly  dependent  on  u,  then  it  is  linear).  We  can  somewhat  simplify 

the  notation  of  system  (4),  if  we  bring  into  our  consideration  the  above-defined 
vectors  u,  <Ju/0x,  c>u/0t,  the  vector  c  -  [ c ...,  cn  }  and  the  matrix 


«u 


.  a.. 


.((o„)).  B=((b,g). 


When  using  matrical  notations  it  is  assumed  that  the  symbol  Au  and  uA  denote 
vectors  whose  components  can  be  computed  by  the  rule: 


■ 

(aA)„  =  QajkUj 


(k  1 .  2,  ....  n). 


=  (A'*)k  (j 

,3 


(5) 
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where  A*  is  a  transposed  vector. 


If  matrix  A  is  symmetrical!  then  A*  ~  A,  and  An  ■  uA.  The  scalar  deri- 
vative  of  vectors  u,  v  is  given  hy  the  formula 

-«r  .f.j  T'.‘ 

«>«■(*.  t 

Therefore  for  formulas  (5)  it  follows  that  v(Au)  ■  (vA)  *  vAu.  ¥e  will  denote 
by  the  norm  |j  u  //  of  the  vector  u  the  quantity 


mmmm 


jV.i  ~  ’ 


«•  w 


We  will  refer  to  as  the  norm  of  matrix  A  that  smallest  number  fl  A  {(  which  for 
any  vector  u  eatisfies  the  inequalities  |jAu // ^  jjAfj  //u  //  .  It  is  not  diffi¬ 
cult  to  see  that  ||  A  ||  ■  /X  »  where  \  is  the  largest  eigenvalue  of  matrix  AAe 
(or  A'A,  which  amounts  to  the  same  thing).  Since  A^Sp  AA' ,  then 


MK 


Let  Uu  recall  several  more  definitions  from  linear  algebra.  The  vector 
1  «  Z1-!*  •••*  ijj}  811,1  the  number  £  are  called,  respectively,  the  left  eigen¬ 
vector  and  the  eigenvalue  of  matrix  A  if 

1A-|1,  111  II  /0.  (6) 


Similarly,  vector  r  is  called  the  right  eigenvector  of  matrix  A  if 


Ar  -£rf  ||r  ||  /  0. 


(7) 


By  formulas  (5)  and  (6),  the  eigenvalues  g  of  matrix  A  is  a  root  of  the  charac¬ 
teristic  equation 


Det  ((aij  -  -  0 


(8) 


where  is  the  Kronecker  delta  (  “0  when  i  /  j  and  6^  ■  1  when  i  *  j). 

To  each  eigenvalue  ^  of  matrix  A  corresponds  a  linear  space  of  left  eigenvectors 
1  and  right  eigenvector  r.  The  measure  of  these  spaces  is  n  -  £ ,  where  is  the 
length  of  the  matrix 


A  -§B  "  ((aij  (9) 

The  matrix  rank  (9),  as  we  know,  is  not  smaller  than  n  -s(,  where  U.  is  the 
multiplicity  of  the  root  ^  of  equation  (8). 


Let  us  assume  that  the  eigenvalues  £  of  matrix  A  are  real.  Let  us  num¬ 
ber  them  in  increasing  order,  i.e.,  we  will  assume  that 

£l  ^  ^  ^  $n‘ 

The  equality  sign  in  (10)  is  admitted  owing  to  the  possibility  of  multiple 
roots  of  equation  (8),  and  each  multiple  root  of  is  repeated  in  (10)  as  many 

times  as  its  multiplicity. 

If  for  any  eigenvalue  %  of  matrix  A  of  multiplicity  oL  ,  the  matrix 
rank  (9)  is  n  -06,  then  the  eigenvectors,  both  the  left  1  and  the  right  r 
corresponding  to  all  eigenvalues,  form  the  basis  in  space  En  of  the  vectors 
u  -  {  u1 ,  . . . ,  un  }  . 

Thus,  in  this  case  we  will  assume  thst  there  exist  eigenvectors  l1 , 

2  u 

1  ,  ...,  1  forming  the  basis  in  space  En>  i.e.,  satisfying  the  condition 


The  index  of  the  left  eigenvector  1  in  this  case  corresponds  to  the  number  of 
eigenvalue  £  the  latter  are  0.  dered  by  means  of  inequalities  (10). 

I f  then  lk  and  r^  are  orthogonal,  in  fact,  suppose 


lkA  -  £klk,  -  ^rJ. 


(12) 


Multiplying  scalarly  the  first  of  the  equalities  (12)  by  r  ,  the  second  by  1  , 
and  subtracting,  we  get 

*  lW *>'  “ 1  (Ar)  1  (Ar)  r  °’  I1?) 

Since  %.  /  from  this  follows  the  orthogonality  of  lk  and  r1^.  For  the 

K  J 

case  when  all  eigenvalues  of  matrix  A  are  simple,  the  equality  sign  in  inequa¬ 
lities  (10)  is  canceled  out  and  the  left  and  right  eigenvectors  form  a  biortho- 
gonal  system,  i.e., 


when 


k  /  j. 


(14) 


/V=2^a  =  0  '  ' 

t  a-'  j 

If  matrix  A  is  synmetac  then  we  can  assume  that  r  =  1  •  We  require  that  th 

lsft  electors  l“  of  1  satiBfiea  the  n0r"  °n  “ndltl““  ***' 

|jlkfi=,1  (k-1,  (15‘) 

Then,  if  for  any  eigenvalue  ?-  «=k,  the  matrix  rank  (9)  ^ 

vectors  1^  for.  a  normed  basis  in  E„  and  naturally  satisfy  conditron  l")l  »  “ 
this  case  matrix  A  is  symmetric,  then  the  basis  /  1  }  can  be  chosen  as  or 

normed. 

matrix  A  is  referred  to  as  positively  defied  if  all  the  eigenvalues  ore 

„,,i,.l.r  if  f -  0  is  not  its  eigenvalue,  and  singular,  other 
positive;  it  is  nonsinguidr  ±±  5 

wise. 

i  +„  +Vi-in  hrief  recanitulation  of  linear  algebra,  leu 
Limiting  ourseives  to  this  Drier  reoayj.uuj.au 

ua  write  system  (,4)  as 

A<3u/<H  +  B  ^u/&x  -  c.  (l6) 

For  the  case  when  matrix  A  is  nonsingular,  system  (16)  reduces  to  the 
normal  form  (3)  and  can  he,  after  transformations,  written  as 

au/6t  +  a1  au/<?x  =  b,  (it) 

where  A  =  A^x,  t,  u),  b  =  b(x,  t,  *)  are  certain  new  matrices  and  a  new  vector, 
respectively.  Below  we  will  limit  ourselves  to  studying  system  (16)  which  can 
be  reduced  to  normal  form  (17)» 

Above  we  made  an  assumption  on  A(x,  t,  u)  of  the  system  of  equation  (16). 
However,  A  depends  on  u,  i.e„  on  the  assumption  which  is  asande  unknown  to 
us.  therefore  let  us  stipulate  in  which  sense  we  make  the  assumptions  on  e 

coefficients  of  systems  (16)  and  (17)» 

1)  Either  we  will  assume  that  solution  u  -  u(x,  t)  of  systems  (16)  and  (17) 
is  given  as  a  function  of  the  variable  x,  t,  then  the  realization  of  any  restric¬ 
tion  imposed  on  matrices  A,  B,  and  A, ,  and  on  vectors  c,  b,  is  ven  ie 

2)  Or  else  these  restrictions  are  satisfied  by  identity  (for  any  values 

U  -  {  u  ,  ....  un}  )  in  some  singly-connected  domain  of  space  (x,  t,  u)  m  which 
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the  system  of  quasilinear  equations  and  its  solutions  will  be  considered. 

In  this  chapter  we  will  impose  the  restrictions  mainly  in  the  second 

sense. 

Section  II.  Characteristic  Directions  of  a  System  of  Quasilinear  Equations 

1.  Derivative  relathe te  direction.  Assume  f(x,  t)  is  a  differentiable  func~ 
tion  of  its  variables.  At  some  point  (xq,  tQ)  we  will  consider  the  expression 

i4TF'4-fl$r’  (!) 

assuming  that  A,  B  are  not  simultaneously  equal  to  zero. 

For  any  A  and  B  that  are  continuous  in  some  neighborhood  of  the  point 
(xq,  tQ)  we  can  find  a  smooth  curve  f  running  through  this  point  and  such  i;hat 
when  it  is  suitably  parametrized  equation  (l)  is  proportional  to  the  derivative 
of  the  function  f(x,  t)  at  the  curve  f7  with  respect  to  the  parameter  Z  . 

Actually,  suppose  the  curve  f  is  given  by  the  equations: 

tVx«=*(t).  (  —  (( c),  x(ij  =  x0.  t (Tq) cs [q,  <  (2) 

Then  at  the  curve  f  the  function  f(x,  t)  is  a  function  of  one  variable  C: 
f(x(  r),  t(  X.  ))  =  F(  t  ).  Let  us  reply  that  expression  (l)  be  proportional  to 
F'(t:)  whatever  the  function  f. 

This  will  be  done  if 

dx/dt  b.  <<B,  dt/df  =  oCA,  (?) 

where  cL  is  any  derivative  function  z .  Clearly,  the  essential  condition  uniquely 

defining  the  direction  of  curve'  f  at  the  point  (x  ,  t  )  is  the  equation 

o  o 

dx/B  =  dt/A,  (4) 

and  formulas  (?)  define  the  corresponding  parametrization. 

We  will  call  the  derivative  F1 ( C )  for  the  natural  parametrization  of 
£  when  ot  =  -^^===gx~  the  derivative  of  function  j  with  respect  to  direction 
r  .  In  this  case  the  parameter  X  is  the  length  of  the  arc  of  the  curve  f . 

When  oC"  1 »  expression  (1 )  will  be  called  the  derivative  of  function  f 

with  respect  to  parameter  Z  in  the  direction  of  the  curve  f .  This  simple 
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concept  finds  important  applications  in  the  theory  of  equations  with  partial 
derivatives# 

Let  us  consider  the  simplest  differential  equation 

(5) 

assuming  that  functions  k  and  B  are  continuously  differentiable.  Equations 


»#'<£■  o 


(6) 


or  equation  (4)  defines  the  eingle-peranetric  family  of  curves  f.  tte  para- 
«ter  t  ie  defined  along  each  of  these  curves  uniquely  if  along  some  (arbitrarily 
chosen)  curve  V„  intersection  of  the  curve  f  ve  set  X.  (Figure  1.1). 


Pit  -e  1.1 

Let  us  bring  into  correspondence  to  each  curve  V  the  value  of  a  certain 
parameter  to (for  example,  the  length  of  the  arc  of  the  curve  Y0  measured  from 
an  arbitrary  point  on  it  to  the  point  at  which  intersects  with  the  given  curve 
jt).  Then  to  each  point  (x,  t)there  will  correspond  one  and  only  one  number  of 

pair  t,aJ. 

We  can  therefore  assume  the  function  u(x,  t)  to  be  the  function  of  the 
variables  t f  *>  i  the  equations  of  the  lines  f  are  of  the  form  a)  -  const,  while 
equation(5),  according  to  the  foregoing,  is  written  as 

(7) 

Hence  it  follows  tbar  u  -  P(« )  is  the  general  solution  of  equation  (5)  and  the 
function  u(x,  t)  is  constant  along  f  curves  r,  to. 
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The  directions  of  the  curves  defined  by  the  vector  ^B,  aJ  are  called 
the  characteristic  directions  of  equation  (5),  and  the  curves  are  the  charac¬ 
teristics. 

Let  us  note  that  the  form  (7)  of  equation  (5)  no  longer  assumes  the  exis¬ 
tence  of  the  derivatives  <£u/<^  x,  <Ju/<?  ti  equation  (7)  is  satisfied  by  an  arbi¬ 
trary  function  F (to),  in  particular,  even  a  discontinuous  function.  Here  the 
function  u  -  F(d>)  can  be  interpreted  as  the  solution  of  equation  (5)  in  the 
generalized  sense. 

2,  Hyperbolic  systems  of  quasilinear  equations.  Let  uo  consider  the  system 
of  quasilinear  equations 

^upt  +  A  b  u/dx  ■  b.  (1) 

Multiplying  it  by  the  vector  1,  we  get  the  scalar  equation 

l'w+tAiz=lb-  (2) 

If  1  is  the  left  eigenvector  of  matrix  A,  then  equation  (2)  can  be  written  as 


(3) 


where  £  is  the  corresponding  eigenvalue  of  matrix  A. 

In  equation  ())  all  components  u^  of  vector  u  are  differentiated  in  die 
same  direction.  Actually,  by  writing  equation  (j)  in  components,  we  get 


denoting  by 


i-i 


Wi¬ 


the  derivative  of  function  iu(y  t)  with  respect  to  the  variable  t  in  the 
direction  dx/dt  we  see  that  t  uation  (})  containsa  linear  combination  of 

the  derivative  (du./dt).  The  equai.  in  dx/dt  -  £  defines  the  direction  of 
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differentiation  in  equality  (5),  called  the  characteristic  direction  of  the 
system  of  equations  (1),  which  is  common  to  all  functions  u^(x,  t). 

We  will  refer  to  the  quasilinear  equations  (1)  as  nyperbolic  in  some 
Bingly-connected  domain  C  of  the  space  of  variables  x,  t,  u,  if  the  following 
conditions  are  satisfied  at  each  point  of  this  domains 

1)  all  eigenvalues  ^  -  ^(x,  t,  u)  of  matrix  A  -  A(x,  t,  u)  are  real; 
and 

2)  there  exists  the  basis  {l^(x,  t,  u),  ln(x,  t,  u)J  in  the  space 

E  ,  composed  of  left  eigenvectors  of  matrix  A  governed  by  the  norming  condition, 
n  i  2  n 

i.e.,  there  exist  normed  eigenvectors  1  »  1",  1  satisfying  the  condition 

(1.11). 

Let  U3  note  that  a  system  (1)  is  semilinear,  then  the  eigenvalue  if.  and 

It  K 

the  left  eigenvectors  1  do  not  depend  on  u.  Therefore  the  condition  of  hyper- 
bolicity  for  the  semilinear  systems  is  defined  in  some  domain  of  variable  (x,  t) 
for  arbitrary  u  (in  a  cylindrical  domain). 

As  a  part  of  the  definition  of  hyperbolicity,  let  us  note  that  often 
conditions  l)  and  2)  are  supplemented  further  by  the  requirement  of  a  determinate 

Jj 

smoothness  of  eigenvectors  1  and  eigenvalues  Thus,  for  example,  in  the 

book  [l]  system  (1)  is  called  hyperbolic  if  conditions  l)  and  2)  are  satisfied, 
and  moreover, £k(x,  t>  u)  and  1  (x,  t,  u)  exhibit  the  same  smoothness  as  the 
elements  of  matrix  A(x,  t,  u). 

In  the  following  we  will  of  course  have  to  resort  to  assumptions  on  the 
it 

smoothness  of  and  1  .  We  will  do  this  to  the  extent  that  it  is  necessary. 

*  k 

Let  us  note  in  this  regard  that  a  given  smoothness  of  1  and  ^  does  not  always 

stem  from  the  assumption  of  the  same  smoothness  for  the  matrix  A. 

Let  us  show  this  in  the  following  example  of  a  system  of  two  quasilinear 
equations; 


Matrix  A  in  this  case  is  of  the  form 
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far ■*»'-!.»*  $ 

and  its  eigenvalues  £;  2  are  determined  from  the  equation 

(  £  '  u  )  (  ^  _  u2)  "  °* 

1  12 

from  whence  1-^  -  u^ ,  i;2  ■  u2*  T"ne  eigenvectors  1  ,  1  are  defined  from  the 
equations 

(•,—%) /a  =  0.  (4)  ! 

*+  a(s,,  S,)/|«=£).  0*4+0  *4=0.  (6) 

1  2 

taking  the  noiming  condition  into  account,  let  us  now  define  1  and  1  in  the 
domain  u^  /i  Ugi 


Let  us  consider  the  straight  lire  u^  -  u2  on  the  plane  of  variables  (u^,  u 2).  If 
a(u.j,  u^)  jt  0,  then  from  (5)  we  find  1^  -  {ij  0  },  and  the  hyperbolicity  condi¬ 
tion  2)  is  violated  on  the  straight  line  u^  -  Ug.  Let  us  consider  in  more  detail 

the  case  a(u..,  u1)  -  0.  Here  equations  (4)  and  (5)  become  identical  at  the  straight 
11  12 

line  u.j  ■»  Ug  and  we  can  select  as  1  and  1  two  arbitrary  noncollinear  unit  factors 
and,  therefore,  the  system  is  hyperbolic. 

1  2 

But  if  we  have  required  that  the  vectors  1  ,  1  exhibit  a  certain  smooth¬ 
ness,  then  the  requirement  of  the  same  smoothness  for  the  function  a(u^,  u2) 

would  not  guarantee  this.  Suppose,  for  example,  that  we  require  the  vectors 
1  2 

1,1  to  be  continuous  at  the  straight  line  u^  -  u^. 


SSii¥; 


mm 
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iouely,  the  only  vector  l1  that  is  continuous  at  the  straight  i' 

U1  "  u2  would  be  vector  lVu  ,  u  )  -  h  •  0  l  ,  ^  1x29 

oontinU—  necessitates  f  1  2  t  •  0  /  J  as  for  the  vector  l2,  it8 

(u  -  u  f1  v  ’  01  eJCample»  the  continuity  of  the  function  a(a  ,  u  ) 

v  2  V  •  For  example,  if  v1,u2' 

a («|.  «*)  «=  | «,  —  b,  i"  a  («,.  «j)  (*<«,.  «,)  *  o). 

then  when  >  1  the  unknown  continuous  vector  l2  is  ™  .  , 

U1  ^  u2^  hy  the  formula  l2(u  ,  u  )  -  {o-  i  l  m.  7  ormula  (6X*hen 

tion  l2  exists.  1  1  -  ’  '  When  *  <  1  no  continuous  func- 

»uit,  “**  * 41,18  e^ie- *° — *-  -tl. 

"  ««—  derivatives,  and  als"o  “I  “V  ^ 

a,  .  u2.  1  ,Hh  Natives  at  the  straight  line 

case  dit^uTanvabIeC.TS  71  ^  ^  ‘  i"P°r‘“rt 

systems,  which  we  will  call  hyperbolic  in  the  narrow  aenae. 

We  will  refer  to  the  system  of  equations  (1)  aa  hyperbolic  In  the 
aenae  in  a  singly-connected  domain  p  0f  variables  (x  t  t  l 
this  domain  the  eigenvalues  F  £  to  ’  ’  at  eacl1  Point  of 

'  1  . . ?n  of  A  are  real  and  distinct. 

In  this  case  the  eigenvalues  can  be  ordered  and 

everywhere  in  D  the  following  inequalities  are  satisfied"6  "  a88Ume  ^ 

ll  (*>  t,  «)  <  Jj,(x,  t,  U)  <  ...  <  (x,  t,  u). 

Then,  as  indicated  in  section  t  +>>*>  ]- 

eection  I,  the  eigenvectors  1L(X  t  * 

Pendent.  It  is  easy  ,0  see  that  in  this  case  Ax  ,  ’  J  ‘  ^  iM"- 

the  same  degree  of  smoothness  as  the  elements  of  the  LrL  “j/038888 

**  so,  system  (l)  hyperbolic  in  domain  n  h  ■  '  ' 

left  eigenvector  l\  „  reduced  ,o  the  form  '  ^  “  *  «* 


(*“» . «). 


(7) 


where 


•-1 
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Prom  condition  2)  of  the  definition  of  hyperbolic  system  (l)  follow  the  equi¬ 
valence  system  (7)  of  initial  condition  (l). 

We  will  call  equation  (7)  the  characteristic  form  of  the  system  of  equa¬ 
tion  (1). 

Expanding  the  notation  of  this  system  in  components  thualy: 


>.  ,  -  .  -s.>  »•'  •*"  .  -'I 

<«*  *  mz'%.  t 


Sometimes  we  will  write  it  in  the  following  form: 


t*(x,  t,  *)(4£j*  =*/*(*•  *<  «o  ...;  «)•■ 


where  the  symbol  ^df/dt),  denotes  the  quantity 


3.  Hyperbolic  system  of  nonlinear  equations.  Let  us  consider  a  syBtem 
of  nonlinear  equations  written  in  the  normal  form: 


Setting 

dv^dx  -  U)±,  (2) 

let  us  write  system  (1)  in  the  form 

frwfr -f- q>( (jc.  if.'e,  «)  =< 0  '<i=*  1.  2,  n.->  hj.x»  (5) 

fifejAJt.  'i  ■  Vi  '  •*.  V  '•  '•'>  54-4  *  .  *'• 

Suppose  <p,  (x,  t,  v,  U)  C?o  Let  A(x,  t,  v,  a)  )  refer  to  the  square  matrix 


of  all  ni 


We  will  call  the  system  of  nonlinear  equations  (l)  hyperbolic  in  some 
domain  of  variation  of  variables  x,  t,  v,  cO  ,  if  at  each  point  of  this  domain 
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the  eigenvalue  a  £  ■  ^(x,  t,  v,  a'  )  end  the  left  eigenvectors  lk(x,  t»  v,  a)) 
of  matrix  A  satisfy  requirements  1)  and  2)  of  subsection  2. 

.  the  hyperbolic  system  of  nonlinear  equations  (1 )  reduces  to  a  hyperbolic 
systea  of  quasilinear  equations.  Differentiating  each  of  the  equations  (l)  with 
respect  to  the  variable  x  and  taking  the  symbols  (2)  into  account,  we  get 


■j  ,v 


In  formula  (5)  emanation*)  is  carried  out  with  respect  to  the  Greek  subscript 
et  wllbin  the  limits  from  1  to  n.  Below,  for  simplicity  of  notation,  we  will 
ox ten  employ  this  convention. 

Combining  equations  (3)  and  (5),  we  get  a  system  of  2n  equations 


;•.<**  A'  '/*.  ;  A.O'SjJf  '•(JEity  * 

.  1,1.  6).  r. .  l:£*  I 


'-4.-V 

rrK  *„k  J  -V.  ] 


which  we  can  consider  as  a  system  of  quasilinear  equations  with  respect  to 
2n  unknowns 


*)  To  avoid  confusion,  let  U3  stress  that  the  summation  is  carried  out 

'•  V*  •  1  ,  * 

only  with  respect  to  Greek  subscript.  For  example,  i  .  L.  '  tii  ,  d$u  , 

«-» 

and  summation  is  now  carried  out  with  respect  to  the  Latin  subscript  k. 


Let  us  shew  that  the  system  of  2n  quasilinear  equations  (6)  is  hyper¬ 
bolic.  Multiplying  the  second  group  of  equation  (6)  by  the  left  eigenvector 

If 

1  (x,  t,  v,  &)  )  of  matrix  A(x,  t,  v,  <so),  vs  get 


Thus,  system  (6)  is  reduced  to  the  form 

'  (10) 

from  whence  comes  its  hyperbolicity. 

If  <Pk  -  ^k(x»  t»  ),  i»e*»  “  °»  then  the  first  group  of 

equations  (10)  can  be  considered  independently  as  a  hyperbolic  system  of  n 
quasilinear  equations  with  respect  to  n  unknowns 

Of  course,  we  cannot  refer  to  the  equivalence  of  system  (10)  and  system 


First  of  all,  it  is  not  any  solution  v^,  of  system  (10)  that  yields 
the  solution  vk(x,  t)  to  system  (l).  Actually,  the  solution  vk*  of  system 
(10)  does  not  necessarily,  generally  speaking,  satisfy  equations  (2). 

As  we  show  in  subsection  3  of  section  IX,  satisfying  conditions  (2) 
reduces  to  satisfying  them  at  the  straight  line  t  -  0.  Thus,  solutions  to 
system  (10)  reduce  to  the  solution  v(x,  t)  to  system  (l)  only  if  conditions 
(2)  are  satisfied.  On  the  other  hand,  the  nonequivalence  of  system  (10)  and  (l) 
is  manifested  also  in  that  the  solution  to  system  (10)  satisfying  conditions  (2) 
requires  that  v(x,  t) ^  Cg.  At  the  same  time  the  definition  of  the  solution 
v(x,  t)  to  system  (l )  requires  only  its  continuous  differentiability. 
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Therefore  the  equivalence  of  system  (10)  to  system  (l)  cannot  hold  only  for 
solutions  v(x,  t)  to  system  (l)  of  class  Cg. 

Section  III.  Riemann  Invariants 

1.  Invariants  of  a  aemilinear  system  of  equations.  In  each  equation  of 
the  characteristio  system  (2.2.7)  funotions  u.(r,  t)  are  differentiated  in  the 

dire<’*10”-  “"“I  “•••  toher  simplifioation  of  the  oharaoteristio 

system  is  possible,  by  change  of  variables  »  oan  suooeed  in  differentiating 
only  one  function  of  the  variable  r,  t,  u  in  each  of  the  equations. 

„  ,  “*  US  first  0OnSii9r  the  “se  °f  **“  semilinear  system.  Then  equation 

can  be  written  as 


where 


Since  for  the  hyperbolic  system  Det((lJ))  /  0,  then 


Wf  V  - 


and  the  variables  rk(x,  t,  u)  can  be  taken  as  new  unknown  functions.  Let  us 
express  from  equations  (2)^ .  ufi  in  terms  of  r, . .  , 


‘  '  T 


where  we  let  r  st&nd  for  the  vector  f i  r  l  anj  5k 

t  V  rn/  *  ®nd  A,  are  the  coeffi¬ 

cients  of  the  matrix  A  that  is  the  inverse  of  matrix  /\  , 

A -((!,*<*,  0)).  A"1  — ((il*(s,V)lv| 


Substituting  formulas  (4)  in  the  right  sides  of  system  (2),  arrive  at  the 
system  of  equations 
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(5) 


C& .$• r)  .  (A  *=  l. .  •  • .  *)• 


which  we  will  call  a  system  written  in  invariants. 

Let  us  illustrate  the  concept  of  invariants  with  the  example  of  the  wave 
equation 

r-T'-A  ^  "  r  '  /  . '*  ; 

f  <«^=CP88t) . 

It  reduces  to  the  hyperbolic  system 


i  $■+*&-*  £+£■ 


whose  characteristic  form  is 


'  (4  -  f  $r) Hr  -a^h°‘ 

v  (ir  f*lr)+0(’Sr+a&)“0, 


Therefore,  the  invariants  defined  by  fo.'mulfis  (2)  are  as  follows: 


12 

(Let  us  note  that  here  we  have  used  the  nonnormea  vectors  1  ,  1  .) 

The  system  written  in  the  invariants: 

shows  that  the  invariant  r1  is  constant  along  the  straight  lines  x  +  at  = 
const,  and  —  along  the  line  x  -  at  -  const;  therefore 

r1  -  f  (x  +  at),  r2  -  g(x  -  at), 
where  f  and  g  are  arbitrary  functions. 

Returning  to  the  function  u,  we  get  a  known  general  solution  of  the 
wave  equation: 

I.H.  h-W  .  'i 

In  the  case  of  a  system  of  quasilinear  equations,  the  vectors  1  depend 
on  x,  t,  u.  Let  us  consider  the  differential  forms 
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(6) 


®*C*.  t,  0.  du)*=lk(x,  t,  u)  du  —  /*  (*.  t,  u)dua. 

Suppose  that  esc  of  these  fores,  considered  for  fired  v.l„ee  of  variables  r 
has  an  mtegrstihg  oofaotor  r,  .  M  (x,  ,,  u)  80  that  f  ’ 

we  have  K  *  "  !»•••»  n, 


*•  «)«*(*.  t.  u,  du)=)iklkada  —  dr* (•*■  t.  «> 


Siu  ^“a 


(7) 


18  0arrl6d  °Ut  ^  “ith  »•»•<*  «•  Greek 

suDscripts,  the  number  k  in  formula  (7)  i<j  „  .  .  . 

. .  '*7  13  fixed;.  Equations  (2.2.7)  after 

multiplication  by  ^  become  ' 


and 


1  *  V *TT  +  ' 6*  -33-  =  g„  (x.t.a)  (*=, . . 

h^Mu  +  r'u  +  l^. 


(8) 

(to 


IP  for»is  (,)  the  variables  rfc.  ^  are  partial  derivatives  of  the  functions 

r t7rivei:  r  -  * — -  «-* 

t  u1 ,  . . . ,  un  }  . 

Now  using  independence  of  the  functions  r  (x  t  u)  iP+ 

the  variable  u  in  term-  nf  tv  "  let  us  express 

u  m  term,  of  them,  after  which  we  get  from  (8)  the  f„n  • 

system  of  linear  equations!  '  lowing 


«*,  .  dr*  - 

-  +S.-R— fttr.i.,,  . a) 


(10) 


00)TluII  a\n  CiUed  1"Varia”‘S  (flie“""  -  the  system 

'  /  CflliCd  &  8VS  tSDQ  in  inVi.Tiwnf’  a  ni  _ . 

invariants  in  his  olassioal  .ork  f2l  If  7  T  “*  °0nCeI,t  °f 

geneous  and  do  not  depend  explicitly  on  x,  .(A  .  A(„)  f  '  0,  V  ^ 

(to)  is  also  homogene  oust  ’  the“  eq'"tion 
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(11) 


(*=1 . n). 


i.e.,  the  functions  r^(x,  t)  are  constant  along  the  integral  curves  of  the 
equation 


£=l,(r(x.  *))■ 


(12) 


which  are  called  characteristics  of  system  of  equation  (11). 

2.  Systems  of  two  and  three  quasilinear  equations.  We  know  that  not 
every  differential  form  k>k(u,  du)  has  an  integrating  cofactor.  An  excep¬ 
tion  is  the  case  n  ■  2  when  this  cofactor  always  exists.  In  this  case  the 
Riemann  invariants  can  be  defined  thusly.  Suppose  the  equations 

<ot(x°.  t°.  a,  du)  =  0  2)  , 

have  integrals 

®4(x°.  fi.  a)  —  const  (*=1,  2). . 

Then,  obviously,  the  following  function  can  be  taken  as  Riemann  invariants t 

rk  *  *»  u^* 

Now  let  us  consider  the  case  n  «  3.  We  know  (cf  [3,  4])  that  in  this 
case  the  arbitrary  differential  form 

4-'k(x.  t»  u*  du)  “  lk(x»  t»  u)  du  (1) 

(x,  t  fixed)  can  be  represented  one  of  the  following  forma 
a)  dU,  b)  V  dD,  c)  dO  +  V  dW, 

where  U,  ¥,  W  are  functions  of  x,  t,  u.  The  cases  a),  b),  and  c)  follow  one 
after  the  other  in  order  of  generality. 

If  the  forms  refer,  when  k  -  1,  2,  3>  to  types  a)  and  b),  then  this 
means  that  integrating  cofactor is  present  for  each  form  c O k,  i.e.,  the 
possibility  of  reducing  the  system  of  quasilinear  equations  to  invariants*). 


*)  We  know  (cf  for  example  [5])  that  the  form  1^  du  belongs  to  type  a) 

lc  lc  lc 

if  rot  1  -  0,  and  this  form  belongs  to  type  b),  if  1  rot  1  -  0,  where  these 

conditions  are  essential  and  sufficient  (the  operation  rot  is  taken  with  respect 

to  the  variables  u^ ,  u^,  u^). 
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In  the  general  case  tne  forms  10^  belong  t 
teristio  system  reduces  the  form  • 


where  W^,  are  functions  of  the  variables  u 
Vz  -  0;  then  equations  (2.2.7)  can  be  written  in 


Section  IT.  Transfomatlon.  of  Syat.no  of  Qnn.Uin.ni  Equations 

1.  Transformation  of  systems  with  respect  to  solution.  By  the  trann 
formation  of  dependent  and  independent  variables 


'***&%.  .«  =  *(* .t.a\  l 


\  1 J 


which  have  a  reciprocal,  i.e.,  such  that 

rmw-rr*"  mrzrrvv 
th  .  k  i 

th.  hyperbolic  ayst..  of  on.ailin.ar  equations  in  Averted  into  n.  n.w 
hyperbolic  ayaten  of  quaailinear  equation.,  a.  ch.ract.ria,ic  dir.ctio„»  01 
the  hyperbolic  ayaten  are  the  invariant,  of  transformation  (,).  tti8  «eanB 

hat  if  th.  direction  dx/dt  .  fk  ia  characteristic  for  the  original  syete 
then  after  transformation  (1)  the  direction 


will  also  be  characteristic. 

I*t  na  consider  the  transformation  of  independent  variables  used  in 
gasdynenice,  which  we  will  call  the  transformation  of  independent  variables 
with  respect  to  the  solution.  Suppose  ,h.  new  variables  ...  t,  are  aasociat( 
with  the  old  x,  t  by  the  formulas 


“)dx  —  Cjc.  /,  u)dt,  F 
dt>  “¥»(*.  *<  a)dx—^(x.  t,  it)dt.  ) 


(2) 


For  the  line  x'  -  const,  t'  -  const  to  form  a  regular  net  far* 

-  U(r,  t)  of  the  initial  system,  i.e.,  for  on.  and  only  on.  point  x' ,  t'  to 

correspond  to  each  point  x,  t,  i,  ia  sufficient  that  in  the  singly-connected 

domain  of  variable  x,  ,  unde,  consideration,  the  following  condition,  are 
satisfied  t 

- +  — Si - -°  <'  =  »•  2).-  (3) 

•  —  (4) 
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In  inequality  (3)  u  -  u(x,  t)  in  the  arbitrary  solution  of  the  initial  system} 
in  the  differentiation,  the  dependence  u  on  x,  t  must  be  taken  into  account. 

Since  inequality  (3)  must  obtain  for  any  solution  u  •  u(x,  t)  of  the 
initial  system,  they  must  themselves  be  its  corollaries.  Let  us  assume  that 
this  does  occur  and  that  (4)  is  satisfied.  Then  from  (2)  follow  the  differ¬ 
entiation  formulas 


By  formulas  (5),  the  derivatives  J\i/2t  ,3u/^x  are  linearly  expressed  by 
b  u/dt1 , b  u/^x* ,  and  after  substitution  ,n  the  initial  system,  obviously,  we 
again  will  obtain  a  system  of  qua Bilinear  equations. 

Transformation  (2)  is  one  that  is  more  general  compared  to  the  ordinary 
transformation  of  independent  variables  (1).  For  its  applicability,  however 
(in  the  case  when  <P  ^  and  depend  cn  u)  it  is  necessary  that  the  system  of 
quasilinear  equations  have  as  corollaries  special  equations,  as  we  will  see  in 
section  V,  it  is  not  any  system  or  quasilinear  equations  tnat  has  even  one 
equation  of  the  type  (3)  as  the  corollary. 

Let  us  present  an  example  of  the  conversion  of  independent  variables 
with  respect  to  solution.  The  system  of  equations  of  gas  dyanmics  (cf  chapter 
Two,  section  n). 


contains  three  equations  with  three  unknowns  /°,  u,  S.  Let  us  consider  the 
transformation 

dx>  ==  p dx  —  po dt,  dt J  (7) 

In  this  case  <f>1  -  f,  -f u,  f2  -  0,  f 2  -  -1  >  conditions  (3)  are  satisfied 
by  virtue  of  the  first  equation  in  (6),  and  condition  (4)  leads  to  the  require¬ 
ment  f  >  0.  Thus,  if  p  >  0,  then 
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I 


!U  r 


and  system  (6)  changes,  after  transformation  (7),  into  the  new  systemi 


'  d  { l\‘  JLn  *»  4.  *P  —  o  ‘3 

•  'WW'^^F  'W+W-°‘  W~Q-  : 

Wilt... n. :■  -'"c  -  '  '  ' 


(0) 


in  gas  dynamics  the  variables  x,  t  are  called  ©Hfflian  variables ,  and  the  variables 
q  „  x* ,  t1  •  t  are  jpgrangian  variables. 

2.  Hodograph  transformation.  For  a  homogenous  system  of  quasilinear 
equations  whose  coefficients  do  not  explicitly  depend  on  x,  t  in  the  case  n  -  2 

rtf’*1 


r  o- 


(D 


Let  us  interchange  the  roles  of  dependent  and  independent  variables,  i.e., 
we  can  assume  that  x  -  *(«.,,  u,),  t  -  tOy  u2).  Simple  calculations  lead  to 

the  result 


vher.  •  vO  ~d 


> ,s^,  4* 


*  :■ 


-~twt r* 


(3) 


If  A/  0,  then  by  substituting  formulas  (2)  into  (l),  we  arrive  at  a  linear 
system  of  two  equations i 


Sc  •• 


(4) 
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where  a^(u)  are  elements  of  matrix  A(u). 

This  transformation  of  variables  is  called  the 
it  is  used  in  gas  dynamics. 


hodcgraph  transformation; 


3.  Extended  system.  Let  us  write  a  system  of  quasilinear  equations  of 
the  hyperbolic  type  in  the  following  characteristic  form* 


lk(x.  t,  u)  [-§-+'4*  IX,  t.  u)  = 

=  +  =  . n>-  (!) 

In  many  investigations,  along  with  system  (l)  it  is  useful  to  consider  a  system 
of  equations  in  which  the  unknowns  are  also  derivatives  of  the  solution  u(x,  t). 
This  system  is  obtained  by  differentiating  (1)  and  is  its  differential  corollary. 
We  will  call  system  (l )  and  its  differential  corollaries  an  extended  system. 

Let  us  denote 


da 

■37 


da 

p>  -3 r“« 


then  system  (l)  can  be  written  ss 

+  + (A-l . n). 


(2) 

(3) 


Differentiating  each  equation  (3)  with  respect  to  the  variables  t,  x,  we  get 


wnere 


(5) 


From  (2)  follow,  as  conditions  of  integrability  the  equations 

aq/?x  -2  p/at,  (6) 

and,  therefore,  equations  (4)  can  he  rewritten  as 


where  ^k,  ^"k  are,  by  (5),  functions  of  x,  t,  u,  p,  q. 

We  will  call  equations  (2)  and  (7)  an  extended  system.  The  extended 
system  can  be  written  in  a  different  representation.  The  equations 

<*(f •  (8) 

constitute  an  extended  system  of  2n  equations  if  the  variables  p  appearing  in 
are  canceled  out  by  means  of  equations  (3).  Here  it  is  assumed  that 

5  k  /  »*)• 

The  extended  system  was  introduced  in  this  form  by  R.  Courant  and  P. 
Lax  in  article  [6]. 


*)  The  requirement  lrk  /  0  is  not  essential.  By  change  of  variables  we  car 
achieve  the  result  that  £k  /  0  for  all  k  -  1,  ...,  n. 
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If  we  consider  an  extended  system  in  symmetric  form  (7),  then  it  is 
equivalent  to  the  initial  system  in  the  class  u(x,  t)  6:  C2. 

Let  us  dwell  on  a  remarkable  feature  of  the  extended  system.  As  was 
shown,  a  hyperbolic  somilinear  system  can  be  reduced  to  invariants.  This, 
generally  speaking,  does  not  obtain  for  systems  of  quasilinear  equations.  How 
ever,  an  extended  system  of  any  hyperbolic  system  of  quasilinear  equations 
already  possess  this  property,  i.e.,  is  reducible  to  invariants. 

Actually,  denoting 


and  converting  in  equations  (7)  to  the  variables  27*^,  we  8®t 


where 


Since  Det((  ^  ))  /  0,  then  the  variables  p,  q  are  uniquely  expressed  by  , 
d?  ,  and  can  be  canceled  out  of  ^  k. 

Adding  to  equations  (10)  the  equation 

■**&*«.  (12) 

we  get  a  system  of  4n  quasilinear  equations  written  in  invariants. 

We  can  reduce  the  number  of  equations  down  to  2n,  if,  for  example,  we 
add  to  the  first  group  of  equations  (10)  the  first  group  of  equations  (2),  i.e., 
consider  a  system  of  2n  equations  in  the  invariants: 
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(15) 


*  ^  -K*  **  x^>a’ 1 


and  assume  that  in  the  functions  jF^  the  variables  q  are  canceled  out  by  means 
of  (J),  and  p  —  by  means  of  (12). 

However,  the  second  group  of  equations  (13)  is  unsuitable  for  investi¬ 
gation.  We  will  transform  it.  Prom  equations  (3)  we  have 

..  ..  ...  i-o.  ■! 


i.  -  v.  -  ] 

Therefore  instead  of  system  (13)  we  can  consider  the  system 


(14) 


(15) 


which  is  also  written  in  variants,  and  the  function  are  functions  of  x,  t, 

u,  zr. 

Let  us  write  extended  system  (13)  in  its  final  form: 


^*■4-1*^*- =  1^' »(*,  t,  a,  £“), 

=  B.  f). 


(16) 

(17) 


From  formulas  (15),  (11),  (5),  and  (3)  it  follows  that 

f  t,  u)-\~<>F'a(.x’  t,  u)&  a~f-9?”ap(^>  f.  p>  (18) 

Ft  ^  F*(x,  t  b)  +  F*a(x,  t,  u)Pa.  (19) 


where  ,  ZF*'  ,  are  certain  functions  dependent  only  on  x, 

t,  u.  The  formulas  for  these  variables  are  quite  cumbersome  and  we  will  not 

write  them  out  here.  Let  us  however  note  that  A  &  are  expressed  in  terms 

k  k  k 

of  the  coefficients  of  the  initial  system,  and  >  <5^  in  terms  of 

the  coefficients  and  their  first  derivatives  with  respect  to  the  variables  xf  t,  u. 
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The  extended  system  (16)  and  (17)  will  be  used  by  us  in  the  following 
in  estimating  the  growth  of  the  solution  to  the  system  of  quasilinear  equations 
and  its  derivatives  (cf  section  VIII). 

By  section  II,  a  hyperbolic  system. of  n  nonlinear  equations  reduces  to 
a  system  of  2n  quasilinear  equations.  Hie  extended  system  for  arbitrary  hyper¬ 
bolic  system  of  quasilinear  equations  reduces,  in  turn,  to  equations  in  invariants. 
Therefore  a  hyperbolic  system  of  n  nonlinear  equations  reduces  to  a  system  of  not 
more  than  4n  quasilinear  equations  in  invariants  by  means  of  forming  an  extended 
system. 


Section  V.  Conservative  Systems  of  Quasilinear  Equations 
1.  Definitions.  If  the  equation 


(i) 


is  a  corollary  of  the  system  of  quasilinear  equations 

5  u/<3  t  +  A«5u/<3  x  -  b  (2) 

for  any  solutions  to  system  (2),  then  we  call  it  the  law  of  conservation  of 
system  (2). 

Suppose  system  (2)  has  m  laws  of  conservation  (l)  corresponding  to  the 

functions  <p ...,  <p  ,  ...,  These  laws  of  conservation  will  be 

called  independent  in  the  domain  D  if  the  functions  1,  <p1(xQ,  tQ,  u),  ..., 

<p  (x  ,  t  ,  u)  are  linearly  independent  for  all  x  ,  t  of  the  domain  D  under 
7  m  oo  o  o 

consideration. 

If  <p  -  <P(x,  t),  then  by  the  definition  of  equality  (l)  is  not  independent 
law  of  conservation. 


If  system  (2)  has  n  independent  laws  of  conservation  satisfying  the  condi¬ 


tion 


•  m.  ;-n- 


:A 


then  we  call  it  conservative,  otherwise  —  nonconservative. 
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(3) 


Thus,  the  conservative  system  (2)  can  he  reduced  to  the  form 


♦  ^  ^ 1  -■  -  r*f'  .  iV  ^ 

where  we  understand  <P,  tp  ,  and  P  to  refer  to  vectors  with  n  components.  Let 
us  note  that  a  system  of  the  type  (3)  is  often  called  "divergent"}  sometimes 
this  term  applies  only  to  the  case  P  ■  0.  We  obtain  equations  that  will  serve 
for  defining  all  laws  of  conservation  of  system  (2),  i.e.,  functions  of  <f  and 
f  .  To  do  this,  let  us  multiply  system  (2)  by  the  vector  ai  -cd(x,  t,  u)  ■ 

[oL^t  •••>  oC  }  and  require  that  this  result  be  of  the  form  (l). 

Let  us  arrive  at  equations 

•*  •  ..  f: 

igf  Mi'M*  >  JStl  •  _  J  _£♦.  >  _2t  i  i-S 

W*  i 

Canceling  the  vector  oL  from  these  equations,  we  get  the  system 

(4) 

in  which  only  two  unknown  functions  <p  (x,  t,  u)  and  f (x,  t,  u)  appear.  The 
system  (4)  consists  of  n  equations  and  is  described  in  components  as  follows: 

*-v*  (5) 

The  variables  x  and  t  appear  in  the  coefficients  of  this  system  as  parameters. 

A  set  of  linearly  independent  solutions  to  system  (5)  defines  the 
system  of  independent  laws  of  conservation  of  system  (2). 

If  system  (2)  is  linear  or  semilinear,  it  is  conservative.  Naturally,  in 
this  case  A  -  A(x,  t)  and  system  (5)  has  n  independent  solutions: 


••••  *>• 

When  n^.2,  system  (5)  is  either  indeterminate  or  determine and  has  an  infinite 
number  of  solutions.  When  n  ^3»  system  (5)  is  over  determined  and  cannot  in 
general  have  a  single  solution  <f  ,  tj>  ,  which  would  depend  essentially  on  u.  The 
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proof  of  this  assertion  can  be  obtained  for  the  example  of  the  system 


/ir+^ir^0*  i5r+Bi'?r“0‘ 


for  which  it  is  easy  to  establish  that  system  (5)  does  not  have  nontrival  solu¬ 
tions  (cf  [7]). 


2.  Laws  of  conservation  of  ga3  dynamics.  As  an  example  (cf  [8]),  let  us 
consider  a  system  of  equations  of  gas  dynamics  in  lagrangian  coordinates  (chapter 
two,  section  II),  which  we  will  write  as 


W  du 

i 

1  *.  :  • 


0. 


(1) 


Let  us  pose  the  problem  of  finding  all  laws  of  conservation  of  this  system  of 
equations  (obviously,  system  (l)  has  already  been  written  in  the  form  of  xaws  of 
conservation  and  is  therefore  conservative).  Representing  the  system  as 


dV  __du 

~at  ~5x 


du  ,  /  ov  ,  ,  at 

?}-  +  l>v'5Z  +  P*1I 


we  will  write  for  it  xhe  system  of  equations  (5.1*5)  with  respect  to  <p»<p(V, 
u,£),  »P-  f  (V,  u,  £  )j 

(2) 

(3) 

(4) 

Suppose  p  -  p  (V, 6  )  is  a  doubly-continuously  differentiable  functions  of  its 
variable;  we  will  assume  that  <p  (V,  u,£),  <^(V,  u,  £  )  is  also  doubly- continuously 
differentiable.  Combining  equalities  (2)  and  (4),  we  obtain  « 

p't(y.i)§r-p'v<y.  *)  — °> 

which  denotes  a  functional  dependence  with  fixed  change  u  of  the  variables  if1,  p, 
i-e. , 

V  -  *  (P»  u).  (5) 
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Similarly,  writing  out  the  conditions 
we  get 


for  consistency  of  equalities  (2)  and  (4j» 


i.e. 


/d  u  -  F(p,  u) 
where  F(p,  u)  is  an  arbitrary  function. 

Substituting  (5)  into  (5),  we  find 

where  (p,  u)  is  an  arbitrary  function. 
Integrating  (6),  we  get 

q>(K.  u,  e)  =  Fi  (P.  + 


(6) 


(7) 


(8) 


where  as  before  ?1 ,  Fg  are  certain  arbitrary  functions. 

Substituting  this  expression  into  equality  (7),  we  give  the 
following  form: 

ifiMO  — = <p (p.  u) - ^^\pp't-~ P'v\' 

Since  here  the  left  side  d-es  not  depend  on  the  variable  u,  then 

^^^^{PP'-PvV  C9) 

We  will  limit  ourselves  to  a  consideration  of  the  case  when  the  variable 
pp.  is  functionally  independent  (as  a  function  of  the  variables  V,  £  )  with  the 

function  p(V,  £ ):  ,v 

pv]:*  til*  Pvy  (10) 

Therefore, in  S*  nght  side  of  equality  (9)  appears  a  function  of  p,  u,  V,  £  that 
is  not  reducible  to  a  function  of  p,  u.  Therefore  equality  (9)  is  possible  if 

and  only  if  ,  ; 

C!?u(p.  «)  =  0.  ' 
opou  •>, 
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V-  - 


Thus,  assuming  that  condition  (10)  is  satisfied,  <£  (p,  u)  ■  4>  (p)  and.  by  (8) 


It rom  equalities  (2),  (4),  and  (11)  follows 

WvEiM  p» 


(11) 


(12) 


Therefore,  substituting  formulas  (11)  and  (12)  into  equality  (3),  we  get 


03) 


Since  F~  -  Y0{£  ,  ?),  then  the  right  side  in  (13)  does  not  depend  on  u;  there¬ 


fore 


and 


^(a)  — fjraCjsi 


since  the  constants  are  imaginary.  Finally,  equation  (13)  becomes 

/  p(V, '  e>+C*’  ; 

i.e.,  F2(£,  Vj  satisfies  the  linear  equation  in  partial  derivatives,  assuming 

Pt («.  V) C,e-- C%V + P3 (8.  V).j 

we  get  for  F2(<f  ,  V)  the  homogeneous  equation 

'  p<y,  — 


_ ^E>  ’  (14) 


As  for  the  variables  7,  £  ,  let  us  consider  the  ordinary  differential 
equation 

dt+p  (V,  e)  tfV  =  0:  (13) 


Suppose  S  -  S(V, £  )  -  const  is  the  general  integral  of  this  equation,  i.e., 

S,'(Vt  6)p(y.e)—Sv<y,  e)  “0. 

The  func  iion  S(V, £  )  is  called  entropy  in  thernod/namics.  Since  equation  (13) 
determines  the  characteristics  of  equation  ( 1 4) ,  then  (of  for  example  [3])  the 
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after  which  we  can  easily  find  f  j 

‘ J. 


general  solution  to  equation  (14)  is 

yw  “’r-T- 

tLi.  lMz  "'ii? 

where  f  is  an  arbitrary  function  of  one  variable.  And  thus,  we  obtain  the 
general  solution  to  equations  (2)  -  (4)  for  <P  1 

r.;  -iHf'rZ  \  f  - -?  _  ir.nww  (  1  6  ) 


(17) 


Formulas  (16)  and  (17)  give  us  a  grasp  of  all  laws  of  conservation  of  this  system 
of  equation  for  the  case  when  the  inequality  (10)  is  satisfied.  It  is  easy  to 
note  that  they  contair  laws  of  conservation  (l),  and  also  a  new  law  of  conserve- 
tl0n 

df  v 

which  in  gas  dynamics  is  called  the  law  of  conservation  of  entropy. 

From  our  proof  it  follows  that  when  condition  (10)  is  satisfied  the  equa¬ 
tions  of  gas  dynamics  (1)  do  not  have  any  other  laws  of  conservation  except  for 
the  known  laws  of  conservation  of  mass,  momentum,  energy,  and  entropy. 


By  way  of  y»t  another  example,  let  us  consider  the  system 


(18) 


where  g  «■  <£  (u1 ,  ...,  ur),  ;  ■  <g‘  (u^ ,  ...,  un)  are  scalar  functions  (cf 
[9] ) •  System  (18)  is  hyperbolic  if  the  matrix 

•s’. -((-££7)) 

is  sign-determined. 

The  system  of  equations  (18),  obviously,  is  conservative.  It  is  easily 
seen  that  it  has  yet  another  law  of  conservation,  independent  of  the  laws  of 
conservation  of  (18)  if  <^uu  is  a  variable  matrixj 

* = «a-?!a  -  y. 

It  s  interesting  to  note  that  equations  of  gas  dynamics,  as  well  as  certain 
othea  systems  of  equations  in  mathematical  physics  are  reducible  to  the  form  (18). 
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3.  Potential  of  the  solution  of  a  conservative  system  of  quasilinear 
equations.  Let  us  consider  a  conservative  system  of  n  quasilinear  equations 


By  the  definition  of  conservativeness 


Therefore,  as  new 
and  consider  only 


dependent  variable  ve  can  select  the  variable  v^ 
the  conservative  systems  of  the  special  form: 


<P± (*»  t,  u) 


Suppose  we  know  the  solution  u(x,  t)  to  system 

(x,  t)  such  that 


tV(x, 

V- ;  -,-V ■  ■  t? 


(1). 


(1) 

Let  us  find  the  vector 


Obviously,  the  vector  ^(x,  t)  is  nonuniquely  determined;  for  determinateness, 
we  must  set 


JT(x.  0—  J  fid.  t.  «(t  0)<tj  (2) 

,*m  v. 

where  x  ■  xQ(t)  is  a  smooth  curve  uniquely  projectible  onto  the  axis  x  -  0. 

The  system  (l)  can  be  rewritten  as 

fr  +  5J  I<p(*’  01  ’“O* 

Integrating  this  equation  of  the  domain  ^  bonded  by  the  contour  C,  we  conclude 
that  the  contour  integral 

|udx~lT(x.  t,  a)  —  S(x,  f)\dt=*1S  ' 

tends  to  zero  for  any  piecewise-«KDth  cdoasd  contour  C.  Therefore  the  curvilinear 
integral 


l*,  i) 

®(x,  0=  f  adx  —  {<p  —  JT\dt 


(5) 
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does  not  depend  on  the  path  of  integration  and  defines  the  vector  (p(x,  tJ^Cg, 
if  F<£C. 

From  (3)  follow  the  formulas 

j’  t*  fa  •; 

„  v*  •  «  LT.-ki.  s.:jl  . 

Canceling  out  u  and  using  formula  (2),  we  find 


**  *■  J.  ►  i)  >*"  >_»i ••■•<'  t  •" ■'•’*  ^  '  ■  '• 


(4) 


Now  the  system  of  nonlinear  integro-d inferential  equations  (4)  can  he  considered 
independently  of  (1).  If  we  know  the  solution  <p  (x,  t)  C2  to  system  (4),  then 
u  «  ^  C1  is  the  solution  of  system  (l).  Reducing  system  (l)  to  system 

(4)*  we  can  consider,  in  this  way,  less  smooth  solutions  u(x,  t)  cf  system  (l)  as 
derivatives  of  solutions  <p  (x,  t)  of  system  (4)  that  have  greater  smoothness. 

For  this  reason,  this  approach  find  use  in  the  examination  of  gener¬ 
alized  (for  example,  discontinuous)  solutions  of  systems  of  quasilinear  equations. 

We  will  call  the  vector  <$>  (x,  t)  the  potential  of  the  solution  u(x,  t) 
of  system  of  equations  (l)  (cf  [lO] ) . 

Let  us  note  several  particular  cases.  If  F  »  0,  then  system  (4)  becomes 
a  nonlinear  system  of  the  Cauchy- Kovalewki  type.  Reducing  system  (l)  to  system 
(4)  in  this  case  must  be  compared  with  the  opposite  procedure  —  reducing  a 
nonlinear  system  to  a  system  of  quasilinear  equations  (section  ll).  Therefore 
this  processes  of  increasing  solution  smoothness  can  be  used  even  in  the  followii^. 


Section  VI.  Formulation  of  Cauchy's  Problem  for  a  Hyperbolic  System  of  Quasilinear 
Equations 

1.  Formulation  of  the  problem.  For  a  hyperbolic  system  of  qufsilinear 
equations  ..  ... 

:*+*£-*-  (i) 

which  we  will  also  write  in  the  characteristic  form 

(*”"* . *)•' 

let  us  consider  the  following  problem: 
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in  some  vicinity  of  the  arc  a  <  r<  b  of  curve  &£ 

X  -  x(-c),  t  -  t(r) 

find  the  solution  u(x,  t)  of  system  (1)  that  takes  on  assigned  values  on 


«(£(T).  t(i))  =  u°  (t),  a<  t<0. 


(2) 


conditions  (2)  are  called  initial,  the  vector-function  u°  is  the  initial  func¬ 
tion,  and  curve  o£  is  the  initial  curve. 


The  problem  (1)  and  (2)  is  called  the  problem  with  initial  data,  or 
Cauchy's  problem. 

Cauchy's  problem  for  equation  (l)  is  interpreted  geometrically  as  a  prob¬ 
lem  of  constructing  in  the  space  of  n  +  2  dimensions  of  variables  (x,  t,  u)  a  two- 
dimensional  integral  surface  u  *  u(x,  t)  passing  through  the  given  curve 
x-x(-c),  t-t(  c),  u  =  u°(  x.  ), 

which  we  will  also  called  the  initial  curve. 


To  render  the  formulation  of  Cauchy's  problem  more  precise,  we  must  indi¬ 


cate: 


a)  the  smoothness  of  the  matrix  A(x,  t,  u),  vector  b(x,  t,  u)  (or  1  , 

£  fk)s  the  initial  curve,  and  the  function  u°(t.)  (we  will  call  these  vari¬ 
ables  the  initial  data  of  Cauchy's  problem); 

b)  the  domain  G  of  the  variables  x,  t  in  which  we  seek  the  solution  to 
fauchy's  problem. 

These  problems  will  be  examined  in  the  following  subsections  in  the  cons¬ 
truction  of  the  solution  of  Cauchy's  problem. 

at-  us  note  that,  by  definition,  the  solution  u(x,  t)  of  system  (l)  is 
continuously  differentiable  (u  ^  C-j).  If  u(x,  t)  exhibits  less  smoothness, 
but  in  some  sense  satisfies  system  (l),  then  the  function  u(x,  t)  is  called  the 
generalized  solution  of  system  (l). 

In  this  chapter  we  construct  the  solution  u(x,  t)  C^  for  a  hyperbolic 
system  of  quasilinear  equations;  a  generalized  solution  u(x,  t) ^  C  will  be 
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constructed  for  linear  and  semilinear  systems.  Following  K.  0.  Friedrichs, we 
will  call  the  latter  the  solution  to  Cauchy's  problem  in  the  broad  sense. 


2.  Solvability  of  Cauchy's  problem.  Characteristics.  Suppose  x(c), 
t(r),  u°(c)6c  ,  ik(x,  t,  u),  f ^  ^  C  and  some  vector-function  u(x,  t) 
&  C^  takes  on  the  value  u°(c)  on  the  curve  ££  and  suppose  its  derivatives  p, 
q  satisfy  the  equations  of  system  (6.1.1)  on  the  line«£f. 

Let  us  formulate  the  problem  of  whether  the  derivatives  p,  q  based  on 
these  data  can  be  determined  (on  the  line  Jjf),  i.e.,  the  problem  of  whether  the 
function  u(x,  t)  ^  C^  satisfying  these  requirements  exists. 

On  the  line  we  have  the  equality 


a  (x  (t),  /  (T) )  —  tfi  (t).  /*!?+ |»pl  =«/*.• 


(D 


where  1  ,  f^  are  obviously  known  functions  of  the  variable  x:  on 

Differentiating  u(x(  X  ),  t(  <■))  ■  u°(  XL)  with  respect  to  <■  ,  we  get 


r(4q+x'  (t )P  =* 


(2) 


and,  therefore,  <?(<-)  €=  C. 

Equations  (l)  and  (2)  form  a  system  of  2n  equations  for  the  determination 
(on  the  line  )  of  the  derivatives  p,  q.  Since  the  matrix  ((i*,  ))  is  non¬ 
singular,  then  by  canceling  out  the  vector  q  from  equations  (l)  and  (2),  we  get 


[f  ttl* -  *  (t)]>p  =  [t  (T)  6*  -  jc'  (t)]  = 


0) 


where  f^  is  a  continuous  function  of  the  variable  X.  ,  The  determinant  D(tr)  of 
system  (;>)  can  be  easily  computed: 


D(t)=[Det  (($)]  j0[l/,(T)|,-y(t)l  =  DetA jjjlf'Wi*-*' (x)J 
It  differs  from  zero  if  for  all  k  *  1,  ...,  n 


,1 


dx 

dt 


x'\x) 


+  =  t(x).  «°W). 


(4) 
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We  assume  that  |  x* (c)  /  +  / t'('C)  j  /  0.  If  t*(TT)  «  0,  then  plainly 
D(t)  ^  0,  since  are  bounded.  *  ^ 

Blue,  if  conditions  (4)  are  satisfied,  then  the  system  of  equation  (5) 
has  the  unique  solution  p  -  p(c  )  and,  therefore,  the  derivatives  p,  q  of  the 
function  u(x,  t)  are  uniquely  defined  on  the  line  *Sf  from  conditions  (l). 

How  let  us  assume  that  u(x,  t)^-C2»  *(r),  t(r),  u°(t)^C2,  lk, 
f k  ^  S*  ^  u  “  u°  °n  ojf  »  the  first  derivatives  of  u(x,  t)  satisfy  on  o$f  equa¬ 
tions  (6.1.1),  and  the  second  derivatives  of  u(x,  t)  satisfy  on«£f  the  differen¬ 
tial  corollaries  of  system  (6.1.1J  (i.e.,  equations  obtained  by  formal  differ¬ 
entiation  of  system  (6.1.1)  with  respect  to  variable  x,  t),  then  providing  that 
conditions  (4)  Eire  satisfied,  on  the  second  derivatives  of  u(x,  t)  are  also 
uniquely  defined. 

Similarly,  if  conditions  (4)  are  satisfied,  we  can  define  on  Jj?  derivatives 
of  any  order  in  of  the  function  u(x,  t)  if  conditions  (l)  are  satisfied  then,  more¬ 
over,  all  derivatives  of  u  up  to  order  m  inclusively  satisfy  on  ££  all  differ¬ 
ential  corollaries  of  equations  (6.1.1)  up  to  order  m  inclusively.  Of  course,  the 
input  data  must  be  sufficiently  smooth. 

Let  us  note  that,  as  we  can  easily  appreciate,  in  these  arguments  it  is 
sufficient  to  speak  not  of  all  differential  corollaries,  but  only  of  those  that 
are  obtained  by  differentiating  equations  (6.1.1)  in  any  fixed  direction  not  co¬ 
incident  with  the  direction  of  the  curve  Jjf  (so-called  exit  direction).  For 
example,  the  direction  of  the  normal  is  such  «  direction. 

This  procedure  of  determining  derivatives  can  be  extended  as  far  as  one 
wishes  if  the  initial  data  are  analytic,  and  it  permits  constructing  an  analytic 
solution  for  the  problems  (6.1.1)  and  (6.1.2)  for  such  data.  This  fact  is  the 
analytic  basis  of  the  well-known  Cauchy-Kovalevski  method. 

If  conditions  (4)  are  satisfied  for  all  k  -  1,  ...,  r.  on  curve  .  we 
will  call  Cauchy's  problem  normal. 

The  curve  <£  assigned  in  this  space  of  n  +  2  variables  x,  t,  u  by  the 
equations 

x-x(r),  t  »  t(  r),  u  -  u°(  r ),  (5) 
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is  called  the  characteristic  of  number  kQ  of  system  (6.1.1)  if  the  following 
equalities  satisfy  at  this  curve* 


For  the  case  whence  several  characteristic  values  coincide  on  ,  the  curve 
can  be  a  characteristic  of  several  numbers  k  at  the  same  time. 

Sometimes  we  will  also  refer  to  the  projection  of  the  curve  (5)  onto  the 
plane  of  variables  (x,  t)  as  a  characteristic,  bearing  in  mind,  however,  that 
equality  (6)  has  been  satisfied  for  it. 

Suppose  the  curve  under  Cauchy's  problem  conditions  is  the  characte¬ 
ristic  of  number  kQ.  The  left  side  of  the  equation  of  system  (J)  corresponding 
to  k  m  then  tends  to  zero.  If  the  right  side  of  this  equation  f^(c)  does 

not  tend  identically  to  zero,  then  the  system  of  equations  (})  has  no  solutions 
at  all  in  general.  Therefore  there  does  not  exist  a  function  u(x,  t)  ^  C1  which 
on  Jg  takes  assigned  valuesu°(t:)  that  would  satisfy  on  &  system  (6.1.1). 

Nor  does  there  exist  the  solution.  u(x,  t)  to  Cauchy'3  problem  (6.1 . 1 )  and 

(6.1.2). 

Thus,  if  the  initial  curve  is  a  characteristic,  then  the  initial  condi¬ 
tions  (6.1.2)  and  the  system  (6.1.1),  generally  speaking,  contradict  each 
other,  and  Cauchy's  problem  is  nonsolvable*). 

For  Cauchy's  problem  to  be  physically  meaningful  also  in  this  case,  we 

must  stipulate  that  f^  (•£)  =  0. 

o 

Thu3,if  the  initialcurve  has  a  characteristic  of  number  kQ,  then  the  initial 
data  cannot  be  assigned  aroitrarily;  they  must  satisfy  the  condition 

A.W-*' «/*,(•*(*).  ((?).  a°(x))—lt»(x(x),  t(x\  «°(T))^^==0.  (7) 

*)  From  this  examination  follows  another  definition  for  tne  characteristic, 
as  a  curve  ££  at  which  a  linear  combination  of  equations  of  the  system  under 
consideration  contains  only  interior  derivatives,  i.e.,  derivatives  with 
respect  to  the  parameter  X  in  the  direction  of  the  curve  . 
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which  is  called  the  condition  of  solvability. 

Suppose  the  initial  curve  ^  is  a  characteristic  of  number  kQ  and 
suppose  the  solvability  condition  (7)  has  been  met.  Then  system  (3)  is  con¬ 
sistent,  but  has  infinitely  many  solutions.  Therefore,  the  solution  u(x,  t) 
to  Cauchy's  problem  is  not  determined  uniquely  by  the  initial  condition  (6.1.2) 
and  there  exist  infinitely  many  solutions  to  system  (6.1.1)  satisfying  the  very 
same  initial  conditions.  Thus,  we  arrive  at  the  general  definition  of  the 
characteristic  of  system  (6.1.1 )s 

A  characteristic  curve  is  a  curve  for  which  Cauchy's  problem  is  either 
nonsolvable  or  solvable,  but  not  uniquely. 

For  the  unique  determination  of  the  solution  u(x,  t)  for  the  case  when 
the  curve  ££  is  a  characteristic  and  when  the  solvability  conditions  have  been 
met,  several  additional  conditions  can  be  imposed.  Examples  of  these  problems 
are  taken  up  in  section  XI. 

Related  to  Cauchy's  problem  is  the  problem  of  the  extension  of  the 
solution  u(x,  t)  through  curve  ,£f  .  Suppose  the  solution  u(x,  t)^:C^  is  known 
along  one  side  of  curve  and  it  is  required  to  extend  it  to  the  other  side. 

This  problem  reduces  to  Cauchy's  problem  with  the  curve  as  the  initial  curve. 

If  is  not  a  characteristic,  then  this  Cauchy's  problem  is  normal  and 
the  problem  of  extending  the  solution  is  uniquely  solved.  In  this  case,  from 
the  condition  of  the  continuity  of  the  extension  follows  the  noncontinuity  of 
all  derivatives  of  u(x,  t)  which  exist  on  the  line  <£?  ,  in  particular,  there 
follows  u(x,  t)^.C1«  If  however  the  curve  ^  is  a  characteristic,  then  the 
corresponding  Cauchy's  problem  is  nevertheless  solvable,  for  the  solvability 
condition  (7)  has  obviously  met  (since  u(x,  t)  is  the  solution  on  one  side  of 
££  ).  However,  it  is  solved  nonuniquely. 

Let  us  consider,  for  example,  a  continuous  extension.  As  we  have  seen, 
the  valuesof  u(x,  t)  at  the  curve  do  not  uniquely  define  its  first  derivatives 
p,  qj  therefore  the  continuous  extension  of  the  solution  with  discontinuity  of 
the  first  derivative  at  the  characteristic  is  possible  by  an  infinite  set 
of  ways.  If  however  the  continuity  at  of  the  first  derivatives  is  required, 
then  derivatives  of  higher  order  can  experience  discontinuity,  so  that  in  this 
case  the  extension  is  defined  nonuniquely. 
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And  so,  a  characteristic  is  a  line  through  which  a  solution  is  extended 
nonunique ly. 

The  problem  of  extending  the  solution  u(x,  t)  through  the  characteristic 
is  uniquely  solved  only  for  the  case  of  analytic  solutions,  just  as,  obviously, 
is  the  case  for  any  problem  of  the  analytic  extension  of  a  function. 

Now  we  will  concentrate  on  the  normal  Cauchy's  problem.  By  transformation 
of  the  variables  x'  -  x'(x,  t),  t'  -  t'(x,  t)  converting  the  curve  ££  to  the 
segment  of  axis  t'  «■  0,  the  general  problem  reduces  to  a  special  Cauchy's 
problem  with  initial  conditions  assigned  at  the  axis  t  ■  0:  find  the  solution 
u(x,  t)  to  system  (6.1.1)  satisfying  the  initial  conditions 

u(x,  0)  «  u°(x),  a  x  ^  b.  (8) 

From  the  boundedness  of  the  variables  it  follows  that  this  Cauchy's  problem 
is  normal.  We  will  solve  Cauchy's  problem  (6.1.1)  and  (8)  only  in  the  half¬ 
plane  t  >  0.  The  solution  u(x,  t)  is  constructed  in  the  half-plane  t  ^.0  by 
analogy,  when  necessary. 

3.  Domain  of  dependence  and  domain  of  determinacy.  The  concept  of  correct¬ 
ness  of  Cauchy's  problem.  Suppose  we  know  the  solution  u(x,  t)  to  the  system 
(6.1.1),  taking  on  the  initial  value  (6.2.8).  Bet  us  draw  the  characteristic 
x  -  xk(x°,  t°,r),  given  by  the  equation 

«(**.  *))  ‘ :  (*=’  1.  2;  ..  ..  «). 

until  they  intercept  the  axis  t  -  0  through  the  pointy-  (x°,  t°)  of  the  half¬ 
plane  .  >0.  Suppose  they  intercept  the  axis  t  ■  0  at  several  points,  the  far- 
thestof  which  are  denoted  by  a'  and  b'(a'  <  b')  (Figure  1.2).  The  segment  of 
the  initial  axis  t  ■  0  a'  ^  x  <1  b'  is  called  the  domain  of  the  dependence  of 
the  solution  u  at  the  point 


Figure  1 . 2 
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•  >  The  domain  of  determinacy  G  of  the  solution  to  Cauchy's  problem  is  the 

name  given  to  the  region  of  the  half-plane  t  ^  0  consisting  of  all  points (x,  t) 
for  which  the  domain  of  dependence  a'  $  x  b'  belongs  to  the  initial  segment 
[a,  b],  i.e. ,  [a',  b']  £  [a,  b]. 

Finally,  the  domain  of  the  influence  of  segment  a'^xib1  of  the  initial 
axis  refers  to  the  domain  G'  of  the  half-plane  t  ^  0  consisting  of  all  points 
(x,  t)  whose  domain  of  dependence  has  a  nonempty  intersection  with  the  segment 
[a',  b']. 

Since  the  characteristic  of  the  system  can  be  found  only  simultaneously 
with  the  solution  u(x,  t),  determining  the  domain  of  determinacy  is  difficult. 

The  situation  becomes  much  simpler  for  the  case  of  a  semilinear  system,  when  <£ . 

“  ^k^x’  t).  Here  the  domain  of  determinacy  G  is  given  by  the  conditions 

G,  t*0,  yt)  <  x  «  x,(t), 

where  X^(t),  Xn(t)  denote  the  solutions  to  the  differential  equations 

.  f 1 «  „  U* <*.  (0.  0}.  ^  =  -  min  {!» (iV,  (0.  t)h 

which  take,  on  where  t  »  0,  the  values  X^(0)  ■  a,  X^O)  -  b. 

For  the  case  of  a  system  of  quasilinear  equations,  the  a  priori  determina¬ 
tion  of  G  is  difficult.  However,  if  we  know  that  ||  u(x,  t)jj  <  U,  then  the 
following  assertion  is  valid: 

oso, 


where 


dX, 

-if* 

dt 


,  max  max  (5*(A\(0.  t,  a)},  Xn  (0)  a, 

*,->■  ....  *  |b|<u 

:  min  min  {£*  C<^i  (*)•  t.  «)}.  *V,(0)  =  &. 

*-i . *  l«j<u  - 


Cauchy's  problem  is  called  correct  or  correctly  formulated  if  its  solu¬ 
tion  u(x,  t)  exists,  is  unique,  and  expends  continuously  on  initial  data.  Of 
course,  the  question  of  the  metric  in  which  the  continuous  function  obtains  depends 
on  the  classes  of  the  solutions  and  initial  data  under  consideration  and  is  solved 
in  each  of  these  classes  in  a  different  way.  When  proving  the  existence  theorems 
for  the  solution  to  Cauchy's  problem,  it  will  be  stated  in  which  sense  the  conti¬ 
nuous  dependence  of  solutions  on  initial  data  obtains. 
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Let  us  explain  these  concepts  with  the  example  of  a  linear  system  with 
constant  coefficients : 


b  u/^  t  +  A<5u/^  x  -  0. 


The  invariants 

rk  ■  V*  -  & 

satisfy  the  equations 

+  (*=1.  ....  »). 

i.e.,  system  (l)  is  decomposible  into  n  independent  equations.  The  character¬ 
istics  of  system  (l)  are  straight  lines: 

x  =  *k  -  \  +  Zk*- 

Therefore  the  domain  of  determinacy  of  the  solution  to  Cauchy's  problem  for 
system  (1 )  is  the  triangle 

G:  t  ^  0,  a  +£nt  $  x  ^  b  +^t, 

and  the  domain  of  dependence  of  the  solution  at  the  point  i/H  (x,  t)  is  the 
segment  [a1,  b’]  of  the  axis  t  ■»  0,  where  a'  «*  x  -  £nt,  b'  *  x  -  I-,  t  (Figure  1.J), 


a  a 


Figure  1.5 

The  functions  rk(x,  t)  are  easily  defined: 

*k(*>  *)  =  fk(x  “  ?  kt), 
where  fk  are  arbitrary  functions. 

If  the  initial  conditions  u(x,  0)  ■  u°(x),  are  posed,  then  by  (2) 


r  (x,  0)  -  1  u  (x)  -  r°(x). 


From  whence 


r*  ( x  — £*/)*=  /V(*  - =*  —  $$ 

Returning  by  formulas  (2)  to  the  functions  u,  we  get 

if*  (*•  0  =  ^0$°?  (■*  -*■ 
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Frost  this  formula  there  directly  follows  the  continuous  dependence  on  initial 
data  —  matrix  A  and  initial  functions  u°(x)  —  of  the  solution  to  Cauchy's 
problem  of  system  (1)  with  constant  coefficients. 

4.  Method  of  characteristics  and  review  of  results.  Sections  VII  and 
VIII  will  set  forth  in  detail  the  application  of  the  method  of  characteristics 
to  proving  the  principal  theorems  on  the  solvability  of  Cauchy's  problem. 

H^re  we  will  only  briefly  describe  the  concept  of  the  method  of  characteristics 
in  order  that  the  reader  not  interested  in  details  will  grasp  the  method  of 
characteristics  and  the  results  achieved  without  having  to  read  the  proofs  of 
the  related  theorem. 

Suppose  that  for  the  system 


the  initial  conditions  u  (x,  0)  ■  u°(x)  (2) 

are  formulated.  For  sake  of  simplicity,  assume  that  a  -  -  00 ,  b  «  <?o;  the  quan¬ 
tities  l11,  f^,  u°  are  assumed  to  be  sufficiently  smooth  functions  of  their 

variables . 

Suppose  that  in  the  etrip  0  ig  t  <  tQ  the  smooth  solution  u(x,  t) 
to  problem  (1),  (2)  is  known.  The  functions 


can  then  be  regarded  as  functions  of  the  variables  x,  t,  and  system  (1)  can  be 
considered  as  a  system  of  linear  equations 


and  it  can  be  written  in  the  invariants 1 


BSE Kfi 


Sere  the  functions  g.  (x,  t)  are  expressed  in  terms  of  u(x,  t),  i,  ,  1* 

*  -k  K 

and  .he  first  derivatives  of  1  . 


-  51  - 


(cf  formula  (5.-1.4)).  However,  the  solution  u(x,  t)ia  unknown  to  us  and,  tbere- 

-k  ~  _ 

fore,  so  are  the  quantities  1  ,  *3^*  f^.  So,  with  the  exception  of  the  most 
simple  cases, construction  of  the  solution  u(x,  t)  does  not  reduce  to  this 
uncomplicated  procedure,  but  requires  the  application  of  the  method  of  successive 
approximations. 

13)  . 

Suppose  that  in  the  strip  0  ^  t  s£  tQ  an  approximate  value  u(x,  t)  of 

the  solution  to  Cauchy's  problem  (l),  (2)  is  known.  Then  we  can  determine  the 
LS>  ci+O 

quantities  1*  ,  i-^,  f^  and  find  the  next  approximation  of  u  (x,  t)  by  the 

above-indicated  method. 

(3+0  .  . 

Thus,  the  approximation  u  (x,  t)  can  be  regarded  as  the  results  of  applying 
to^  (x,  t)  a  certain  operator  Ti  (x,  t)  -  TXi  (x,  t). 

This  operator  is  nonlinear  and  contains  the  operation  of  differentiation  with 
respect  to  x,  t  and  integration  along  the  characteristics.  The  solution  u(x,  t) 
to  problem  (l),  (2)  under  this  approach  satisfies  the  equation  u(x,  t)  ■>  Tu(x,t), 
which  obviously  symbolically  describes  Cauchy's  problem  (l),  (2).  To  prcve  the 
convergence  of  successive  approximations  |^u'  (x,  t)  }  ,  we  must  first  of  all 
establish  their  uniform  boundnees  in  some  strip  0  <  t  <  t  .  Then,  the  proof 
of  convergence  reduces  to  establishing  the  complete  continuity  of  operator  T 
(i.e.,  the  fact  that  it  .maps  any  bonded  set  into  a  compact,  set).  Finally,  it  is 
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shown  that  the  limit  possesses  the  required  smoothness  and  is  a  solution  to  a 
problem.  Ordinarily  this  last  stage  involves  investigating  the  sequence  of 
derivatives  ^u^/£  x.  These  problems  are  studied  in  detail  in  the  next  two 
sections. 

The  first  results  on  the  existence  and  uniqueness  of  solutions  to  Cauchy's 
problem  were  obtained  by  the  Cauchy-KotaLevdcBjE  method  for  systems  of  the  Cauchy- 
Kovalevdfflja  equations  on  the  assumption  that  the  initial  data  of  the  Cauchy's  problem 
were  analytic.  These  burdensome  restrictions  detract  from  the  value  of  the  results, 
since  Cauchy's  problem  for  hyperbolic  equations  is  best  considered  with  minimum 
requirements  on  the  smoothness  of  initial  data. 

In  1927  H.  Levy  (cf  [ll])  showed  that  essentially  the  solution  to  a  hyper¬ 
bolic  system  of  linear  equations  with  two  independent  variables  reduces  to  the 
solution  of  Cauchy's  problem  for  systems  of  ordinary  differential  equations. 

This  work  laid  the  foundation  of  the  classical  method  of  characteristics*). 

We  will  briefly  present  here  the  result  obtained  recently  on  the  question 
of  the  solvability  of  Cauchy's  problem  for  hyperbolic  systems  of  equations  with 
two  independent  variables. 

In  1940  K>  0.  Pridrichs  (cf  [12])  considered  the  problem  of  the  existence 
and  uniqueness  of  the  solution  to  the  problem  (l),  (2)  for  systems  of  linear, 
semilinear,  and  quasilinear  equations.  For  the  linear  system  K.  C.  Fridrichs 
proposed  continuous  differentiability  of  1  (x,  t),  Lipshits-sontinuity  of  g^x,  t), 
and  the  continuity  of  fk(x,  t,  u)  ■  f^(x,  t)  +  f^  (x,  t)  u^  .  Given  these  condi¬ 
tions,  he  established  the  existence  of  a  solution  in  the  broad  sense  on  the 
assumption  only  %,f  continuity  of  u°(x)  (the  concept  of  the  solution  in  the  broad 
sense  will  be  taken  up  in  section  VII ).  For  1  system  of  quasilinear  equations 
Fridrichs  required  that  1^  ,  ^  Cg,  f^  £  C^ ,  u°(x)  £=  C^.  Here  the  existence 

of  the  solution  u(x,  t) &  Cg  was  proven. 

R.  Courant  and  P.  Lax  (cf  [6])  used  the  concept  of  an  extended  system  in 
invariants.  In  spite  of  the  elegance  of  the  proof,  iu  this  work  more  rigid 
assumptions  on  the  smoothness  of  the  initial  data  are  made.  Thus,  for  example, 

*)  The  method  of  characteristics  was  developed  earlier  for  a  single  equation. 
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the  existence  of  third  derivatives  is  required  for  the  initial  functions  u°(x). 

In  papers  by  A.  Douglas  (cf  [l 3])  and  P.  Hartman  and  A.  Wintner  (cf  [14] )» 
published  in  1952,  the  solution  to  the  problem  (l),  (2)  is  constructed  on  the 
assumption  of  continuous  differentiability  of  initial  data.  A.  Douglas  first 
constructed  the  solution  for  smoother  initial  data;  these  initial  data  are  consi- 
dered  by  means  of  passage  to  the  limit.  P.  Hartman  and  A.  Wintner  constructed 
the  solution  v"ier  these  assumptions  directly  by  the  method  of  characteristics. 
Lemma  2,  presented  in  the  next  secticn,  plays  a  key  role  in  their  construction. 

Thus,  the  minimum  requirement  on  initial  data  under  which  the  existence 
and  uniqueness  of  the  solution  u(x,  t)  £  have  been  proven  at  the  present 
time  is  the  requirements  of  the  continuous  differentiability  of  these  data.  It 
must  further  be  required  that,  as  shown  by  the  simplest  examples,  no  solution 
u(x,  t)  £  C1  exists  if  the  initial  data  are  not  differentiable. 

Let  us  note  that  several  existence  tteorems  can  be  go ttai  by  specialization 
of  more  general  theorems  to  the  case  of  two  independent  variables.  Thus,  for 
example,  papers  by  I.  G.  Petio/ckiy  (cf  [l 5] ) »  and  S.  A.  Khristianovich  (cf 
[l6])  presented  general  results,  from  which  derive,  in  particular,  existence 
theorems  for  the  case  of  interest  to  us.  Let  us  however  note  that  here  the 
requirements  imposed  on  the  initial  data  are  naturally  overstated. 

Finally,  we  make  several  remarks  on  the  presentation  of  these  questions 
discussed  in  this  book.  Cauchy's  problem  for  the  linear  system  is  studied  on 
the  Las is  of  the  paper  [l2]  by  K.  0.  Pridrich3;  the  existence  theorem  is  proven 
with  these  same  assumptions. 

The  method  of  characteristics  as  propounded  by  P.  Hartman  and  A.  Wintner 
is  adopted  has  the  basis  for  systems  of  quasilinear  equations.  However,  our 
presentation  differs  in  several  key  respects.  We  cite  a  number  of  them.  Proof 
of  the  boundness  of  successive  approximations  and  their  derivatives  is  usually 
extremely  cumbersome  in  the  method  of  characteristics.  Gross  estimates  using 
the  "majerant11  which  we  employ  essentially  considerably  simplify  and  make 
more  general  these  estimates  by  bypassing  the  necessity  of  arithmetic  computa¬ 
tion.  Another  po5nt  of  distinction  in  our  presentation  is  in  the  proof  of  uniform 
convergence  in  the  domain  of  determinacy  G  not  only  of  the  successive  approxi¬ 
mations,  but  also  of  the  sequence  of  their  first  derivatives. 
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Two  lemmas. 

Lemma  1.  Suppose  that  the  vector-function  u(t)  ■  [ui*  •••>  un}  continuous 
on  the  segment  0^  t  ^  t  satisfies  the  inequality 

i 

II  a  (/)  0  <  £/,+  f  IA  (t)  +  B{ x)  max  ||  a (£) ||  1*,  ( 1 ) 

:  o<i<t 

.  - 

and  suppose  that  when  0  t  $  t  jA  (t)|  ^  A,  j  B(t )/<:  B,  Uo  ^  0. 

Then  when  0  ^  t  ^  t  the  following  estimate  obtains: 

l«(0K>n«  i|a(T)||<£//>'+4^<-!>-  (2) 

0<?<<  " 

When  B  ■  0,  formula  (2)  is  transformed  into  the  obvious  inequality: 

1«(0D<  mlx 

o<t<i 

Proof.  Let  U(t)  stand  for  the  quantity  max  II  u  ( 'C  )[/  .  Suppose  t  J^-0 

Tit 

is  any  number  from  the  segment  [0,  t  ]  and  U(t)  -  ||  uvt*)  If  (0  <;  t1  ^  t). 
Writing  the  inequality  (1)  for  the  point  t1,  we  get 


* 

i  « (0 11=  U  (0  <  y0+  J  IA  +  BU  (T)l  dx  < 

<yQ-i-  [  [A  +  BU(x)\ dx  =  U0+At  (T) dx. 

o 


Applying  this  estimate  many  times,  we  will  have 

l/(0<t/o(‘+S'+  +i§r]+ 

,  -f .  1  &  .  ,  (B01+J  ]  |  r(f.m,*u 

+yT'+:'2r+  •••  ■+•  si5^FT)T  J + ^  ^  * 

from  whence  follows  inequality  (2). 

Corollary.  Suppose  the  continuous  vector  u(x,  t)£-  satisfies  the 

ine,uaUW  |^!<i/<fli+l/:..(o|. 

Then  estimate  (2)  holds,  where  U  -  fju(0)||  ,  A  -  m^x  |f f ( t )  /j  ,  B  »  m^x 

IKdi  (t))H. 
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Lemma  2.  Suppose  u(x,  t,t)»  v(xf  t,  C  )  ^  C.. .  Then  the  function 

'*  •  v  v-r  ;  •.  J  »i 


■  ■  i  J-.  5  A  ,  •  •>  A 

is  continuously  differentiable  (l(x,  t)  6C,j). 

Proof.  Let  us  compute,  for  example,  tne  derivative  £l/<=>x.  We  have» 

l/(*+Aaf.  ,  h.  •  :&x,; 

i  •  ••  *  ”.*•  •••-'  -•."•••  *  .  •  jv*?^**  *■«  -v  4/..  5 

«  f  ■<*+A«»AT)-»CM.t)  .^LfAx.^  A.  y. 

/  •  •  .<■  •  ‘*'0  . 

■  r  ■  1  '  j'  ••  •:>;  *•  '  ••:  ■■<,:■%#&'  -;v  ,-s'S  •'{‘*£•<^<1':* 

+  £/'-<*  <•  T)^rl’*fjc+Ax.1r,  t)— p& 

•  >  '  !••*’-'■  ’  ,.'1J 


;  * 

v . 


Performing  integration  by  parts  in  the  last  integral  and  passing  to  the 
limit  as  Ax  -►O,  we  get 


£^iL=B(x1  /.  t)vx(x,  t.  t)-u{x,  t,  0)  <?,(*;  i,  0)4t  **§ 

/  ;A:,.  .. 

+  f  [a.{x,  t,  t)  ot(x,  t,  x)—ax(x,  t,  v)ox(x.  t,  t)l<#r.^  ,  ^ 

i  •  .;‘1>  :)V!  w/ 

*  *  ......  M;  ,  ,  < 

Formula  (3)  proves  lemma  2  and  simultaneously  gives  us  a  rule  for  computing 
derivatives  of  the  function  l(x,  t). 

Section  VII,  Cauchy's  Problem  for  Linear  and  Semilinear  Systems 

1.  Existence  and  uniqueness  of  the  solution  of  Cauchy's  problem  in 
the  oroad  sense.  Let  us  consider  the  semilinear  system 


and  suppose  that  the  system  , 


.-Sr+.^-o , ;  .  ».  m 

■  •  :  .  *•  *  ■  :  !  ■  ■ ,  £  •  .4  .  ' 

.  (2)  I 


,  -  :  ,.-i  ‘-rv  f-  •'  <: 


"3T 
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is  the  notation  of  system  (l)  in  invariants . 

Suppose  that  for  some  segment  [a,  b]  of  axis  t  **  0  the  initial  conditions 


n(x,  0)  -  ub(x). 


(3) 


are  assigned  for  system  (l).  Note  that  the  segment  [a,  o]  can  be  unbounded. 

Denoting  r£(x)  -  l^(x,  0)  u°  (x),  we  get  the  initial  conditions 

r(x*  0)  -  r°(x)  (4) 

for  system  (2). 

Let  us  assume  that  the  funotions  A,  5^,  1  €?  in  G  (recall  that  G 

refers  to  the  domain  of  determinacy  of  our  problem),  f^,  and  df^/ai^  €=  CQ  in 
the  domain  G  X  [u  j  -  oo<lju//<  oo},  u°(x)  &  CQ  on  [a,  b],  Bien  gfc, 
g:  CQ  in  the  domain  <3  X  |r  j  -  oojjr  jj<  oo},  r°(x)  £  CQ  on  [a,  b], 

The  functions  r(x,  t)  continues  in  G  are  called  the  solution  to  Cauchy's 
problem  (2),  (4)  in  the  broad  sense  if  r(x,  0)  —  r°(x)  and  if  each  of  the 
functions  r^(x,  t)  is  continuously  differentiable  with  respect  to  the  variable  t 
along  the  corresponding  characteristic  x  ■  x^(  T ,  t),  where 

I  (•**(!•  0-  Qj^gki**  *.  r(xt,  Oh  j  (5) 


3fce  vector  u(x,  t)  obtained  from  the  vector  r(x,  t)  by  formulas  (3. 1.4)  will  be 
called  the  solution  in  the  broad  sense  of  Cauchy's  problem  (l),  (3). 

The  uniqueness  theorem  of  the  solution  in  the  broad  sense.  Suppose  that 
two  solutions  in  the  broad  sense  u(x,  t)  and  u(x,  t)  to  problem  (l),  (3)  exist 
in  G.  To  these  correspond  two  solutions  in  the  broad  sense  r(x,  t),  r(x,  t)  of 
problem  (2),  (4). 

We  introduce  the  difference  v(x,  t)  ■  r(x,  t)  -  r(x,  t)  (v(x,  0)  i))  (6) 
Subtracting  from  equation  (5)  written  for  the  function  r(x,  t)  this  same  equation, 
written  for  r(x,  t),  we  get 


.  &fe4aaA-«t(x,  tj. ; 


(7) 


where  g  (x,  t)  denotes  the  quantities 
*  1 


g*(*.  (<•  t>  r(x.  0—ho(x.  0)dX. 
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By  the  definition  of  a  solution  in  the  broad  sense,  the  functions  r,  r,  v  are 
continuous  in  G.  Therefore  the  functions  g  .  are  continuous  in  G  and  are 
banded  in  any  strip  0  4  t  ^  t  . 

Integrating  equation  (7)  with  respect  to  t  from  0  to  T  ,  allowing  for 
condition  (6),  we  get 

r l  .*  . .  , 

«*&•  *)'“» 

•  fr-i  •  ’  '.X 

In  view  of  the  boundedness  of  matrix  ((g^  ))»  hereafter  applying  lemma  1  from 
section  VI  it  follows  that  everywhere  in  G  ||v(x,  t )//  -  0  and,  therefore, 
r(x,  t)  -  r  (x,  t),  u  (x,  t)  -  u  (x,  t).  The  theorem  is  proven. 

Of  course,  from  this  theorem  naturally  follows  that  the  classical,  i.e., 
continuously  differentiable,  solution  to  Cauchy's  problem  is  also  unique. 


i  * 


*!(*»•  0®«(***  f)dt  (*=»1 . »). 


Existence  theorem  of  the  solution  in  the  broad  sense  for  a  linear  system. 
We  will  construct  the  solution  to  the  problem  (2),  (4)  for  a  linear  system  by 
the  method  of  successive  approximations. 

Suppose  gk(x,  t,  r)  -  g  (x,  t)  +  g^  (x,  t)  r^  .  By  formula  (5),  the 
solution  rfc  satisfies  the  equation 


•; .  .«  'I,;  V  ••  ■  VWfy  y:,1 

t„(x,  j  g* (**<#.  /i,*;  j 

.  ■  :  f  ,  »:<(/  j*-.,  ^  r:  '  ,:-j 

.  +  /£(**<*•  t,  t),  T)ra(*4(*.VT),  t)/t5 


(0) 


Applying  the  method  of  successive  approximations,  we  set 


.’A  Jj  \  *.V\  * 


+  0'.  .TO  t  (*),-  •  V"" 

r»(*.  *)=*r*(x,  f)+\  (x.  /.  t),  r)r0(xt(x.  t.  t).  x\dx  (9) 

(«  =  0,  1,  . . .). 


where 


rb(x,  f)  =  r°t(xt(x,  t,  0))+  |  gk (x4 (x,  t,  t),  x)dx. 


Hence  it  is  clear  thai8rk\x,  t)  are  defined  and  continuous  in  G  and  have  a 
continuous  derivative  in  t  in  the  corresponding  characteristic  direction.  Let 
us  prove  the  uniform  convergence  of  the  aequence  {^r\x,  t)  }  . 
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Prom  formula  (9)  follows 


.1  '  <*.  0— r(*.  0j<0 f»up|. — '•& .In 


where  Gr  denotes  the  intersection  of  G  with  the  strip  t^  c  ,  and  B  is 

'  jj 

the  constant  bounding  the  norm  of  matrix  ((g^  ))  in  the  domain  G. 


Denoting 


let  us  writing  (10)  as 


*%»•  ?  r 


ns§*si 


when  .s  — ©o 


and,  therefore,  the  sequence ^r\x,  t)  }  uniformly  converges  to  the  continuous  func¬ 
tion  r(x,t)if  the  domain  G  is  finite  with  respect  to  variable  t.  If  however  the 
domain  G  is  infinite  in  t,  then  the  soquence^r\x,  t)J  converges  uniformly  in  any 

of  its  finite  (with  respect  to  t)  subdomains  .  Passing  in  the  equality  (9)  to 

o 

the  limit  as  s  — *■  oo  ,  we  get  the  result  that  r(x,  t)  satisfies  equations  (0)- 
Sinco  x^x,  t,  t)  ■  x^x^,  tQ,  x  ),  if  the  point  (xo>  tQ)  lies  on  thin  character¬ 
istic,  then  equalities  (8)  can  be  rewritten  as 

■;2  -. Vm  f ,  -t‘  -•,}h  nV  ^<>1 

'»(**(**  0 ■  **  ®))+ J  g*(xk(x0.  tv  T>  X)*+1 

} 

I  . ,  ,  ,■  *  * 

+  J  *i(*» (xv  *v  *)•  T) (*t  (*c>  V  T)’  (11) 

(1  A  t  ' 


From  the  continuity  of  the  integrands  follows  the  continuous  differ¬ 
entiability  of  the  right  side  of  (11)  with  respect  to  the  variable  t.  Therefore, 
rk(x,  t)  is  continuously  differentiable  along  the  characteristic  x  -  x^j  hero 
the  equality  (5)  is  satisfied.  Thus,  r^  (x,  t)  is  the  solution  to  the  problem 
(2),  (4)  in  the  broad  sense.  By  formulas  (5.1.4)  the  solution  u(x,  t)  to  the 
problem  (l),  (5)  can  be  obtained. 
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For  the  case  of  a  semilineav  system,  successive  approximations  are 
assigned  analogously  to  (9): 


w\ 


and  converge  uniformly  in  the  subdomains  G  of  the  domain  G-  in  which  they  are 

V 

uniformly  bounded. 

Thus,  the  construction  of  the  solution  in  the  broad  sense  for  the  semi- 
linear  system  differs  from  the  linear  case  only  by  the  fact  that  the  domain  G. 
in  which  the  solution  of  the  semilinear  system  remains  bounded  appears  as  the 
domain  of  convergence  of  the  successive  approximations.  We  will  delay  the  dis¬ 
cussion  of  the  boundedness  of  t^e  solution  to  section  VIII. 

2.  Existence  of  the  classical  solution  to  Cauchy’s  problem  for  the  linear 

system.  Suppose  the  system  (7. 1.1)  is  linear,  i.e.,  b(x,  t,  u)  >=>  b  (x,  t)  + 

k  k 

B(x,  t)u.  Then  in  the  system  (7.1.2)  gfc(x,  *•»  r)  m  B  (x»  *)  +  g^  (x>  t)  r^, 
where  g^(x,  t)  »  1^ ,  and 

^  .jr ms  ..  drfi.g  ■■ 

$,aavi(x‘  ^ ) 

where  y*  «  1^  (cf  formulas  (3.1.2)). 

k 

We  assume  that  1  ,  %  B^j  &  C1  in  G.  Obviously  -Ap,  y^  C1  in  G. 
Suppose  also  that  u°(x)  &  C1 ,  r°(x)  ^  C1 . 

Let  us  show  that  the  solution  constructed  above  is  under  these  assumptions 
continuously  differentiable  in  G  and,  therefore,  yields  the  solution  to  the  problem 
(7.1.2),  ('T.1.4)  in  the  ordinary  sense. 

In  the  case  (l)  formula  (7.1.9)  becomes 


to*"'  •  '  1  1  ■  •  M 

/*  (*•  0=-rA(x.  I^KCr.  t,  t).  t)  ra(xt  (x,  t.  t).  t)</t-f- 

1- y  •  •'  ■  ■  •' 

r.  T).  t fiQ(Xk(X.  t.  T).  \)dx. 


(2) 
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Obviously,  from  these  assumptions  there  follows  the  continuous  differentiability 
in  G  of  the  first  two  members  of  the  right  side  of  (2)  if  in  C-  the  approximation 
^r\x,  t)  is  continuously  differentiable.  As  for  the  last  member  of 

formula  (2),  it  is  also  continuously  differentiable  in  G  if^r\x,  t)  C1 .  This 

follows  from  lemma  2  of  section  VI. 

Differentiating  (2)  with  respect  to  variable  x  (the  last  term  in  formula 
(6.5.3))*  we  get 


(*+>)  (o)  .  i  r  .  (») 

_*Y  ,  f  djck(x,  K  x)  dy*  M  <?ra 

Tx - '33T  '' J - Tx - Ll7ra  +  ValrJ*4- 

(x.  t,  T).  *)}xjUx.  f)lra(x,  0— 
-[-~lt(xk(x.  t.  t).  T)]^oXS (**(*,  t.  0).  0 )ra(x»(x.  t.  0).  0)  + 

+  J  (*•  *•  T>-  T>  (**  (*•  *•  i).  *)]  X 

x[^-  l*(Xk(x,  t,  T).  T)]-  (X.  t.  x).  x)<ra(xk(x.  t.  X).  X)]x 

(**(*•  t,  T).  t)]}dt. 


Hence  it  follows  that 


’dr”  Jr  (*-»  II 

Si - lx  <^(*.01  r(».0-  r  (*.011  + 


r 

+ J  A2(x,  t,  t)  niaxjj r  —  r  \\dx+ 


1  2  3 

and  the  Ibncticns  A  ,  A  ,  A  are  continuous  and  bounded  in  G. 

Since  the  sequence  t)j-  converges  in  G  and  the  quantities  A1,  A2, 

are  bounded  in  G,  then  the  uniform  convergence  in  G  of  the  sequence  {ir|/^  x j 
is  proven  on  analogy  to  the  preceding.  This  means  that  the  above-constructed 

solution  in  the  general  sense  is  continuously  differentiable  in  the  variable  x. 
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The  continous  differentiability  of  r(x,  t)  with  reapect  to  t  is  similarly 
proven.  Incidently,  this  already  follows  from  the  continuity  in  G  of  the 
combination  of  derivatives 

=  £*(*.  l<  r)\ 

Thus,  when  the  formulated  conditions  are  satisfied,  the  solution  r(x,  t)  in 
the  broad  sense  is  also  the  solutions  to  Cauchy's  problem  (7.1.2)  and  (7 - 1 »4) 
in  the  ordinary  sense.  Passing  by  formulas  (3.1. 4)  from  r  to  u,  we  conclude 
that  the  resulting  function  u  is  a  solution  to  the  system  (7 .1.1)  in  the  ordi¬ 
nary  sense. 

The  following  assertion  is  quite  analogously  proven  for  the  semilinear 

system:  if  in  the  domain  G,  the  solution  u(x,  t)  of  the  problem  (7. 1.1),  (7»1»3) 

k  ^0 

is  bounded  and  5^,  1  ;  f^(x,  t,  u)  ^  ,  uq(x)  gz  C1 ,  the  above- 

constructed  solution  in  the  broad  sense  is  continuously  differentiable,  i.e., 
u(x,  t)  ^ 

By  direct  differentiation  of  systems  of  equations  (7.1.2)  we  see  that  on 
these  assumptions,  the  derivatives  p,  q  satisfy  in  the  broad  sense  the  equations 
of  the  extended  system. 

3.  Some  properties  of  solutions  of  linear  and  semilinear  systems.  The 
solution  to  Cauchy's  problem  in  the  broad  sense  for  linear  and  semilinear  systems 
is  uniformly  continuous  in  G  if  the  domain  G  is  finite;  if  G  is  an  unbounded 
region,  uniform  continuity  obtains  in  any  finite  region  of  G.  Here,  for  the 
case  of  a  semilinear  system  the  uniform  continuity  of  the  solution  in  the  broad 
sense  obtains  only  in  the  domain  G^  of  the  boundedness  of  the  solution.  These 
properties  are  easily  derived  from  formula  (7. 1.8)  defining  the  solution  r(x,  t). 

in  the  case  of  the  classical  solution  (u(x,  t)  6=  C^),  the  derivatives  p,  q 

satisfy  in  the  broad  sense  equations  of  the  extended  system  (cf  subsection  3  of 

section  IV).  Noting  that  in  the  case  of  a  semilinear  system  the  extended  system 

is  linear  with  respect  to  the  derivative  p,  q,  we  conclude  that  the  derivatives 

of  a  solution  to  a  semilinear  system  remains  bounded  in  the  domain  G,  in  which 

to 

the  solution  itself  remains  bounded. 

Suppose  now  u(x,  t)  and  u(x,  t)  are  t <0  solutions  in  the  broad  sense  to 
Cauchy's  problem,  whose  initial  data  we  denote  by  1  ,  2;  ,  f  ,  u  (x)  and  1  , 

K  K 

-  02  - 


^  fc*  ^k’  u°(x)‘  a8sume  t^lat  initial  data  satisfy  the  conditions 

formulated  in  tho  proof  of  the  existence  theorem  of  the  solution  in  the  broad 
sense. 

It  is  easy  to  see  that  when  £k»  §k  C1  x^x,  t,  r  )  - **  x^jc,  t,  r), 

k  _  _ 

k»  lk  — lk»  and  so  on,  then  rk(x,  t)  — +■  rk(x,  t), 
u^x,  t)  uk(x,  t).  Thus,  the  solution  to  Cauchy's  problem  in  the  broad  sense 
depends  continrously  (in  the  norm  c)  on  the  initial  data  of  this  problem.  Thus, 
Cauchy's  problem  is  correct  in  this  formulation. 

If  the  initial  data  are  continuously  differentiable,  then  as  we  have  seen, 
the  solution  has  continuous  derivatives  and  is  classical.  Of  course,  the  above 
statements  on  continuous  dependence  apply  also  to  these  solutions. 

If,  further,  not  only  the  initial  data,  but  also  the  derivatives  of  the 
initial  data  uniformly  approach  each  other,  then  not  only  u  — -*•  u,  but  also 

This  follows  from  the  fact  that  the  derivatives  of  the  solution  satisfy,  in  the 
broad  sense,  the  equations  of  the  extended  system  which  are  linear  with  respect 
to  the  derivatives.  Similar  conclusions  can  be  made  also  about  derivatives  of 
higher  order  if  the  requirements  on  the  smoothness  of  the  initial  data  are  made 
suitably  more  rigorous. 

The  construction  of  the  solution  to  Cauchy's  problem  reduces  to  constructing 
a  representation  that  transforms  the  initial  function  into  the  solution  to  Cauchy's 
problem  at  the  time  instant  t.  Let  us  consider,  for  sake  of  specificity,  the 
linear  system  with  right  side  equal  to  zero  (system  (7. 1.1)  with  b  ■  Bu).  Then 
u  -  Su°,  where  the  operator  S  is  linear.  Obviously,  the  domain  of  definition  of 
this  operator  is  a  set  of  continuously  differentiable  functions.  We  will  consider 
S  as  the  mapping  C  — *•  C.  Then  the  operator  S  is  defined  on  an  everyvhere-dense 
set  (which  is  a  set  of  continuously  differentiable  functions  in  C)  and  is  bounded 
on  the  set.  According  to  the  familiar  theorem  of  functional  analysis,  S  permits 
continuous  expansion  with  norm  preserved  to  the  entire  space  C.  S*  is  the  result 
of  this  expansion.  Then  u  *  S*u°,  u°  £  C  is  the  solution  to  Cauchy's  problem 
in  the  broad  sense  whose  existence  we  have  proven  to  be  independent. 


5.  ,  G  ■  *  G.  Prom  formula  (7. 1.6)  it 


if  fk  — then  when  f 
follows  that  if  fk  — -*■  £ 


Hence  it  follows  that  to  construct  the  generalized  (in  the  sense  of 
extensions  of  operators)  solution,  it  is  sufficient  to  approximate  the  initial 
function  u^  (x)  by  an  element  of  everyvhere-dense  set  u^  (x)  (i.e.,  "to  smooth" 
the  initial  function)  to  construct  the  smooth  solution  u^  -  Su^  ,  and  to  pass 
to  the  limit  as  5  — -*■  0,  using  the  corresponding  metric. 

Similar  considerations  apply  also  for  the  semilinear  cnse.  It  is  com¬ 
plicated  only  by  the  fact  that  the  operator  S  assigning  the  solution  to  Cauchy's 
problem;  u  -  S(u°),  is  now  nonlinear.  It  is  determinate,  bounded,  and  continuous, 
as  the  operator  from  C  to  C  on  a  set  of  continuously  differentiable  functions 
satisfying  the  equality 

||u°/|  <  U.  ,  U  -  const  (1) 

0  o 

(0  ^  t  C  t  is  the  strip  in  which  the  solution  is  considered),  wuite  analogously 
to  the  foregoing  case,  the  operator  S  can  be  extended  to  the  continuous  bounded 
operator  defined  on  the  entire  set  of  elements  C  satisfying  inequality  (1).  The 
result  of  this  extension,  just  as  in  the  linear  case,  yields  the  solution  in  the 
broad  sense. 

We  stress  that  generalized  solutions  of  linear  and  semilinear  equations 
are,  thus,  limits  of  the  classical  solutions  in  a  given  metric. 

Section  VIII.  Cauchy's  Problem  for  Systems  of  ^uasilinear  Equations 

1 . Growth  estimate  of  a  solution  and  its  derivatives.  Majorant  system. 

k  k 

For  the  system  of  quaslinear  equation  1  ■  1  (x,  t,  u);  -  ^(x,  t,  u).  In 

this  case  the  construction  of  the  solution  of  Cauchy's  problem  is  complicated 
compared  with  the  linear  system.  Let  us  indicate  several  points  of  distinction 
for  this  case; 

(1 )  for  a  system  of  quasilinear  equation  we  can  no  longer  introduce  the 
concept  of  a  solution  in  the  broad  sense  in  view  of  the  absence  of  invariants; 

(2)  the  domain  G  of  the  determinacy  of  the  solution  to  Cauchy' o  problem 
is  defined  simultaneously  with  the  solution  u(x,  t)  and,  generally  speaking, 
cannot  be  prespecified;  and 

(j)  the  solution  u  (x,  t)  and  its  derivatives  do  not  remain  bounded. 
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Therefore,  first  of  all  we  establish  the  pre-estimates  of  the  solution 
and  its  derivatives  and  indicate  the  domain  G  ^  G  of  variables  x,  t,  in  which 
the  solution  and  its  derivatives  remain  clearly  bounded. 


Let  us  introduce  the  domain  Gq(u)  of  the  space  (x,  t,  u)  as  given  by 


the  conditions: 


0a(t/)  0 < Tj  J«K tf). 

b9>b.  . 

Suppose  /* (x.  t.  a).  i»(JC.  /.  *).  hiKt,  a) 6fL .<$&))]  for  any  U  >0;  u°(x)^ 

b). 

By  subsection  3  of  section  IV,  the  extended  system  for  a  hyperbolic 
system  of  quasilinear  equations  is  of  the  form 


I  »  _  Of-  . 


*«*  _  » 


(I) 


where 


i.  a)+<ri(x,  t.  /. 

/?*  =  /7*(X.  /.  b)4-^(X,  /.  B)^a, 


H 


k  k  k  u  ^ 

The  quantities  }  T,  are  expressed  by  1^  ,  f^,  and 

their  first  derivatives.  Therefore  these  quantities  are  continuous  in  the  domain 


Gq(u)  for  any  U  >  0.  Let  us  introduce  the  following  notation: 


ofo  (£/)=-'  max  ||  ( x .  t,  o)||,  &  =  {«T*}, 

O.(V) 

«Ti(i/)  =  max  f(^'J(x1  *,  b)  J, 

0,(B) 


.  i 


<y2(lO=  max  max  /.  «) |r 

o.w  P.-I . « 


Pi(U)^=  max  || F(x,  1,  «)[}, 

0,(U) 


FX(U)=  maxjf^x.  t,  b)| 

o.{V) 


>  -  -4 
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and  let  us  consider  a  system  of  two  ordinary  differential  . quations: 


d*- 


W+&x 


dti 


(2) 

(3) 


which  we  will  call  the  majorant  system.  Let  UQ»  stand  for  the  quantities 

■  ■*%=  “jj'id.  o.  .»«)%>  J. 

For  the  system  of  equations  (2),  (3),  we  assign  the  initial  conditions: 

P{0)  ‘  U(0)  -  Uo.  (4) 

For  a  comparison  of  equations  (l),  (2),  and  (3)  it  follows  that  if 


then 


! "  ll«<*.  0B<y(0.  1*{X.  0ll<^(0.  (5) 


Since  from  (4)  follows  the  satisfaction  of  condition  (5)  when  t  -  0,  then  for 
any  t  ^  0  // u  (x,  t)//^.U(t),  j/£?  (x:  tj/j^^t).  Thus,  the  functions 

U(t),^(t)  majorize  the  growth  of  the  solution  u(x,  t)  and  its  first  derivatives. 

Suppose  that  when  0  <  t  $  tQ  the  solution  U(t),  ^(t)  of  the  majorant 
system  satisfying  the  initial  conditions  (4)  remain  hounded.  Then  clearly  when 
0  t  <:  tQ  the  solution  u(x,  t)  and  its  derivatives  p(x,  t)  remain  bounded. 
Therefore  we  can  determine  the  domain  G  G  by  specifying  it  as  follows: 


S',  «)<*<*,</)}. 

wk  ma*  max  *)}•  Xj(0)==o. 

«  •  i«j <(/(/) 

a  min  min  ®)}»  = 

«  *-i . «i«|<y<0  _ 


We  will  construct  the  solution  to  Cauchy's  problem  for  a  system  cf  quasi” 
linear  equations  in  the  domain  G  S.  G  (Figure  1.4). 
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“  “S  “*  ^  -ersl  examples . 

(0 T7; sys T. <  Suppose  ''*-<*  U-fcfc  *  • 

/*—/(■».  04-  /£(■*.  f)ua.  Then 

fo  (V)~&'0+&! 0u,  <gr ,  (£/) = &-v  j-2  (U) = 0> 

^o(^)  =  ^o  +  ?g  ‘U.  Fl(U)  =  Fv 

where 

p  r  **0'  «*  'V  ^o1  ^1  are  constants  that  j 

G  °f  Vari3bleS  *’  *•  majorant  system  for  all  th  °"  d0main 

18  alS°  linear‘  This  means  that  the  solution  t  th  ^ 

fWlth  “  the  SOluti-  »(*.  t)  and  its  derivatives  p  “*  t0g6ther 

fimte  region  of  the  half-plane  t  ^  Q  *  (  *  t}  remain  b°^d  in  any 

and  the  domain  G  coincides  .ith  the  domain  of 


*  tr  i  #iq. 

(2)  Semilinear  system.  Suppose  l*  .  ik  u  t>  *  , 

fk<*>  t.  u).  Then  J  („)  ,  0  _  *  *  '  ’  t)>  "  5kC*>  *)>  fk  - 

«.  2  MJOrant  SySt9“  <2h  O)  takes  „„  inform 

®»oe  it  follows  that  (t)  is  bounded  Jf  , 

the  general  property  of  solutions  of  seell'  '  '  Thls  2aot  expresses 

solution  remain  hounded  as  long  as  the  7“  S"0‘'"!  ,,M  dM1''a*”aa  °f  «» 

long  as  the  solution  itself  i,  bo„„d8d. 

2.  Theorems  of  the  uniqueness  and  existence  or 
tions  made  in  subsection  1.  let  ue  or, or  -a  &  S°  ution‘  011  the  assump- 

’  **  “a  con5;ider  the  Cauchy's  problem 


ik(xt  t  »)[-£-+ 5*(*.  t.  *.  «x  0) 

*(?,  0)=««(4  <J) 

First  of  ell  let  us  prove  the  uniqueness  theorem.  Suppcse  that  in  the  domain 
G  exist  the  two  solutions  u(x,  t)  and  u(x,  t)  to  Cauchy’s  problem  (l),  (2). 

Then  the  difference  v(x,  t)  -  u  -  u  satisfies,  in  domain  G,  the  system  of  linear 
equations 

r*[^+MSr]=7k  <k~l . 

and  the  zero  initial  conditions  v(x,  Q)  *  0.  Here  we  introduce  the  notations: 
TJ  =  /5(X.  t,  u(x,  t)),  lt  =  li(x,  t,  a(x,  0). 

l  .  '  : 


—  dBt[V~  bt  (*’  *•  *+*«(*■  0)  — 


The  quantities  1^  ,  are  obviously  continuously  differentiable  in  G,  and 

~k  K 

f  are  continuous. 

By  the  uniqueness  theorem  of  the  solution  to  Cauchy’s  problem  for  the 
system  of  linear  equations  established  in  section  VII,  we  obtain  the  result  that 
in  G  v(x,  t)  -  0,  i.e.,  u(x,  t)  *  u(x,  t).  The  uniqueness  theorem  stands  proven. 

To  prove  the  existence  theorem  let  us  employ  the  method  of  successive 

(s\ 

approximation.  Suppose  we  have  constructed  the  approximation's'' (x,  t)  ^  C^ 
Defini8^1  \x,  t)  as  a  solution  to  Cauchy's  problem  for  the  linear  system 


*  W  r/> 
l(x,  t,  a(x.  0)|- 


(»+i)  . .  <»+l) 

+  t,  u(x,  0)—-]  = 

(«)  i 

■ =/»(* .  t>  «(*.  0). 
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(5) 


taking  on  the  initial  values  (2)s 

Prom  the  existence  theorem  of  the  solution  to  the  linear  system  of  equations 
established  in  section  VII  it  follows  that  in  the  domain  of  determinacp  =S’> 
for  Cauchy’s  problem  (4)»  (5)  there  exists  the  solution^8it*^(x,  t)  ^  C^,  so 
that  all  successive  approximations  are  defined  and  continuously  differentiable 
the  domain^. 


in 


The  first  stage  of  our  proof  will  be  proving  the  existence  of  some  domain 


ix  p: 


0  belonging  to  all  domains '‘5^  and  also  the  domain  6,  and  sucn  that  successive 
approximations  and  their  first  derivatives  are  uniformly  bounded  in  this  domain. 


Denote 


M  (J-U 

**  =  *o  (*.  «) 


r  i 


and  let  us  write  the  extended  system  for  the  linear  system  (4)*  It  is  of  the 
form 


K 


•i*(* 


*  r‘  U)  dx 


(X) 


-.frux.  t. 


(1)  <x-l)  (£)  .  (X)  (x-1)  (x  +  J) 

t.  U.  It  )  ff'a+^if.X,  t,  U,  a 

(x)  (x-l)£)  (x+l> 


H-oT <*(*.  t,  u,  a 


ft  j?r 


(«) 


We  will  not  here  write  out  explicit  expressions  for  the  functions  appearing 
in  the  system,  since  they  are  obtained  quite  analogously  to  formulas  (4*5.16)  - 
(4.5.19).  Let  us  merely  note  that  they  are  associated  with  the  functions  appear¬ 
ing  in  the  system  (8. 1.1)  by  the  following  obvious  formulas: 


(7) 


&l(x,  t,  u)  =  <I>S(*.  t,  a,  t,  u,  u), 

fleix,  t,  u)  =  <gr*(x.  t,  a.  u). 

Along  with  system  (6)  let  us  consider  the  system  of  ordinary  differential 
equations 
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^.«>a(0)+/'t(£oA  ]  ; 

where  the  functions  ,  F  ,  P.  are  defined  in  subsection  1 ,  and 


For  system  (8)  we  assign  the  initial  conditions:  "p  (0)  -  <^7^,  t?  (0)  ■  Uq  (com¬ 
pare  with  conditions  (1.4)). 

Since  f Tom  (7)  it  follows  that  ^(U)  4$  <p^{V),  ^(U)  ^£2(U),  the 
solution  to  system  (8)  majorizes  the  solution  to  majorant  system  (8.1. 3)  -  (8.1. 3): 
U(t) <  tf(t),  ^P(t)  <  P(t).  So  if  the  domain  G  is  constructed  according  to  func¬ 
tion  U(t)  just  as  domain  G  was  constructed  in  subsection  1  according  to  function 
U(t),  then  G  £  G. 

Now  let  us  assume  tha'--  all  the  successive  approximations  ^u^  satisfy  the 

||$H<P(o.  (9) 

^,+i(0  =  8up||H 

X 

^ (py- \-Q/  (0)P+V(p)  (^)  Pfi *+»• 

M£U-<P0(P)+Pi(O)P. 


inequalities  k-l,  Z, 

;  (*)  ~ 

*  i  -  » 

.  4. 

doting 

W  .‘X 

from  system  (6)  we  have 
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such  that,  obviously,  !Jg+1(t)  ^  O(t),  <^8+1(t)  ^ P(t).  Since  the  initial 
approximation  can  be  chosen  so  that  (9)  Is  satisfied,  then  we  have  thus  proven 
that  all  successive  approximations  satisfy  equalities  (9).  Hence  follows  the 
existence  of  the  domain  G  belonging  to  G,  as  well  as  to  all  domains^  in  which 
inequalities  (9)  are  satisfied. 

The  second  stage  of  our  proof  will  be  to  demonstrate  the  uniform  conver¬ 
gence  in  the  domain  "G  of  the  sequence 


Suppose 


Then  from  (4)  we  get 


where  everywhere  in  'G,  by  virtue  of  (9), 


where 


Since  the  domain  of  determinacy  of  the  system  co*. tains  the  domain  G,  tnen 

by  integrating  along  the  characteristics,  we  obtain  for  each  point  in  G 

:  f*+r)  .'(«)(*)  W  (*+*).  ic3i 

,  jr»|<  J  'A**',  j 

■%  AV  ■?  •  ■  •  v •  .1 

*  .  i  '•»*  S 

such  that  /  -  t  ■  • 

/?;+,  (0.<  B  j  [R,(X)  +  dx.  J 

0 

where  -  *  -  ~  .1 

•  /?,(0=  Jr|  ;  •*' 

(jr .x)Z0,x<t  .  ; 

Employing  lemma  1  of  section  VI,  we  get 

t  s 

f  .?/(T)dt. 

or  o  5 

! 

W0<  coral  3L.  ' 

* 1  I 

which  then  proves  uniform  convergence  in ^G  of  the  sequence  ^iPj. 

Now  let  finally  advance  to  the  last  step  of  the  proof.  Let  us  show 

that  derivatives  of  successive  approximations  uniformly  converge  in  the  domain 

G.  Obviously,  this  is  tantamount  to  proving  uniform  convergence  of  the  sequence 
(s) 

{y}- 
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We  first  prove  the  equicontinuity  of  this  sequence  in  x.  In  other  words, 
we  show  that  there  exists  a  function  M(c$),  M(  ,5  )  ■— <*■  0  when  <§-—*•  0,  such 
that  everywhere  in  “5  and  for  all  s 


where 


—  rl 


^  <S. 


is  uniformly  bounded.  Hence  it 


Above  it  was  shown  that  the  sequence 

follows  that  the  functions (u)(x,  t),  and  together  with  them  the  functions 

1>(X.  t,  a(x,  0).  oTk(x.  t.  «).  <I>a  (Xi  t.  u,  M  ), 

.  <*)  u-iV  .  «  <»-»> 

Lc^iv/* .  oft  )•.  '•  ®*  * .) 

(cf  systems  (6))  are  equicontinuous  in  'G,  Moreover,  from  the  equicontinuity  of 
the  functions  X  (x,  t,^u)  there  follows  the  analogous  property  of  the  functions 
x£  '(x,  t, X )  giving  the  characteristics  of  system  (6). 

Therefore,  denoting 

'  '  <*)  <r '  (*)" 

Mt(t.  ft)  =  max  sup  ^{x”.  x)—ff‘{x’,  t)fl 

»<•  |jr'-jr*|<6 

-  ■  t  <t  i 

and  integrating  equations  (6)  along  the  characteristics,  we  get 


«X('+»AT©+C  f  Af,+I(t.  ft) dr. 

V  *  .  .  -  ,  0 

where  the  function  H(<5)  is  such  that  N(  6  )  — 


f, 


0  when  <5 


0.  Using  lemma 


1  from  section  VI,  we  conclude  that  the  required  function  M(  <§ )  exists  such 

(  3  ) 

that  the  sequence  *8  equicontinuous. 

Since,  by  the  familiar  Arzela's  lemma,  from  any  uniformly  bounded  and 
equicontinuous  sequence  we  can  separate  a  convergent  (uniformly)  subsequence, 
then  some  sequence  »  therefore  also  {^P^}  is  uniformly  convergent  in 

G  to  the  continuous  function  p  ,  .  By  the  familiar  theorem  of  analysis,  this 

( s )  ^ 

is  continuously  differentiable  in  G  and 


means  that  the  function  u.  <»  lim  'u  . 

d  S  — *-oo  oc 


au^/^x  -  Pa 


(s) 


Hence  it  follows  that  the  family  f'p'  l  has  only  one  limit  point,  and 

/  \  L  cC  J 

((g) 


therefore  the  sequence j'p'  l  is  not  only  compact,  but  convergent.  Thus,  the 
proof  of  1 
complete. 


proof  of  the  convergence  of  the  sequence ^  (consequently,  also  of  ^q^)  is 
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Passing  in  the  system  (4)  to  the  limit,  we  can  conclude  that  u  with 
a  solution  to  problem  (l),  (2).  The  existence  theorem  is  proven. 

3.  Certain  properties  of  solutions  to  Cauchy's  problem  for  systems  of 
quasilinear  equations.  Suppose  u(x,  t)  and  u(x,  t)  are  two  solutions  to  Cauchy's 
problem  for  a  system  of  quasilinear  equations,  corresponding  to  initial  data 


£.  l>.  /*.  u°;  r*  £*.  Jt,  IT*. 


We  will  assume  that  the  initial  data 


of  these  two  Cauchy's  problems  satisfy  the  conditions  in  subsection  2,  i.e.,  are 
continuously  differentiable. 

In  the  intersection  G  of  the  domains  of  determinacy  of  solution  u(x,  t) 
and  u(x,  t),  the  difference  v(x,  t)  =  u(x,  t)  -  u(x,  t)  satisfies  the  system  of 
linear  aquations  r.  ,  _ 

r,[f  +  t.£]  =  vX+V.. 

where  y  ,  Af^  are  bounded  and  continuous  in  G  and  Af^  tends  to  zero  when 

Ti-  £*•  /*-’£  5*.  f>. 


As  we  have  seen  in  section  VII,  solutions  of  systems  of  linear  equations 
depend  continuously  on  initial  data  of  the  Cauchy's  problem.  Therefore  it  follows 
from  this  that  in  G  v(x,  t)  =$  0  when  =>  1*  ,  £k  £,  k’  ^  fk 

and  v(x,  0)  ■  u°(x)  -  u°(x)r^>0. 


Here,  however,  we  must  make  a  clarification.  It  is  essential  that  the 
initial  data  of  each  Cauchy's  problem  have  bounded  derivatives. 

In  contrast  to  the  case  of  a  semilinear  system,  the  strip  0  .<  t  tQ 
in  which  the  solution  u(x,  t)  (and  its  derivatives)  remains  bounded  depends  on 
the  derivatives  of  the  initial  functions  and  to  ~~  »  0  if  ||du°/dxj|  — 

Therefore  the  continuous  dependence  of  solutions  to  Cauchy's  problem  for  a 
system  of  quasilinear  equations  obtains  only  in  the  case  of  initial  data  with 
uniformly  bounded  derivatives. 

If  as  before  we  symbolically  write  out  the  procedure  for  the  solution 

of  Cauchy's  problem  in  the  form  of  the  equality  u(x,  t)  -  Su°(x),  the  nonlinear 

operator  S  defines  the  solution  u(x,  t)  only  in  the  domain  G  of  the  half-plane 

t  ?  0.  The  width  of  the  strip  0  ^  t<^t  in  which  the  domainG  is  enclosed  depends- 

c 

on  the  derivatives  du  /dx  and  tends  to  zero  as  ||du  /dx  ||  0°, 
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Therefore  the  operator  S,  in  contrast  to  the  case  of  the  linear  system 
does  not  admit  of  extensions  to  the  class  of  continuous  initial  functions  u°(x). 

For  this  reason  the  generalized  solution  to  a  system  of  quasilinear  equations 
ce.inot  be  determined  formally  by  extension  of  the  space  of  possible  solutions. 

The  concept  of  the  classical  solution  to  a  system  of  quasilinear  equations  must, 
thus,  be  introduced  independently  of  the  concept  of  the  solution  of  this  system. 
Generalized  solutions  will  be  studied  in  detail  in  chapter  four. 

Let  us  note  a  limited  extension  of  the  class  of  initial  data  for  which 
the  existence  of  the  solution  to  Cauchy's  problem  follows  from  the  foregoing. 

The  function  £^(x,  t,  u)  is  called  Lipschitz-continuous  in  the  domain 
G  (U)  with  respect  to  the  totality  of  the  variables  x,  t,  u  if  there  exists  a 
constant  C  >  0  such  that 

| £*(5.  7!  a)-lk(x,  t.  fl)|<C{|x-x|+|7-/|  +  ||B-B!|} 

for  any  (J.  /.  a),  (x.  t.  a)£O0(U). 

If  we  consider  the  class  oi  Lipschitz-continuous  initial  data  characterized 
hy  the  Lipschitz  constant  K,  it  can  be  regarded  as  the  closure  of  the  class  of 
initial  data  with  first  derivative  uniformly  bounded  by  the  same  constant  K. 
Therefore  the  solution  to  Cauchy's  problem  with  Lipschitz-continuous  initial  data 
can  be  treated  as  the  limit  of  the  classical  solutions  u(x,  t)  &  C1  since  the 
latter  form  a  family  with  uniformly  bounded  first  derivatives. 

Of  course,  this  limit  no  longer  is  the  solution  to  Cauchy's  problem  in 
the  ordinary  sense  since  i z  does  not  possess  continuous  first  derivatives.  How¬ 
ever,  it  is  the  Lipschitz  ontinuous  function  of  the  variables  x,  t  and  exhibits 
derivatives  almost  everywhere  in  the  domain  G.  These  derivatives  almost  everywhere 
in  G  satisfy  the  system  of  quasilinear  equations.  The  class  of  Lipschitz-continuous 
sdutions  u(x,t)  of  Cauchy's  problem  is  an  example  of  the  formal  extension  of  the 
operator  S  defined  in  the  class  C1  to  the  class  of  Lipschitz-continuous  input 
data. 

Section  IX.  Cauchy's  Problem  for  a  Single  Equation 

1 .  One  quasilinear  equation.  The  results  of  section  VIII  unreservedly 
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applj  to  the  case  of  a  single  qua sil inear  equation.  However  they  are  too 
general  to  apply  to  this  case  in  which  there  are  important  simplifying  details. 

Therefore  let  us  consider  in  greater  detail  the  Cauchy's  problem  for  a 
single  quasilinear  equation 


with  initial  condition  u(x,  0)  ■  u0(x)»  a  ^  x  ^  b  (2) 

Integration  of  equation  (1)  leads  to  the  solution  of  the  system  of  two  ordinary 
differential  equations 


which  are  called  the  characteristic  system  of  equation  (l).  Each  solution  x  ■ 
X(t),  u  ■  U(t)  gives  the  characteristics  in  the  space  of  variables  x,  t,  u. 

It  is  assumed  that  the  functions  £ ,  f  are  continuously  differentiable. 
Then  one  and  only  one  characteristic  passes  through  any  point  (xq,  tQ,  u^). 

Cauchy' 8  problem  (1),  (2)  can  be  geonx  ’-rically  interpreted  as  the  problem 
of  constructing  the  integral  surface  of  equation  (l)  passing  through  a  given 
initial  curve i  t  -  0,  u  *  u^(x).  Since  here  we  wish  to  obtain  a  unique  differ¬ 
entiable  function  u(x,  t)  of  variables  x,  t,  this  surface  naturally  must  be 
uniquely  projected  onto  the  plane  u  ■  0  of  variable  x,  t. 

Since  the  solution  u  is  uniquely  determined  along  each  characteristic 
passing  through  the  point  (xq,  tQ,  uq),  thi3  problem  amounts  to  constructing  a 
surface  consisting  of  characteristics  join  through  the  given  initial  curve  and 
uniquely  projectible  onto  the  plane  u  «  0. 

Lot  X  ■  X(t,  xq,  uQ),  U  -  U(t,  xq,  uq)  stand  for  the  solution  to  the 
characteristic  system  (3)  satisfying  the  initial  conditions 

*(0,  Xq,  igJoXgn  U  (0,  Xq,  S(C  (4) 

Then  the  solution  u(x,  t)  to  Cauchy's  problem  (l),  (2)  is  yielded  by  the  formula 
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/)— x*  j  (5) 


Formula  (5)  implicitly  defines  the  function  u(x,  t),  which  in  the  case 
of  uq(x)  ^  is  continuously  differentiable  at  all  points  x,  t  in  which  the 
equation  x  =  X(t,  xq,  uo(xq))  (6) 

is  uniquely  solvable  with  respect  to  parameter  xq  and  in  which  the  right  side 
of  equation  (5)  remains  bounded. 

Suppose  that  at  these  points 

X  ( t ,  x)  =  x0(x,  (7) 

is  the  result  of  solving  equation  (6)  with  respect  to  xq.  Then  from  formula  (5) 
we  obtain  an  explicit  formula  for  the  solution  u(x,  t)  of  the  problem  (1),  (2): 

a^x.  £)  =  U(t,  x0(x,  fj,  «0 (*„(*.' 0))..  (8) 

Let  us  explain  graphically  the  construction  of  this  solution  to  Cauchy's 
problem  (l),  (2).  We  draw  through  any  point  xQ^.[a,  b]  the  characteristic  (4) 
on  the  plane  u  **  0  (plane  (x,  t)),  setting  uq  «=  uq(xo)  (Figure  1.5).  We  will 
also  call  this  projection  (6)  a  characteristic. 

A  continuously  differentiable  function  U(t,  xq,  u0(xd))  of  variable  t, 
which  then  yields  the  solutio..  u(x,  t)  at  line  x  =»  X(t,  xq,  u0(x0))>  is  assigned 
at  the  characteristic  (6). 


It  may  be  that  at  several  points  (x,  t)  as  t  >0  to  more  lines  x  = 

X(t,  xq,  U0(XQ))  corresponding  to  different  values  of  the  parameter  xq  (Figure 
1.5)  can  intercept  each  other.  At  these  points  equation  (6)  with  respect  to 
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xq  has  more  than  one  solution  and  formulas  (5)  and  (8)  define  some  multivalued 
function  of  variables  x ,  t.  In  this  case  no  continuous  solution  u(x,  t)  to 
the  problem  (l),  (2)  exists. 

Let  us  show  that  when  0  <  t  <  tQ  and  for  sufficiently  small  tQ  >  0, 
a  unique  characteristic  (6)  passes  through  any  point  (x,  t) £  G,  i.e.,  equation 
(6)  has  a  unique  solution  with  respect  to  xq. 

To  explain  the  possibility  of  the  unique  solvability  of  equation  (6) 

with  respect  to  r.  ,  it  is  sufficient  to  show  that 
o 


-  >  ~  Y  _  ax  ft  M*«))  ^ 

since  Jf(0.  x»  and 

X(0.  xv  *9 (■**))— !• 


*1 


§ 


-T  3  J  I 

(10) 


Denoting 


and  differentiating  equations  (}),  we  get 


(12) 

And  so,  X  and  0 

satisfy  the  system  of  ordinary  linear  differential  equations  (12)  and  the 
initial  conditions  (10)  and  (ll).  Hence  it  is  clear  that  fcr  sufficiently 
small  t  inequality  (9)  will  obtain. 

Thus,  there  exists  a  t  70  such  that  when  0  <;  t  <  t  formulas  (7) 
and  (8)  define  the  function  u(x,  t)  ^  satisfying  equation  (l)  and  initial 
condition  (2). 

Cauchy's  problem  (l),  (2)  presupposes,  as  we  have  already  pointed  out, 
the  existence  of  a  unique  function  u(x,  t)  of  variables  x,  t  satisfy 

equation  (l )  and  initial  condition  (2).  At  the  same  time  the  more  general 
problem  of  determining  the  integral  surface  S  passing  through  the  initial  curve 
does  not  at  all  assume  that  this  surface  is  uniquely  projectible  onto  the  plane 


.  -tf 


where  for  brevity  we  omit  the  argument  for  all  quantities. 
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of  variable  x,  t,  and  can  have ,  and  as  a  rule  does  have  a  solution  in  a  larger 
domain  of  variable  x,  t  and  does  the  Cauchy's  problem  (1),  (2). 

We  will,  for  example,  seek  the  equation  of  the  surface  S  in  the  form 

(x,  t,  u)  -  0.  (13) 

Any  characteristic  (4)  of  equation  (1)  must  lie  on  the  surface  S,  therefore 

*  (X,  t,  U)  -  0.  (14) 

Differentiating  (14)  with  respect  to  variable  t  and  taking  (3)  into  account, 
we  get  the  equation 

*.  £+/<•*•  *•  °)'S‘=0,  (15) 

which  is  a  first-order  linear  differential  equation  for  the  function  dependent 
on  three  independent  variables  (x,  t,  u). 

The  surface  S  is  defined  by  equations  (13)  and  (14)  uniquely  for  any 
xq,  t  at  which  X,  U  are  finite  and  is  a  smooth  surface  ( <f>  £Er  )  if  uq(x)  ^  , 

I  ,  f  <£  V 

Prom  equation  (13)  the  function  u(x,  t)  C1  is  defined,  yielding  the 
solution  to  the  problem  (l),  (2)  only  in  the  domain  of  x,  t  values  in  which 
equation  (6)  is  uniquely  solvable  with  respect  to  xq. 

Thus,  the  difference  in  the  formulation  of  Cauchy's  problem  (l),  (2)  and 
the  problem  of  defining  the  surface  S  is  that  in  the  first  case  we  seek  the 
integral  surface  u  ■  u(x,  t)  uniquely  projectible  onto  the  point  u  -  0;  in  the 
second  case  this  surface  can  be  arbitrary. 

For  sufficiently  small  t  values  in  the  case  u  (x) 6  C.  above  these 

o  o  l 

Cauchy's  problems  are  equivalent;  overall  (i.e.,  for  any  t^O),  the  geometrical 
formulation  of  Cauchy's  problem  is  the  more  general  and  admits  for  the  solu¬ 
tion  if  and  only  if  problem  (l),  (2)  is  nonsolvable. 

If  we  assume  that  the  function  u(x,  t)  describes  any  physical  quantity 
in  the  space  of  variable  x,  t,  then  naturally  this  quantity  must  be  a  unique 
function  of  x,  t.  Therefore  the  physics  problems  reduced  to  Cauchy's  problem 
(l),  (2)  require  the  definition  of  the  unique  function  u  -  u(x,  t).  As  we  have 
seen,  Cauchy's  problem  (1),  (2)  is  solvable  in  this  formulation  in  the  class  of 
continuous  solutions  u(x,  t)  ^  C  only  in  a  sufficiently  small  strip  0  <  t  <;  tQ. 
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Figure  1.6 


Figure  1.6  shows  the  typical  appearance  »f  the  surface  S.  Fro.  this 

,  ■  at  those  points  (x,  t)  close  to 

figure  it  is  clear  thatj  ^u(  x,,_t_  / - - ►  e>o 

which  the  surface  S  is  nor, uniquely  projected  onto  the  plane  of  variables  (x,  t). 

int  us  explain  the  foregoing  with  the  exa.ple  of  the  simples,  quasilinear 

equation  !»/»'  +  u  ^ 

for  which  we  pose  the  initial  condition 


18"  =CUJ-f-P 

b+==oA  +  P 


when  x  g  a 
when  a  <  x  ■<  b, 
when  x  ^  h. 


The  initial  function  uq(x)  is  continuous  when  -^<x^  ~  »  the  ^rivatlJ 
u,  (X)  suffers  a  discontinuity  at  the  points  x  =  a,  x  -  b.  Ut  us  con 

i-i  M71  satisfying  equation  (16  in  the  broad  sense 

the  solution  to  problem  (16),  (If)  satisiyix g  h 

.t  the  points  at  which  the  derivatives  W^u/^x  did  not  exist. 

The  characteristic  system  (3)  of  equation  (16)  has  the  solution 

X(t,  xv  «o)  =  *0+  “</•  U  V’  X°‘  “o)  =  U*  ^ 

which  remains  bounded  for  any  values  t,  x0,  uo.  Suppose  0.0.  Projections 

of  the  characteristics  (18)  onto  the  plane  u  -  0  are  of  the  form  b«  ^ 

Figure  1.7.  In  this  case  through  each  point  (x,  t)  of  the  a  p  an 
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passes  the  unique  characteristic  x  -  X(t,  xq,  uq(xq)),  i.e.,  equation  (6)  has 
a  unique  solution  with  respect  to  xq.  The  function  u(x,  t)  is  constant  along 
the  characteristics  (6),  therefore  in  the  zone  I,  i.e.,  when  x  a  +  u  t, 
u(x,  t)  ■  u  »  ct  a  +  fi  ,in  zone  III,  when  x  b  +  u+t,  u(x,  t)  »  u+  =adb  +  p. 
In  zone  II,  when  a  +  u  t^x$b  +  u+t,  equation  (6)  can  be  solved  with  respect 

t0  t  _  *— V 

By  formula  (8),  let  us  define  the  solution  u(x,  t)  in  zone  II: 

«(*,  t)~u:'x0(x.  0)  =  a.  = 

Thus,  the  solution  to  Cauchy's  problem  (16),  (17)  when  o4^0  is  given  by  the 
formula 


a(x.  0  — 


U-=M  +  P 

when 

ojt-H 

l'-j-o* 

when 

«+  =  aA-f-P 

when 

x<a  +  a-/. 

a  +  a"/<5<t'|-B+A  (19) 


Solution  (19)  is  continuously  differentiable  when  t  ^  0  everywhere,  except  for 
the  line  x=»a+ut,x=b+  u+t,  where  the  first  derivatives  suffer  a  dis¬ 
continuity. 
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In  the  space  of  variable  x,  t,  u,  solution  (19)  defines  the  integral 
surface  S  shown  in  Figure  1.8.  This  surface  is  uniquely  projected  onto  the 

plane  u  «  o  when  t  0. 

For  the  case  d<0  u'  >  u+,  the  pattern  of  characteristics  in  projec¬ 
tions  onto  the  plane  (x,  t)  is  one  of  the  forms  shown  in  Figure  1.9.  All  charac¬ 
teristics  (6)  when  a  <:  xq  ^  b  converge  at  the  point  x  -  (a^+  b)  -  £/*  , 
t  «-l/o L  >0.  In  zone  I,  u(x,  t)  -  u“;  in  zone  II  u(x,  t)  -  u+.  In  zone  III 
u(x,  t)  -  Ux  +  £)/(l  +  <=<•*).  since  <^  <  0,  then  this  formula  does  not  define 
the  solution  u(x,  t)  when  t  -  -1  /<L  .  Finally,  in  zone  IV,  the  function  U(t, 
x  (x  t),  u  (x  (x,  t)))  is  three-valued  and  takes  on  the  following  three  values: 

t)’-  u-,^  (x,  t)  -  (o6x  +  m  1  “  U+*  ThU8’  f°r 

caseo4<0  the  continuous  solution  u(x,  t)  of  Cauchy's  problem  (l6),  (17)  exists 
only  when  t  <  -l/-t  ,  and  the  integral  surface  S  is  determinate  for  all  t  >0 
(Figure  1.10);  however,  when  t  -l/*  it  is  not  projected  uniquely  onto  the 

plane  u  *■  0. 


2.  One  nonlinear  equation.  Cauchy's  problem  for  a  nonlinear  equation 

\  &r4'<P(*«  t'  »)  =  0,  <o  =  -|jr»  v{x,0)  =  v0(x)  0) 

V  '*.  • 

for  the  case  fec2,  vq(x)  e  C2  is  reduced  after  differentiation  with  respect 
to  x  of  equation  (1)  to  Cauchy's  problem  for  a  system  of  two  quasilirear  equa¬ 
tions 
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(2) 


t  *  ~  ^  “  '  • 

V + *•  v'  ®)  -37  =  —  <Pi«a — 


<to 


■jF.f1  — 9t*.  <.  ©) 


with  the  initial  conditions:  v(x,  0)  -  v0(x)»  ^(x»  0)  **  V'Q  (x)*  Transforming 
the  second  equation  of  system  (2),  let  us  write  it  as 


Agf' •V*c*y -1)1 '•  ’  *  ■  y  **■  * v*  » \ 

1 


,  r.  .  ‘  ■  v-f 


(8) 

wj 


Equation  (4)  is  usually  called  the  strip  condition. 

We  can  readily  see  that  if  we  know  the  solution  to  the  characteristics 
system  for  equation  (l): 


•^gr  =  9*  (^*  V*  &)> 

«*.  /.  V.  Q)-<K*.  /.  V,  Q). 

*.  v,  Q)-q/(*.  /.  V,  Q), 


(0 


where 


X  =  X(t,  x0,  Vo,  ©o).  V  =  V(t,  x0.  v0,  ©o).  Q  =  Q(/,  x#  v0,  ©<>). 
satisfying  the  initial  conditions: 

X (Q,  Xq,  Vq,  (i\j)  =  Xq,  ^(0,  Xq,  Vq,  (o0)  =  p0,  Q(0,  Xq,  v0.  <%)  =  ©^  (6) 

then  the  solution  v(x,  t)  <£-  C2  to  Cauchy's  problem  (l)  is  given  by  the  formula 

!-(*(/.  **  "o(xo>.  =  K  (*•  *0.  *o(xo>-  (7) 

which  parametrically  defines  the  function  v(x,  t).  If  xq  -  xo(x,  t)  is  the 
resu3 1  of  the  unique  solution  of  the  equation 
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with  respect  to  the  parameter  xq,  then  from  (7)  follows  the  explicit  formula 
for  the  solution  v(x,  t)  to  Cauchy's  problem  (1): 


Formula  (9)  defines  the  unique  function  v(x,  t)  C2  only  at  first  point  (x,  t) 
at  which  equation  (8)  is  uniquely  solvable  with  respect  to  xq. 

The  solution  to  Cauchy's  problem  (l)  was  obtained  by  us  only  for  the 
case  vq(x)  e  C2*  Simple  examples  show  that  if  v^(x)  is  only  continuous,  then 
generally  speaking  there  does  not  exist  the  solution  v(x,  t)  £  to  problem  (l). 
Formulation  of  Cauchy's  problem  (1)  for  the  case  of  initial  functions  vo(x)^C^ 
is  in  need  of  refinement. 

3.  Hyperbolic  system  of  nonlinear  equation.  For  the  case  of  the  Cauchy's 
problem  for  a  hyperbolic  system  of  nonlinear  equations 


V; * v Ux.  o) 1 

‘v  ■■  '  ?  ..  ;  i,  .?■■■. 


we  will  assume  that  .f<?C2,  v  ^  C2«  Then,  by  subsection  3  of  section  II, 
the  functiorav,  m  are  the  solution  to  the  system 

t.  <%  «#.'  j  (4) 

(cf  section  III,  subsection  where  thje  metric  A  - ^  =((^Q)).  If  we  compose 
the  initial  conditions 


u(x.  0)»=t/,(x).  <o(x,  0)t=©0(x)'=» 


-  83  ~ 


for  system  (4),  and  the  question  of  whether  the  function  v(x,  t)  defined  as 
a  result  of  solving  Cauchy's  problem  (4),  (5)  is  the  solution  to  the  initial 
problem  (1),  (2)  as  a  problem  of  satisfying  equality  (3)  for  any  (x,  t)£r  G. 


Differentiating  the  first  group  of  equations  (4)  with  respect  to  x, 
subtracting  from  the  result  the  sec  end  group  of  equations  (4),  ana  considering 

(cf  formula  (2.3.7)),  we  find 


that  f  -  -  <P  t  ~  -%f 


and  by  (5),  yi"'- 


sr(x'  o) =«/(*.  ox 


(6) 


0) 


Based  on  lemma  1  (subsection  3  of  section  VI),  from  (6)  and  (7)  it  follows 
that 

<)sOi(*.  0.  (8) 

i.e.,  equality  (3)  is  satisfied  by  identity. 

Since  the  existence  of  the  solution  to  the  system  of  quasilinear  equations 
was  proven  for  us  only  for  the  class  ,  the  hyperbolic  systems  of  nonlinear 
equations  the  constructed  solutions  belong  to  class  Cg. 

Section  X.  Behavior  of  Derivatives  of  the  Solution  to  a  System  of  (Quasilinear 
Equations 

1 .  Weak  discontinuity.  Transport  equation.  Sections  VII  and  VIII  outlined 
the  construction  of  the  solution  tc  Cauchy's  problem  for  a  system  of  quasilinear 
equations  possessing  continuous  first  derivatives.  In  considering  the  Lipschitz- 
continuous  initial  data,  we  arrive  at  a  certain  generalization  of  classical  solu¬ 
tions  —  to  Lipschitz-continuous  solutions  to  Cauchy's  problem  possessing  first 
derivatives  almost  everywhere  in  the  domain  of  definition. 

Consider  a  more  particular  case  of  generalized  solutions  u(x,  t)  of 
a  system  of  quasilinear  equations  —  the  class  of  continuous  functions  u(x,  t) 
exhibiting  piecewise-continuous  first  derivatives.  Let  us  assume  that  the 
vector-function  u(x,  t)  is  continuous  and  exhibits  first  derivatives  that  are 
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continuous  everywhere  except  for  certain  piecewise-differentiable  lines  on 
which  the  first  derivatives  p,  q  suffer  first-order  discontinuity;  let  us 
assume  that  exterior  to  the  lines  of  discontinuity  of  the  first  derivatives  of 
u(x,  t)  the  following  system  of  quasilinear  equations 


is  satisfied.  Suppose  x  =  x(t)  is  the  equation  of  the  line  of  discontinuity 
of  the  first  derivatives  of  the  function  u(x,  t);  let  us  denote 

p*  =  p*(x(f).  f)  =  />*(* (0  ±0-  0  =  -|j“(*(0±0*  *>• 
qf*=q*(x(f).  0  =  q„(x(f)±0.  f)  =  ^-(x(f)±  0.  0' 

If  p+  /  p  ,  but  the  solution  «(x,  t)  is  continuous  on  tne  line  x  =  x(t),  then 
this  feature  of  the  solution  is  called  a  weak  discontinuity,  and  line  x  =  x(t) 
is  called  a  line  of  weak  discontinuity. 

Prom  the  condition  of  continuity  of  u(x,  t)  at  the  weak  discontinuity 
line  x  =  x(t),  it  follows  that  x* (t)p  +  q  -  x'(t)p+  +  q+,  i.e. 

[p]x'(t)  -  -[q],  (2) 

where  [p]  =  p+  -  p  ,  [q]  =  q+  -  q  .  In  the  assumptions  made,  the  function 
u(x,  t)  to  the  left  and  right  of  the  line  x  =■  x(t)  satisfies  system  (l);  there¬ 
fore  points  of  this  point 


/*(?*  +  =  +  =  (5) 

(the  quantities  1  ,  ^ ,  f  ^  are  continuous  at  the  line  x  ■  x(t)). 

Subtracting  the  second  group  from  the  first  group  of  the  equations  (3), 


we  get 
where 


*5  (*.*-*.-)+ -*»")“  °- 

^k=llPa  (*=1 . 


Canceling  out  (q+  -  q  )  by  means  of  (2),  we  get 

[i»  -  *  (o]  \p*\  *  [6*  -  *'  (o]  [Pi  -  Pi] = o 

<*=i . »)• 


(4) 
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We  denote 


If  *'(*)/  Sk  for  all  k  «  1,  n  then’V+l  V3'  I  ■ 
independence  of  the  eigenvectors  l\  „  this  iff  _  l  ™ 

"•  1'e-  thS  diacontihuity  of  ,hs  derivatives  is 

tterefore,  x'(t)  -  ?  8(x,  t),  t,  u(x(t),  t)). 

ia  equation  denotea  that  the  dine  of  weak  discontinuity  *  .  l(t)  [J a  „ 
tenatic  of  system  (,).  ais  c(Jnoius:lo„  M  /  l(,)  1S  8  d,1««- 

definition  ,  the  characteristic  Cauchy  fine  through  ZZITI  f 

system  (  )  is  extended  nonuniquely  (of  section  VI,  subsection  2). 

Suppose  that  over  the  segment  of  the  line  of  weak  dW  +  • 
undon  consideration  equality  W  is  set  aside,  and  s“te  !  (T  V  ^ 
“'tuple  characteristic  of  system  (')  i  4  13  the 

1  ♦  1 . 1-t  e5"aU‘y  (»  da  -lid  —  s  .  i. 


Then  from  (4)  and  (5)  it  follow8  that 

vi  ■f  _  _  — 


hr  ” 


«•*  “  the^equa t  ions  beuer  stisfied"  by  T  '  t  + 

of  the  weak  discontinuity.  Since  the  solution  „(**  tlTthTT  V‘‘1U'’ 
Of  the  weak  discontinuity  line  x  -  x(t)  •  ,  .  6  ef  ®nd  right 

the  quantity  ^  satisfy  at  ^  ^  x  “  *  °  3°1Uti°n  °f  8*Ste“  0). 

system  (section  IV,  subsection  5)  in  tbe  b  d  ^  ^  *  th®  extended 
teristic  x  .  x(t):  ^  ’  S6nse’  witten  for  charac- 


— 

**  k 


04=^ 

04= 


f  -3i- = 


*  .  .  w  k  . 

3 r+t-zr 

(k  —  J.  J+\ . 


(6) 

(7) 


The  coefficients  of  the  equations  (6)  and  m  « 

x/t\  „  V  j  and  (7)  are  continuous  at  the  line  x 

xv t),  therefore  we  do  not  furnish  their  sign  t. 

Subtracting  (7 )  from  (6)>  we  g@t 
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i 


and  ^  m  0  when  odfj,  j  +  1,  ...»  J+m-1,  then  equation  (8)  can  he 
writter  in  the  form 


where 


t&j-pki*  *•£  m 

*r<* 011 

fl*?:- 1  ..e  ff  if  wr.;* 

•i &*■■■■£  •■■■:  vf  »f«,  yy 


From  the  linearity  of  the  system  of  ordinary  differential  equations  (9) 
there  follows  an  important  conclusion}  the  weak  discontinuity  of  the  solution 
to  a  hyperbolic  system  of  quasilinear  equations,  extended  along  the  character¬ 
istic,  can  neither  arise  or  disappear  if  the  solution  and  its  firBt  deri¬ 
vative  remain  bounded. 


For  the  case  of  a  system  that  is  hyperbolic  in  the  narrow  Bense  (section 
II,  subsection  2),  the  characteristic  x  ■  x(t)  is  simple.  Therefore  system  (9) 
is  converted  to  a  single  ordinary  differential  equation. 


Equations  (9)  are  called  transport  equations  for  the  weak  discontinuity. 
Noting  that  ‘ 


the  system  (9)  can  take  on  the  following  formj 

(io) 

(*-/,  7+1 . J  +  m-l). 

System  (10)  is  nonlinear.  From  it  we  can  conclude  that  the  value  of  the  weak 
discontinuity  >J  can  become  infinity  in  a  finite  time.  Actually,  for  example, 
for  systems  that  are  hyperbolic  in  the  narrow  sense,  system  (10)  is  converted 
into  a  single  equation  of  the  Ricatti  or  Bernoulli  type.  However,  the  values 
of  1\  k  tend  to  infinity  only  simultaneously  with  ^7^,  £7^.  Therefore  this 

-  0?  - 


Since 


and  \  -  0  when  d  +  j,  j  +  1, 
written  in  the  fora 


mmm 

«sk! 

ZtteaixtiiL.  a 


mmm, 


m 

SrlS 


!+1»..-*j+«-1,  then  equation  (8)  can  be 

wwr#jr»r}*nr  ---  rS 

atlRfileifc&fxs  .:4’ .  f 


where 


Fro.  toe  linearity  of  toe  ayete.  of  ordinary  differential  equation.  (9) 

there  folloue  an  toportant  ooncluaion,  toe  weak  diacontinuity  of  the  eolation 

to  a  hyperbolic  ayete.  of  quaailinear  equation.,  extended  along  the  oh^acter- 

ietic,  can  neither  arise  or  dieap,  ,,r  if  toe  eolation  and  its  firet  deri- 
vative  remain  bounded. 

For  the  case  of  a  eyste.  that  is  hyperbolic  in  to.  .arrow  sense  (eection 

’  subMctl0“  *)•  "»  characteristic  x  .  x(t)  is  ei.pl.,  therefore  eyste.  (9) 
is  converted  to  a  single  ordinary  differential  equation. 

Equations  (9)  are  called  transport  equations  for  the  weak  discontinuity. 
Noting  that  >  v-..-r— -v,  . 

*•'  «*■-  -•  .  .  jmL..  ^  .  1 

the  system  (9)  can  take  on  the  following  form: 

(•^ j,~  .+ [  v* + !  (10) 

V’ 

System  (10)  is  nonlinear.  From  it  we  can  conclude  that  the  value  of  the  weak 
discontinuity  1?  can  become  infinity  in  a  finite  time.  Actually,  for  example, 
for  systems  that  are  hyperbolic  in  the  narrow  sense,  system  (10)  is  converted 
into  a  single  equation  of  the  Nicatti  or  Bernoulli  type.  However,  the  values 
of  rj  k  tend  to  infinity  only  simultaneously  with  Therefore  this 
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effect  is  not  specific  for  the  weak  discontinuity  of  a  solution,  but  is  the 
consequence  of  the  ge^fal  property  of  the  unbounded  increase  in  derivatives 
of  the  solution  to  a  hyperbolic  system  of  quasilinear  equations. 

For  a  system  of  two  quasilinear  equations  that  is  hyperbolic  in  the 
narrow  sense,  the  transport  equation  in  form  (10)  was  obtained  by  J.  Nitsche 
(cf  [l?]). 

We  have  established  that  for  a  system  that  is  hyperbolic  in  the  narrow 
sense  the  weak  discontinuity  differs  from  zero  at  all  points  of  the  character¬ 
istic.  Therefore,  the  weak  discontinuity  of  a  solution  to  Cauchy's  problem 
occurs  only  when  the  initial  functions  exhibit  discontinuity  of  the  first  deri¬ 
vatives. 

The  arbitrary  discontinuity  of  derivatives  of  initial  functions  breaks 
down  into  weak  discontinuities,  which  extend,  generally  speaking,  over  all 
characteristics  exiting  from  the  point  of  discontinuity  of  the  derivatives  of 
the  initial  functions  satisfying  conditions  (9)  at  each  characteristic.  Some¬ 
times  this  effect  is  called  the  breakdown  of  the  arbitrarily  weak  discontinuity, 

2.  Unboundedness  of  derivatives.  Gradient  catastrophe.  By  subsection  1 
of  section  VIII,  the  graph  of  solution  u(x,  t)  and  its  first  derivatives  with 
increase  in  t  is  estimated  by  means  of  a  solution  to  the  majorant  system  (8.1.2), 
(8.1.3).  This  system  is  a  nonlinear  system  of  two  ordinary  differential  equa¬ 
tions  and  from  it  they  directly  follow  the  fact  that  for  sufficiently  large  t>0 
the  quantities  ^(t),  U(t)  simultaneously  tend  to  infinity.  Thus,  the  growth 
estimate  of  the  solution  and  its  derivatives  by  means  of  the  solution  to  the 
majorant  system  leads  to  the  conclusion  that  for  an  arbitrary  hyperbolic  system 
of  quasilinear  equations,  the  solution  u(x,  t)  and  its  derivatives  p(x,  t)  tend 
to  infinity  with  growth  of  t,  generally  speaking. 

This  conclusion  applies  to  an  arbitrary  system  of  quasilinear  equations. 
However,  particular  classes  of  systems  of  quasilinear  equations  are  also  of 
interest,  for  example,  systems  whose  solutions  remain  bounded  for  any  values  of 
the  variable  t. 

This  property  is  exhibited,  for  example,  by  systems  of  linear  equations, 
and  also  by  systems  leading  to  invariants,  i.e.,  those  representable  in  the  form 
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V»K'- 


(1) 


if  here  f^  doea  not  grow  too  rapidly  with  growth  in  r,  for  example,  if  for  any 


It  ia  not  difficult  to  note  that  the  aolution  r(x,  t)  -'to  ayatems  of  thia  type 
remain  bounded  for  any  t  value,  however,  their  derivatives  nevertheless  increase 
unboundedly  up  to  absolute  value  2;  ^(x,  t,  r)  depends  essentially  on  r  • 

lXV  rn  >* 

The  effect  of  the  formation  of  unbounded  derivatives  when  the  solution 
to  a  system  of  quasilinear  equations  la  loundei  is  called  the  gradient  catas- 
trophe . 

Let  us  explain  this  with  a  simple  example.  Consider  the  homogeneous 
system  of  two  quasilinear  equations  whose  coefficients  do  not  depend  explicitly 
on  x,  t  it  leads  to  invariants  and  can  be  written  as 


(2) 


Let  us  assume  that  Jd  r^  >  0  and  let  us  consider  for  the  system  (2) 

Cauchy'3  problem  with  the  initial  conditions  formulated  for  the  entire  axis  t  -  0» 


rA(xx  0)«f?(*).  rjx,  0)--r*(x)»  rj>  =  const.  (8)] 

Suppose  The  solution  to  Cauchy's  problem  (2), 

(3)  reduce  to  Cauchy's  problem  for  a  single  quasilinear  equationi 

^~Hi(*V  'D-?rc=0>  ri(JC-  !• 

By  section  IX,  the  solution  r^(x,  t)  of’  this  problem  is  yielded  by  the  formula 
r1  (x,  t)  -  r°  (x  -  C/r^x,  t),  r°)  •  t). 

Let  us  compute  the  derivative  ^r^/<^  xj 
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■  rr:: 


dx. 


_ 

dX  -.  oj.  .  [  (JEq) 

1+'3?r(r>(-t*  .*>• 


where  Hence  it  follows  that  when  _ q  , 

'  cf  ?C  } 

the  derivative  3r^/<5x  monotonically  decreases  with  increase  in  t  at  the 
characteristic  x  -  xq  +  ^(r.j,  r^t  and  when 


i  taB**mr~i - 7k,  v1  >°i 

TTt  (ri  (*«)• 


becomes  unbounded. 


Thus,  if  - —  /  0,  then  as  a  rule  the  derivatives  of  the  solution 

rK 

r(x,  t)  to  system  (2)  increase  unboundedly  (with  respect  to  module)  with  increase 
in  the  variable  t. 

5.  Strongly  and  weakly  nonlinear  systems  of  quasilinear  equations.  We 
will  call  a  system  of  quasilinear  equations  (10.2.1)  weakly  nonlinear  in  some 
domain  of  space  of  variable  x,  t,  r  if  in  this  domain 


5.0.  (*=?!.  2 . #).  t 


otherwise  we  will  call  the  system  (10.2.1)  strongly  nonlinear. 

By  definition,  a  weakly  nonlinear  system  of  two  quasilinf ar  equations 
is  written  in  the  form 


Note  that  if 
the  form 


<*.  *.  ri-r2>'  ( 2 ) 

X =  *'  rv  ra>- 

-  ~*~i  J  ... 

ft**  *  >,<■  0,  then  the  system  (2)  is  reducible  to 

:  ■*.  ... 1  ■* 


J  '  “  ^  v  ...  ~r~  *■ "  - - -vyi 
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P  We  now  will  show  that  the  derivatives  of  the  solution  of  weakly  nonlinear  sys¬ 
tem  (2)  remain  bounded  for  any  t  values  if  the  solution  r(x,  t)  itself  remains 
bounded . 

Theorem.  Suppose  the  solution  r(x,  t)  to  system  (2)  is  bounded*)  when 
0  ^  t  5?  T:  |  rk  (x,  t)  J  ^  R,  (3) 

but  system  (2)  is  hyperbolic  in  the  narrow  sense**),  i.e., 

&j(x.  t.  r1(x,  —  t,  r2{x,  *))>e  >  0  where  0  iS  t  <  T,  (4) 

2  x ,  5  i^/d 1  are 

bounded  when  0  <d  t  ^  T  if  they  are  bounded  when  t  -  0. 

Proof.  The  solution  r(x,  t)  will  be  considered  a  solution  to  Cauchy’s 
problem  for  system  (2)  with  the  initial  conditions 

rk  ( x ,  0)  *=r°t(x)  (—  oo  <  x  <  oo). 

By  the  conditions  of  the  theorem, 

Suppose  x  ■  x^(t,  xq)  is  the  equation  of  the  characteristic  of  system  (2)  passing 
through  the  point  r  «  xq  of  axis  t  ■  0.  We  rewrite  the  first  equation  of  system 
(2)  in  the  form 

If  we  assume  the  function  ^(x,  t)  to  be  known,  then  the  definition  of  ^(x,  t) 
reduces  to  the  solution  to  Cauchy's  problem  for  a  system  of  two  ordinary 
differential  equations 

'  ft  =  li  (Xp  t,  t2  (Xp  t) ),  (5) 

=/i  (x„  t,  7,.  r2  (xv  t) )  (7,  =7,  (t,  Xq)  )  (£) 

*)  As  we  have  noted,  condition  (3)  will  be  satisfied  automatically  if 
|^fk/^ril  ^  C. 

**)  It  is  sufficient  for  u3  that  condition  (4)  be  satisfied  for  the  given 
solution  r(x,  t).  Of  course,  system  (2)  can  be  hyperbolic  in  the  narrow 
sense  by  identity,  i.e.,  for  any  r^ ,  Tg. 


dx 


(x) 


<Po 


ana  the  functions  ,  f 


■v 


Then  the  derivatives 


ark/ 
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with  the  initial  data 


(7) 


*,(0.  x0)  =  x0,  7,(0.  x0)^r\(x0y  f 
If  r.j(t,  x^)  is  the  solution  to  problem  (5)  “  (7)>  then  the  formula 


rx (X, (t,  jcq).  f)  =  rl(t.  xj 


(8) 


defines  the  solution  r^x,  t). 


Let  us  note 


xt  (<.  xo)  —  -firXj  (t.  *o>  r 


and  let  uc  differentiate  equation  (5)  with  respect  to  the  parameter  xq. 
get 


dxt 

dt 


-  =  *•  r2(x,  0)l}_i(<^xi(/.  xj. 


Since 


0) 


=&+«>&= 

— ^  <,x.  t,  rj)  4-  !j  -jjr] + £»  +  IjSJ, 


then 

-  _ 

ilr  ~ix  ~  fa  ( x> 

(10) 

where 

ft  —  "3^"  ft  “4*  ill  +  Ijlu1 

Subtracting  from  (10)  the  inequality 

we  find 

IT-  5,-rt,  ' 


.  f. 


On  analogy  with  the  foregoing,  we  get 


Let  us  transform  equality  (ll)  by  means  of  the  identity  transformations i 


toe 


92  - 


1 

i/ 


‘V&$  %3#?£’7*':-.fc  "  l  •'<"'T;  -■'t  ‘*%'\  ~  •'’“1 

!l 


^  »>*-«■•*  m»\| 


Substituting  this  equality  into  equation  (9),  we  transform  the  latter  to  become 


*\t  ••>.  ■•■•■>?■  V*-  ^"  '--  '  i 

Uft  *>  ;,.  .;,,  ^ 

ww$  ’•■V-/  ,VT  ’i "■■■  Vi:  '.V,  ,L|  r-  i 


(12) 


From  the  initial  condition  (7)»  we  have  i^(0,  xq)  «  1;  therefore,  integrating 
equation  (12)  from  0  to  t,  we  get 

)f  l'*jr •■•:•  -p*  «  •  --•'T  —  •  V  •♦-  *■_  •,■'■'  | 

(*» o. 'K*o))]  frn  f  7, -71  03) 

%  \xXr}  {x,  /))— fc,  C*.  <.  M*.  0  )tr-jr, «,  P  /  t*-ti  *' 

From  the  assumption  (3)  on  the  boundedness  of  this  solution  under  conti~ 
of  the  func 
M  >  0  such  that 


nuity  of  the  functions  f^,  f^,  ^ it  follows  that  there  exists  same  number 


JXK.T.v '\Tt-1i\<£ 

Moreover,  by  condition  (4)  of  the  theorem,  we  have 

#?*>•>** 

Therefore  from  formula  (13)  we  get  the  estimate 


Ml  Ml 

•iff  •  XoX^-s  •  . 


(14) 


which  shows  that  the  field  of  characteristics  of  the  first  family  x  -  x^t,  xq) 
is  differentiable  with  respect  to  xq  for  all  t  from  the  interval  [0,  t]. 

Hence  it  follows  that  the  characteristics  x  -  x. (t,  x  1  do  not  intersect 
each  other  when  0  ^  t  ^  T.  Now  it  is  easy  to  obtain  the  proof  of  our  theorem. 
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and  differentiating  equation  (6)  with  respect  to  parameter  xq,  we  get 


Ln  us  note 


■!  »Hp  miX  |  frAj 

0<T<l  1-1,1 1  «*  » 


-oo<jr<oo 


and  we  will  assume  that  the  constant  M  is  so  large  that  for  all  0  ^  t  <  T, 
-  co  <  x  <  oo 


'  \%\<n:  \fu\<M  2>* 

Integrating  equation  ( 1 5) »  we  get 

r,«.  XoJ^MO,  J^expj J-^-drJ  + 

.  t 


(16) 


t 


Substituting  here  the  estimates  (14)  and  (16)  and  using  initial  condition  (7), 
we  get 


JL  1/|  Mf*+M  M 

rl('.  *0>l  •  j  }P(T)+l]dT.  (17) 


Prom  formula  (8)  we  have 


t 


dr,(x,f)  _  r |  (t,  xt) 
dx  i,  (/,  jr8) 


such  that  from  estimates  (17)  and  (14)  there  follows 

I  dr,(x,t)  I  ^  M  #i+—n  M *  2yW<^'l'1>  f 

l~^r-L|<-'  •/>o+ir*  •  J  [PW-HjdT. 


t 


It  is  easy  to  observe  that  the  estimate  is  analogously  obtained  for  the  quan¬ 
tity  2  r .y  2  x;  therefore 
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Prom  these  inequalities  there  derives  the  estimate 


■isrr.  &  i* 


where 


is  valid  when  0  ^  t  ^  T. 

Now  applying  lemma  1  from  section  71  to  the  resulting  inequality,  we 
get  P(t)  ^  [aPq  +  Btje^,  from  whence  follows  the  boundedness  of  the  derivatives 
t)P  x  over  the  entire  interval  0  ^t  ^  T.  The  theorems  stand  proven. 

In  view  of  the  arbitrary  selection  of  T,  the  derivatives  d  x  of  a 

solution  of  weakly  nonlinear  system  (2)  remain  bounded  in  any  strip  with  respect 
to  the  variable  t  in  which  theorem  conditions  (5)  and  (4)  are  satisfied. 

Prom  the  proven  theorem  there  follows j 

Corollary.  Cauchy's  problem  for  a  weakly  nonlinear  system  of  two  quasi- 
linear  equations,  hyperbolic  in  the  narrow  sense,  is  solvable  in  the  domain  of 
determinacy  G  if  the  solution  r(x,  t)  remains  bounded  in  it*). 

Let  us  explain  this  corollary  in  more  detail.  For  an  arbitrary  system 
of  quasilinear  equations,  the  derivatives  become  unbounded  even  when  the  solu¬ 
tion  itself  is  bounded.  If  we  consider  Cauchy's  problem  with  initial  conditions 
assigned,  for  example,  for  the  entire  initial  axis  t  ■  0,  then  for  a  strongly 
nonlinear  solution  the  derivatives  tend  to  infinity  for  a  finite  value  tQ>  0  and 
when  t  >  tQ  no  solution  (classical)  to  this  Cauchy's  problem  exists. 

For  a  weakly  nonlinear  system  that  is  hyperbolic  in  the  narrow  sense, 
whose  solution  remains  bounded  (for  example,  when  {&  C  (i,  k  ■  1,  2)), 

*)  This  very  same  property  of  weakly  nonlinear  systems  was  recently  proven 
[32]  for  the  arbitrary  system  (10.2.1)  when  f^  ■  0. 
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the  derivatives  remain  bounded  for  all  t  >  0.  Therefore  the  solution  to  Cauchy's 
problem  can  be  constructed  in  any  finite  strip  0  ^  t  ^  T  by  the  procedure  out¬ 
lined  in  section  Till-,  Thus,  for  a  weakly  nonlinear  system  there  exists  a  solu¬ 
tion  to  Cauchy's  problem  as  a  whole,  i.e.,  for  any  finite  varues  of  the  variable 
t.  This  circumstance  brings  weakly  nonlinear  systems  closer  to  linear  systems. 

On  the  other  hand, this  shows  that  any  feature  of  initial  data,  being 
smooth  when  t  «  0,  no  longer  is  rejrcdi’cMe  when  t>  0.  Therefore  the  generalized 
solutions  of  a  weakly  nonlinear  system  that  is  hyperbolic  in  the  narrow  sense 
can  be  considered  ae  the  limits  to  smooth  solutions  at  once  for  the  entire  half¬ 
plane  t  ^0,  much  as  occurs  for  linear  equations. 

Let  us  consider  by  way  of  example  the  weakly  nonlinear  system  of  two  equa¬ 
tions  *) 


£+fc<'«>£-0  <18> 

Here  /l*/!88 therefore  formula  (ij)  converts  to  the  equality 

«.('•  *8-  MSi-fopST 

and  for  the  derivative  r^/^  x  we  have 

(*'  (-*o)  <  Sa  (ri  (4) )  —  li  (4) )  j  9  ) 

dx  dx$  J,(r,  (x,  0 )  —  E,  (r,  (*,  t ) )  ' 

Hence  follows  the  more  exact  estimate  of  derivatives  of  the  solution  to  system 

(18)‘  f^|<'v?. 

Let  us  note  an  interesting  consequence  of  formula  ( 1 9 ) s  if  ^(r^x,  *))  " 
£.,(r2(x,  t)),  then  ^  rk(x,  t)  /  3  x  -<=*>. 

Remark.  The  definition  of  weakly  nonlinear  systems  of  quasilinear  equa¬ 
tions  was  introduced  only  for  systems  leading  to  invariants.  This  is  possible 
in  the  general  case  only  when  n  2  (cf  section  III).  The  theorem  on  the  bounded¬ 
ness  of  derivatives  was  all  the  more  so  proven  only  for  n  «>  2. 

*)  The  general  integral  of  system  (18)  was  obtained  in  the  paper  [jj]. 
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The  question  of  separating  of  the  class  of  systems  which  do  not  lead  to 
unboundedness  of  derivatives  for  the  case  n  ^  3  remains  open.  Possibly,  deri¬ 
vatives  of  the  solution  to  a  system  that  is  hyperbolic  in  the  narrow  sense 
remain  bounded  for  the  case  when  the  following  conditions  are  satisfied: 

'.*<*•  *•  (a.  k=  1 . n)  (20) 

(cf  [l8]).  We  can  easily  see  that  the  conditions  (20)  and  the  conditions  (l) 
coincide  in  the  event  that  invariants  exist. 

If  conditions  (20)  are  satisfied,  then  it  is  easy  to  see  that  the  coeffi- 
cients  of  the  extended  system  (4. 3.16)  -  (4.3.19)  identically  tend  to 

zero.  In  combination  with  the  requirement  of  hyperbolicity  in  the  narrow  sense, 
this  possibly  enables  us  to  prove  the  boundedness  of  derivatives  of  the  solutions 
of  such  systems  as  a  consequence  of  the  boundedness  of  the  solution  itself. 

Section  XI.  Remarks  on  the  Mixed  Problem 

1.  Formulation  of  the  mixed  problem  for  a  linear  system.  Let  us  consider 
the  typical  mixed  problem: 

Find  the  solution  u(x,  t)  tr  a  hyperbolic  system  of  linear  equations  that 
takes  on,  when  t  ■  0,  the  assigned  values 

a(x.  0)==«°(jc),  (1) 

and  that  satisfies  certain  boundary  conditions 

«i(*.  0“a(*.  0|r =  c‘«|r =c,(x.  .)  (1  </<»,).  (2) 
d'a (X,  0 «e (*.  0  /r,  =  d‘u  | rt~dl(x’  0  (1  <  t  <  «s).  (3) 

which  are  specified  for  certain  lines  f7^ ,  f exiting,  respectively,  from 
endpcintf  x  a  a  and  x  -  b  the  interval  [a,  b]  of  the  axis  t  -  0  (Figure  1 . 1 1 ) . 

We  will  assume  that  the  curves  have  a  continuously  variable 

tangent  and  l*(x,  t),  ?R(x,  t),  f^x,  t),  f*  (x,  t) 

*$(*•  0.  S*(*.  0.  /*(*,  0.  /£(*.  06C, 


C.j  in  the  domain 


bounded  by  the  curves  P  ,  Pn  and  by  the  axis  i  -  0;  c*  ,  c.  £r  C.  at  the 
i  '  ^  »  i 

curve  d^  ,  d^  ^  at  the  curve  P^» 

Suppose  the  conditions  for  the  agreement  of  initial  conditions  (l)  and 
boundary  conditions  (?)  and  (3)  are  satisfied: 

c>.  0 K (*)  =  *,(<».  0)  1  v  . 

0)  (1  <<<«,().  J  W 

If  conditions  (4)  are  not  satisfied,  then  the  solution  u(x,  t)  of  the 
mixed  problem  is  discontinuous,  and  it  must  then  be  regarded  as  a  generalized 
solution. 

il  x  lc 

Let  us  decompose  the  vectors  c  and  d  into  the  vectors  1  (x,  t)j 
c‘ (X.  o - |i‘  (X.  0 la (X.  o.  d‘ (X.  0-v' (X,  0 r (X.  Q 
Then  the  boundary  conditions  (2)  and  (3)  will  be  rewritten  as 


or,  in  invariants, 


(/=1. 

....  »,), 

(*-». 

....  n^t 

<ra\rpei<x'  0 

(*=  1. 

• .  •  •  Bj). 

(5) 

Viraipdi(x'  *> 

(/=!. 

•  •  •  # 

(0) 

Suppose  conditions  (5)  and  (6)  are  consistent  and  are  linearly  independent, 
i.e.,  the  rank  of  the  matrix  ((/J*  ))  is  n1 ;  and  the  rank  ((  ))  is  n2> 

Suppose  G°  is  the  domain  of  determinacy  of  the  solution  to  Cauchy's 
problem  with  initial  condition  (l). 

Obviously,  the  curves  .  P^  and  /T,  must  lie  outside  the  domain  G°,  since 
the  solution  to  the  linear  system  of  equations  is  uniquely  determined  in  the 
domain  G°  by  the  initial  condition  (l)  and,  in  general,  does  not  satisfy  in  it 
the  conditions  (3)  and  (6). 

Let  us  consider  the  case  when  the  curve  x  -  X^(t)  intersects  P^  at 
the  point  D,  and  the  curve  x  -  XR(t)  (cf  section  VI,  subsection  3)  intersects 
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I 

i 

1 


r 2  at  the  point  E. 

The  solution  u(x,  t)  is  uniquely  defined  in  the  domain  G°  and  can  be 
constructed  in  this  domain  by  the  method  of  successive  approximations  (cf  section 
VII).  Therefore  it  is  sufficient  to  consider  the  problem  of  constructing  u(x,  t) 
in  the  domain  ACD}  the  solution  is  similarly  constructed  in  the  domain  BCE. 


To  explain  the  conditions  for  the  solvability  of  the  mixed  problem,  it 
is  essential  to  know  which  families  of  the  characteristics  x  ■  0,  t) 

exiting  from  the  points  of  the  interval  [a,  b]  of  the  initial  axis  (a<r  %  <. 
b)  intersects  the  arcs  AD  and  BE  of  the  curve  and  /T,. 

Suppose  that  at  k  »  k^,  kg,  k^,  the  characteristics  x  -  Xj(.(  0, 

t)  f or  ^  ^  [a,  b]  intersect  the  segment  AD  by  the  curve  ,  and  when  k  -  ic^ , 
k_,  k  intersect  the  segment  BE  by  the  curve 

d.  8  c. 

Let  us  number  the  variables  t),  setting  k^  -  1,  kg  ■  2, 


Denoting  u°(x,  t),  r°(x,  t)  as  the  solution  to  Cauchy's  problem  with 
initial  condition  (l)  in  the  domain  G°,  we  advance  to  the  next  problem  in  the 
domain  ACD(G1 ): 

Find  the  solution  r(x,  t)  the  linear  system 


o+*5<** 

satisfying  the  conditions 
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(7) 


* 

I 


(8) 


^*(*>•01  ^)Lic  •.•••  *)»j 

at  the  line  AC  and  the  conditions  (5)  at  the  line  AD. 

By  the  definition  of  the  domain  G°,  its  frontier  consists  of  the  segments 
of  the  characteristics  of  system  (7). 

Thus,  the  definition  of  the  solution  in  the  domain  G^  reduced  to  defining 
the  solution  of  the  system  (7)  taking  on  assigned  values  at  the  characteristic 
AC  and  satisfying  conditions  (5)  at  the  line  AD  (Figure  1.12).  In  view  of  the 
existence  of  the  solution  to  system  (7)  in  the  domain  G°,  the  values  r°(x,  t) 
at  the  line  AC  satisfy  the  solvability  conditions  (section  VI,  subsection  2). 
Thus,  here  we  first  encounter  the  problem  when  the  initial  values  are  assigned 
at  the  characteristic.  The  problem  with  data  at  the  characteristic  is  usually 
called  Goursat's  problem. 


Figure  1.12 

Let  us  consider  an  arbitrary  point  (x,  t)  in  the  domain  G1  (Figure  1.12) 
and  draw  through  it  all  characteristics  x  -  xjc(x>  *r)  of  this  system  (7). 
Under  our  assumption,  characteristics  x  ■  xk(x,  t,  t)  intersect  the  curve  AC 
when  1  ^  k  §  p  at  several  points  (x^(x,  t,  rjc)>  Tjc)>  anci  here  ^ 

(x,  t)  <  t. 

Similarly,  the  characteristics  x  ■  intersect  the  curve  AD  at  the 
points  (xk(x,  t,  -Ck),  rk)  when  k  ^  p  +  1  and  -  ^(x,  t)  <  t. 
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We  will  call  boundary  conditions  (5)  correct  if » 


(1 )  the  number  n1  of  boundary  conditions  (5)  equals  the  number  q  ■  n  - 
p  of  characteristics  x  ■  x^x,  t,  f  )  descending  from  arbitrary  point  (x,  t) 
G1  on  line  ADj 


(2)  conditions  (5)  can  be  uniquely  solved  with  respect  to  the  quantities 
rfc  (x,  t)  when  k  p  +  1. 

Suppose  these  conditions  are  satisfied,  i.e.,  n^  »  q  »  n  -  p  and  when 
(x,  t)  ^  AD 


^+l  •v>i+r.. 

-  t 

•  •  *y  *>'  •  «( 

^0.,; 

^}+i  *  *  *  **« 

‘  .  • 

Then  conditions  (5)  can  be  rewritten  as 

-yr~  -  _  p 

t)ra(X.  oi^i 

«  (f«=p-f-l.  P  +  2,  ....  p-j-q  =  n).  | 

In  the  following  we  will  omit  the  bar  over  c.  jj‘  _  ,  . 

l,  AV  .  Solution  r(x,  t;  satisfies 

in  G1  the  equations 


rk(x.  ()—r\{xh(x,  t,xh).  t,)-f  ^  yui  r?.  \ 

■  ,  •  ••  •  '  •«<•*»  ysiY.’ir. <£»„• 

+  !  {£*(**<*•  *■  T)-  T)  +  «ra(JC*(Xl  *'  T)*  T)ra  (*»<*’  *• 

r*  (x.  /)  =  <:»  (**  (Jf.  t*).  f*)  + 


a-i 

r 

4-  J  {£*  (x,  \X’  f.  *).  *)  +  g*  (xi  (x,  t,  t).  t)  r0  (x,  (x,  /.  TX  t)}  dx 


We  will  seek  the  solution  r(x,  t)  by  the  method  of  successive  approximations j 
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(k<p). 


Ci+t> 

rk  t.  t*>  xM)+ 

/  (*) 

-f  J  {£*(*.*)  4- *)) 
«*<*.  o 

<«+»>  r  /,  & 

rt  (x.  0*|c,(C.  i0+2Jf£(C.  ’!)'•„ (C.  tO 


dx 


L-x4(t,  i,xk) 

H-rt 


+ 

&>P+  1). 


selecting  the  suitable  initial  approximation  exhibiting  continuous  first  deri¬ 
vatives  in  the  domain  G1 . 

If  we  denote 


P (0 * ra« ,  raw  !'* (C.  T) -74Y  X) I, 


then  on  analogy  with  section  VII  we  obtain  the  estimate 


*7 


:  t. 


j  W  *  =  (B  +  pn\i)  j  V(x)  dx. 


Here  we  assume  that  in  G 


_  *>}*#*'  oik 


From  the  resulting  estimate  follows  the  uniform  convergence  in  the  domain 
G^  of  the  sequence  [  r  (x,  t)}  to  the  solution  r(x,  t)  of  the  mixed  problem. 

i'he  solution  r  (x,  t)  (u(x,  t))  constructed  in  the  domain  G1  exhibits  in 
it  all  properties  of  the  solution  of  Cauchy's  problem  enumerated  in  section  VII; 
it  is  continuously  differentiable  and  depends  continuously  on  the  initial  data 
of  the  mixed  problem,  as  well  as  depending  on  curve  f  ^ ,  if  it  satisfies  proper¬ 
ties  (l)  and  (2). 
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a 


x 


Figure  1.13 

Note,  however,  that  the  line  AC,  genera1 ly  speaking,  is  the  disconti¬ 
nuity  line  of  derivatives  of  the  solution  to  the  mixed  problem.  For  the  solu¬ 
tion  to  the  mixed  problem  to  have  continuous  first  derivatives  in  the  domains 
G°  +  G1 ,  it  is  necessary  that  tne  initial  and  boundary  conditions  satisfy  the 
conditions  of  congruence  for  the  derivatives.  These  conditions  will  be  obtained 
below  for  the  more  general  case. 

Above,  for  sake  of  simplicity  it  was  assumed  that  for  a  fixed  k  all 
characteristics  of  the  k-th  family  x  -  x^x,  t,  T  )  passing  through  any  point 
(x,  t)  ^  G1  intersects,  when  r<t,  either  only  the  line  AC  or  only  the  line  AD. 

It  may  be,  however,  thaJ'  this  is  not  the  case. 

Suppose,  for  example,  that  through  the  point  A  passes  the  characteristic 
x  *  x^(a,  0,  X  )  partitioning  domain  G^  into  two  parts  (Figure  1.13).  Ih  this 
case  the  solution  is  constructed  on  the  analogy  with  the  preceding,  with  obvious 
changes. 

Note  that  this  characteristic  will  also  be  a  discontinuity  line  of  the 
first  derivatives. 

In  general,  derivatives  of  the  solution  r(x,  t)  suffer  discontinuity  at 
the  characteristics  exhibiting  from  the  point  A  if  and  only  if  at  this  point 
the  conditions  of  consistency  of  the  derivatives  are  not  satisfied. 
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2.  Correctness  of  boundary  conditions  for  a  system  of  quasiline ar  equa¬ 
tions.  For  a  hyperbolic  system  of  quasil inear  equations  we  imposed  the  initial 
conditions  u  (x,  0)  «  u°  (x)  (l) 

and  the  boundary  conditions 


Ci  (x.  t.  #)|r|  =  0 
dt  (x,  t,  «)  lr,=  0 


(?—i.  2. «!>. 

(/=  !.  ....  /ij).  ! 


m 

(3) 


We  will  assume  that  the  coefficients  of  the  system  satisfy  their  requirements 
that  were  imposed  in  section  VIII  when  proving  the  existence  theorem  of  the 
solution  to  Cauchy's  problem. 

Suppose  u°(x)  C^ ,  and  the  curves  f*  ,  are  certain  curves  with  a 
continuous  tangent  line  in  the  half-plane  t  0  and  passing,  respectively, 
through  the  points  (a,  0),  (b,  0),  and  c^  (x,  t,  u),  d^x,  t,  u)  are  continuously 
differentiable  functions  of  their  arguments. 

We  will  state  that  the  consistency  conditions  (conditions  for  continuity 
of  a  solution)  are  satisfied  that  the  point  (a,  0)  if 

e,(a.  0.  «°(a))s=0  (/=  1 . «,>  ' 

Let  us  establish  the  consistency  conditions  for  the  derivatives  at  the  point 
(a,  0).  Suppose  x  -  X(t)  is  the  equation  of  the  curve  .  Let  us  assume  the 
existence  of  the  solution  u(x,  t)  ^  C^  of  a  system  of  quasilinear  equations 
satisfying  conditions  (l)  and  (2). 

Differentiating  the  boundary  conditions  (2)  with  respect  to  the  variable 
t  at  the  line  x  «  X(t)  we  get 

^(Va+*'(0/\^+^  +  ^*'W!=0  </=1 . *»>*' 

The  derivatives  -  £tf//e3x  at  t  -  0  are  defined  from  initial  conditions  (l), 
therefore  from  the  system  of  equations 

*;k+w=/» 

we  can  define  the  derivatives  q^  -  Su^  t  at  the  initial  axis  t  -  Oi 


-  104 


—'>*'**•?* 


In  tbese  formulas  the  quantities  ^ ,  Cfi  ,  /,  tire  known  functions  of  the 
variable  *,  for  example*  A^  -  (x,  0,  u°(x))  and  so  on. 

We  will  state  that  at  the  point  A(a,  0)  of  curve  f  the  conditions 
for  consistency  ©f  the  derivatives  are  met  if 

are  taken  at  the  point  (a,  0),  for 


here  the  functions  4~;1  •  4-4-1'  ; 
exempie,  ££  -  XT^8*  °»  u°  (a))« 

Assuming  as  before  the  existence  of  the  solution  u(x,  t)^C1  of  the 
mixed  problem,  let  us  establish  requirements  that  must  be  satisfied  by  the 
boundary  conditions.  In  general,  the  conclusion  that  the  curves  f  f  ^  must 
lie  exterior  to  the  domain  of  determinancy G°  of  the  solution  to  Cauchy's  prob¬ 
lem  for  essentially  nonlinear  equations  /  0)  is  invalid.  Correctly 

formulated  mixed  problems  exist  when  the  curves  and  f*2  are  in  the  domain 
G°.  An  example  of  this  problem  is  the  problem  of  the  piston  in  gas  dynamics 
(cf  Chapter  Two,  Section  HI).  However,  the  solutions  of  these  problems  are 
discontinuous.  Confining  ourselves  to  a  consideration  of  classical  solutions, 
we  now  exclude  this  case,  assuming  that  f ^  and  lie  outside  G°.  Let  us 
denote 

i*(X,  Q  «=/*{*.#.  U(X,  ())r 

=  *•  «<*•  0) 

and  so  on  and  we  will  consider  our  problem  as  a  mixed  problem  for  the  linear 
system 

7i[&+s.^]=/V' 

given  the  initial  and  boundary  conditions  (l)  -  (3). 
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«  * 

Figure  1,14 

The  functions  ■  l^o^  satisfy  the  linear  system  of  equations 

I  Q+gka(x-  ov 

Let  us  examine  domain  G^  (Figure  1 .14)  and  let  point  (X(t),  t)  lie  on 

the  line  I*. . 

' 

We  will  call  the  characteristic  x  •»  x^xCt),  t,  r  )  the  arriving  charac 

teristic  at  the  point  (X(t),  t)  of  line  f .  if  it  lies  in  the  domain  G1  when 

1 

T  <£  t  and  an  exit  characteristic  if  it  lies  in  the  domain  G  when  r^t.  In 
Figure  1.14  MM'  is  the  arriving  characteristic,  and  MM"  is  the  exit  character¬ 
istic. 

Suppose  that  at  each  point  of  C ^  the  characteristics  x  ■»  x^  when  k  ■  1 
2,  . ..,  p  are  arriving,  and  wneu  k  ■  p  +  1,  ...,  n  ere  exit  characteristics. 

As  for  the  case  of  the  linear  system,  we  require  that 

(1)  the  number  of  conditions  (2)  equals  q  ■  n  -  p,  and 

(2)  equations  (2)  are  uniquely  solved  with  respect  to  the  quantities 

rp+1’  >2  *  for  known  r^  r,  ,  -- 

If  (2)  is  rewritten  as 

Ci  (x,  t,  X£rg)  =  0  (2=1.  2 . fl,  =  q), 

I  ,  , 

then  condition  (2;  will  be  satisfied  if 

Del((SXS))^°  <*=1 . q ’  k=P+x . n  =  p  +  q) 

(x  oer,. 
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We  note,  however,  that  it  proves  very  difficult  to  verify  the  correctness  of 
the  boundary  conditions  for  a  system  of  nonlinear  equations,  since  conditions 
(1)  and  (2)  depend  on  the  solution  u(x,  t),  which  is  unknown  to  us.  Nevertheless, 
in  solving  the  mixed  problem  we  can  proceed  as  follows. 

Over  a  sufficiently  small  segment  of  the  curve  adjoining  the  point  A, 
the  solution  u(x,  t)  (if  it  exists)  will  be  sufficiently  close  to  the  value 
u°(a).  This  makes  it  possible  to  verify  the  conditions  for  the  correctness  of 
the  formulation  of  the  mixed  problem  for  sufficiently  small  values  of  the  variable 
t.  If  they  are  satisfied,  then  we  solve  the  problem  for  this  small  interval  and 
we  will  consider  the  values  of  the  solution  u(x,  t)  at  the  endpoint  of  the 
interval  as  new  initial  values.  In  this  way  we  can  construct  the  solution  to 
the  mixed  problem  in  the  entire  domain  of  the  variable  x,  t;  where  it  exists* 

Let  us  consider  an  example.  For  a  system  of  two  qu&silinear  equations 


the  initial  conditions 


*$•+•£ rs)'^3p0*  •'^T  +  E»(ri*  *f*j 

r{(x,  0)  =  r®= const,  |jc|<o  '■£  * 


and  the  boundary  conditions 

e(i.  r, ( —  Oj  *)•  rt(—o,  f))= 0,  d(t,  r,(e,  0.  r,(o,  0)  =  0 
are  formulated.  Suppose  J;  <  0,  %2>0 ,  The  consistency  conditions  are  satisfied 


'  «(0.  *?»  rfj ** 0. .  d(0.  r°)*=Q,  ] 


When  this  condition  is  met,  the  solution  r(x,  t)  is  continuous  in  some  neighbor¬ 
hood  of  the  axis  t  *  0.  If  in  addition  to  (4)  the  conditions  for  the  consistency 
of  the  derivatives 

~5r( 0.  r°v  rj)  —  0, 

~3T  (9’  ^  rS) =  ®*  • 

» 

are  satisfied,  then  the  solution  r(x,  t)  has  continuous  derivatives. 

The  solution  r  (x,  t)  is  constant  in  the  domain  G°(Figure  1.15)*  r^x,  t) 

■  r?.  In  the  domain  g]  r^(x,  t)  ■  r°.  The  boundary  conditions  are  correct  if 
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Figure  1.15 


Section  XII.  Analytic  Methods  of  Separating  Solutions  to  Systems  of  Differ¬ 
ential  Equations  With  Two  Independent  Variables 

1.  Investigation  of  the  c ompatihilLty  of  several  cv^rdetmnined  systems. 
Analytic  methods  of  seeking  solutions  to  systems  of  quasilinear  equations  in 
many  cases  lead  to  overdetarmined  systems,  i.e. ,  systems  in  which  the  number  of 
equations  exceed  the  number  of  unknowns.  Here  analysis  of  the  compatibility 
of  the  overde term ined  system  is  called  for. 

At  the  present  time  the  most  universal  method  of  analyzing  the  compatibility 
of  systems  of  equations  is  Cartan's  method  of  external  forms  (cf  [},  4,  21,  22]). 

In  a  number  of  examples  we  will  present  a  simple  method  of  investigating  compati¬ 
bility  which  precedes  Cartan's  method  and  is  sufficient  for  our  purposes. 

Example  1.  Let  us  consider  first  of  all  the  system  of  equations 

A,- 

bxj  (A **» !•>. . . s;  /*=  1,  2)  0) 

for  n  unknown  functions  u^,  Ug,  ...,  ur  of  two  independent  variables  x1  and  Xg. 

This  system  can  also  be  written  in  differentials; 

^  .  f/0*  ^ . .  ?)•  (2) 

Compiling  the  conditions  for  the  integrability  of  equations  (l),  i.e.,  equating 
the  mixed  derivatives; 


(3) 

(4)  f 
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If  relations  (4)  are  satisfied  by  identity,  system  (l)  is  called  wholly  inte¬ 
grate.  In  this  case  solution  (l)  can  be  defined  by  using  the  following  algo¬ 
rithm.  Let  us  assign  at  the  point  Mq:  x^  -  x^q  (j  =  1,2)  of  the  value  ui  =  u^q 

(i  ■  1,  ...,  n)  and  let  us  consider  a  certain  curve  x.  »  x.(t)  passing  through 

t)  J 

the  point  Mq  and  through  the  arbitrary  point  M(x^ ,  x^).  Let  us  further  consider 
the  system  of  ordinary  differential  equations 


•^=/ta XA0.  «, . k5) 

(a  =  1 ,  2). 

For  known  conditions  imposed  on  the  function  f .  (x,  u)  and  at  the  curve  v 
integration  x.  -  x.(t),  system  (5)  has  a  unique  solution  which  takes  on  the 
value  u^  =  u^q  at  the  point  Mq  and  is  defined  everywhere  in  the  domain  G  con¬ 
taining  the  point  M.  Thus,  u(x1,  x^)  can  be  defined  at  each  point  of  the  domain. 
Let  us  show  that  for  the  case  of  a  wholly  integrable  system  the  value  u(x)  at  the 


point  M(x)  does  not  depend  on  the  choice  of  the  curve  x.  «  x.(t.).  Suppose  , 

J  J  * 

d?2  are  two  curves  that  have  common  endpoints  Mq,  M,  and  are  bounded  together 
with  a  certain  domain  Gq  C  G  (Figure  1.16).  Then 


Figure  1.1 6 


By  conditions  (4),  integral  (7)  is  equal  to  0,  which  means  the  independence 
of  the  value  u(x)  from  the  selection  of  the  curve  of  integration.  In  practice, 
it  is  more  convenient  to  adopt  as  the  path  of  integration  the  strict  raise  at 
MqM  or  a  broken  line  whose  segments  are  parallel  to  the  axes  x^ ,  X£. 

If  conditions  (4)  are  not  satisfied  identically,  they  constitute  a  system 
of  finite  relations  between  u^ ,  ...,  u^,  x^ ,  Xg,  which  makes  it  possible  to 
cancel  out  several  of  the  quantities  u.^  and  to  reduce  system  (l)  to  an  analogous 
system  with  a  smaller  number  of  unknown  functions.  Extending  the  analogy  further, 
we  arrive  either  at  an  inconsistent  system,  or  at  a  wholly  integrable  system. 

In  the  case  of  compatibility,  we  obtain  a  set  of  solutions  dependent  on  arbitrary 


! 


constants  (a  class  of  solutions  with  arbitrary  constant). 

Similarly,  an  analysis  is  made  of  compatibility  for  the  system 

4sr=ft)(*i.  ••••  *!•••••  ««)  (/—  1.  ....  n;  /  =  !,  ....  m),  (8) 

OX] 

in  which  ui  depends  on  m  arguments.  Conditions  of  total  integrability  are  of 
the  form 


dfij  dfij  f  dfij  t  _ dfik _ fifth  ,  fifth  t 

"dJ^~  d*k  '  fiua  =  dx)  dxj  "1"  daa  JaJ 
(/.  a  =  l . n,  J,  ft  =  1 . m ). 


(9) 


and  for  system  (8)  we  have  no  more  than  the  arbitrary  constant  in  the  solutions. 

Example  2.  Now  let  us  consider  the  linear  homogeneous  system  with  a 
single  unknown  scalar  function  of  u(x-| ,  xm) : 

-ajr-  =  °  (/=1 . p\  a  =  l . m).  (10) 


vhere  coefficients  a.  ,  ere  sufficiently  smeeth  functions  of  x. . x  . 

lx  l  ’  ’  m 

In  this  case  the  conpatMlity  algorithm  is  known  and  reduces  to  the  successive 
formation  of  so-called  Poisson's  brackets  (cf  /4,  23,  24J?) • 

I>et  us  form  the  commutant 


[L/Lj]  =  j  —  t*  . 


(11) 


for  the  linear  operators  L. 


-  ^  r  d 

'  aJ°t- 


It  is  not  difficult 


to  see  that  the  operator  [L.L.]  is  a  first-order  linear  differential  operator: 

1  J 


d  fiajn  fi&tk 


(12) 


Operator  [l^L^]  is  called  the  Poisson's  bracket.  If  u(x^ ,  ...,  x^)  is  solution 
(10),  then  it  satisfies,  as  a  consequence,  also  the  first-order  linear  homo¬ 
geneous  equation: 


(/.  y— l. ....  p).  (13) 

-  no  - 


( 


Adjoining  system  (13)  to  system  (10),  we  obtain  an  extended  first-order  system 
of  linear  homogeneous  equations  and  cqn  apply  to  it  the  algorithm  for  the  forma¬ 
tion  of  Poisson's  brackets.  This  cycle  of  operations  will  be  called  an  exten¬ 
sion.  After  a  finite  number  of  extensions  we  arrive  at  a  linear  system  contain¬ 
ing  all  the  preceding  equations,  for  which  the  adding  cn  of  Poisson's  brackets 
does  not  yield  new  equations,  i.e.,  the  commutanta  of  the  differential  operators 
of  the  system  are  linear  combinations  of  these  operators.  The  systems  are 
called  complete.  Thus,  by  definition,  system  (10)  is  called  complete  if 


For  a  complete  system  (10)  equations  (13)  are  no  longer  differentiable,  but 
algebraic  consequences. 

Assuming  the  equations  of  the  complete  system  (10)  to  be  linearly  inde¬ 
pendent,  we  see  that  two  cases  are  possible! 

(a)  p>m,  then  system  (10)  admits  only  of  the  trivial  solution  u  -  const; 

and 

(b)  p  <  m. 

We  can  ensure  (cf  [23,  24])  that  in  the  second  case  the  system  is  reduced 
by  change  of  variables  to  a  single  linear  homogeneous  equation  for  one  unknown 
function  v  of  m  -  p  arguments  y^ ,  ...,  y^^,  and  thus  tho  solution  depends  on  a 
single  arbitrary  function  of  m  -  p  arguments. 

Thus,  the  final  conditions  for  compatibility  consists  in  estimating  the 
rank  of  the  matrix  of  the  complete  system. 

The  distinguishing  feature  of  the  .investigation  of  the  compatibility  of  a 
linear  system  with  a  single  function  is  the  simplicity  and  homogeneity  of  the 
operations  employed. 

This  is  related  to  +’’e  fact  that  the  conditions  for  the  compatibility  of 
linear  equations  are  again  li  ar  equations,  i.e.,  the  extended  system  has  the 
same  structure  as  the  initial. 

Example  3*  bet  ns  consider  the  overdetenninea.  sysl 3m  of  two  nonlinear 
equations,  one  of  which  is  the  Monge-Ampere  equation 
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V 


d»« 

*?' 
d*»  ‘ 


<*> 

dx,djt, 

— — 
djc,  dJCj. 


+*W^+«-»  <«•*-'•  a  <IS)  . 


?Ai  j 


and.  the  other  is  the  first-order  equation 

*(*)•  ■**•  a£)~o. 


,  -u  r'v' -i 
■v:^  v-;u' 

: "  m . 


Here  b,  a^g  ,  a  are  functions  of  x^JKi.u,  ,  a ^ 

We  now  consider  conditions  under  which  the  overdetermined  system  (15), 
(16)  admits  of  a  family  of  solution  dependent  on  a  single  arbitrary  function  of 
one  argument. 

Setting 

■'■&**:&**  dft\ (A  «■-»!.  2),  :  (17) 

..j'.  ....  •• 

let  us  write  equations  (15)  and  (16)  in  the  form  of  finite  relations  in  terms 
of  x1 ,  X-i  ,  cl.  p,  ,  p2,  P„  ,  PlZ  -  P 2,  •  Pzi  - 

(a.  P=l.  2).  (f8) 

«p(x,.  x,  u,  pt,  pj)  =  0.  (  9) 


Kquation  (18)  for  fixed  x1 ,  Xz,a.,  p,  ,  pt  defines  a  three-dimensional 
space  of  components  p^,  p12,  p22»  a  second-order  surface  ^quadric)  that  has, 
generally  speaking,  two  families  of  rectilinear  generatrices. 

As  we  know  (cf  [2}]),  these  families  are  defined  by  the  equation 


1>P\\  —  0*  \ 

ipa  —  tyPn  +  *t  —  ^1  =  °  > 

and,  therefore 

tPn— +  =  1 

l>Pu  —  faPn+h  —  »*«„  =  0.  J 


(20) 

(2!) 
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where  A ,  ^ ^  are  ^e  roots  of  the  characteristic  equetion 

(22) 


Equations  (20),  and  correspondingly  (21),  for  fixed  ^define  a  specific  gene¬ 
ratrix,  and  the  value  pl2  is  a  point  on  this  generatrix.  Changing  indepen¬ 
dently  K  and  p12,  we  obtain  the  initial  quadric  (18). 

Differentiating  relation  (13)  with  respect  to  x^  and  x2,  we  get 

^Pn+JzP»+$+&k~Q'  |  (25) 


For  system  (15),  (16)  to  be  compatible  and  to  admit  of  a  one-functional 
arbitrary  constant,  the  linear  algebraic  system  (18),  (23)  must  admit  of  an 
infinite  number  of  solutions.  Actually,  otherwise  p^,  p^2,  p2„  would  be  deter¬ 
mined  from  conditions  (18)  and  (23)  as  functions  of  x^,  x2,  u,  p^ ,  p2,  the  sys¬ 
tem  of  equations  in  total  differential  (17)  with  the  closed  and  would  admit  only 
of  an  arbitrary  constant  (cf  example  1).  The  requirement  of  an  infinite  number 
of  solutions  to  system  (18),  (23)  signifies  that  the  straight  line  (23)  i«>  cna 
of  the  generatrices  (18).  Assuming  that  the  straight  line  (23)  belongs  to  the 
family  (20)  or  (21 ),  we  see  that  -j~ .  ■>  '  jC  must  sati0^y  the  equations 


SL,  %  -L  .  S=it=-H±^  m  " 

-b\ i  a„  —  (tX,  >  —  to  *«—»*<*, 1  v  ' 

or  else,  correspondingly,  ^ 

=  fisi  :\ 

*  — »$*  a„ — jiA,  *  b  A|  —  ‘  '  ^  i 


Canceling  /I  from  equations  (24),  we  advance  to  a  system  of  equations  for 

*(v  V  u’  P1’  p2^s 
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Canceling  out//  from  equation  (25),  we  thus  obtain  the  equations 


Let  us  show  that  equations  (26),  and  therefore  (27),  are  also  sufficient  for  the 
compatibility  of  equations  (15)  and  (16)  with  a  one-functional  arbitrariness. 
Suppose  <f  is  solution  (26),  and  u(x^ ,  x^)  is  the  solution  to  equation  ('16);  let 
us  show  that  u(x^ ,  x 2)  is  the  solution  to  (15).  By  differentiating  ( 1 6 ) ,  we 
get  equation  (23).  Equations  (26)  signify  that  we  can  introduce  the  parameter^ 
so  as  to  satisfy  equations  (24).  Equations  (24)  signify  that  the  straight  line 
(23)  lies  in  the  quadrant  (18),  that  is,  u(x^ ,  x^)  satisfies  equation  (15). 

The  assertion  stands  proven. 


And  so,  equations  (2b),  and  therefore  (27),  are  necessary  and  sufficient 
conditions  for  the  conpatibilily  of  system  (1 5 ) *  (16)  with  one-functional  arbi¬ 
trariness.  Thus,  the  problem  of  determining  the  compatibility  of  system  (15),  (16) 
reduces  to  the  familiar  and  simple  algorithm  for  investigating  the  compatibility 
of  the  linear  homogeneous  system  with  a  single  unknown  function,  which  we  treated 
in  example  (2). 

Martin  [27],  Ludford  [28],  and  Yu.  S.  Zav'yalov  [29]  made  an  analysis 
of  the  canpatlhLlity  of  system  (13),  (16)  on  the  special  assumption  when 

%  a  =  f*(x\.  xj>.  1  ( 28 ) 

In  this  case  system  (26)  takes  from  the  form 
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<*P 

lu 

<*P 


Let  us  denote 


(29) 

Xt  —  Pj,  Xj  =  pv 

(30) 

Twice  extending  system  (29)  by  means  of  the  formation  of  Poisson's  brackets, 
we  arrive  at  the  system 


w- 


0.  a=l . 5). 


(31) 


where  the  matrix  a. .  is  of  the  form 

1J  '1C 


0  1  X, 

0  0  —If 
0  0  -3/, 
0  0  -3/, 


0  / 
-/  0 
A  /, 

/»  fi i 

f  12  f 22 


(32). 


For  the  presence  of  functional  arbitrary  choice,  it  is  necessary  that 
the  rank  of  the  matrix  of  the  system  obtained  by  adjoining  Poisson's  brackets 
does  not  exceed  4-  Denoting  by  (i  «  1 ,  . . . ,  5)  the  algebraic  comple¬ 

ments  to  matrix  (32) ,  equation  (31)  can  be  rewritten  as 


(33) 


where  u)  ia  some  function  of  x^ ,  x From  (33)  follows  the  representation 

d<f=iQ(\dxJ  (a=l . 5).  (34) 


which  means  that  is  the  integrating  cofactor  of  the  differential  form  A  dx  . 

CC 


From  equation  (33)  we  get  equations  for  u)  and  the  compatibility  conditions  for 
system  (31 ). 
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Without  delving  into  details,  and  referring  the  reader  to  the  works 
[27  -  29],  where  a  complete  analysis  was  made,  we  only  point  to  the  end  result* 
for  a  system  (31)  to  be  compatible  and  to  admit  of  a  solution  dependent  on  an 
arbitrary  function  of  one  argument,  it  is  necessary  and  sufficient  that  there 
be  the  possibility  of  representing  f(x^,  x^)  in  one  of  two  forms* 

f  =  F( +  ’  (88) 

(36) 

where  P  is  the  arbitrary  function  of  a  single  argument,  </_  ^ ^  are  arbitrary 
constants. 

Different  expressions  are  obtained  for  the  function  <f  ,  depending  on  the 
function  f. 

If  f  is  represented  in  the  form  corresponding  to  (36): 


then 


(jt.+a,)’  v  •  Vx.j-b.;1  : 

¥  =  a,)  —  x,(x,+aj)±g(|i±^-)k  (38) 


where  g(0)  is  associated  with  P(0)  by  the  relation  g'  -  Jjf*  (39) 

and  the  sign  ±  denotes  the  different  possibilities  of  selection  of  the  roots 
of  the  characteristic  equation. 

If  f  is  represented  in  the  form  corresponding  to  (35)* 


then 


/  =  V^"(Oi  xi  ~h  a***)* 

f  =  cyr4  —  otjXj  ±  g  (ojx,  -j-  04*,), 


m 

(41), 


where  g  as  before  is  associated  with  P  by  the  relation  (39). 
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Finally,  for  the  case  when  f  ■  0,  f  -  <^(x^,  x^).  (42) 

These  results  were  used  by  Martin  [.27],  Ludford  [28],  and  Yu.  S.  Zav'yalov  t 
[29]  to  obtain  generalized  Riemann  waves  (cf  chapter  2,  section  IX,  subsection 

3). 


2.  Solutions  with  degenerate  hodograph  of  systems  of  quasilinear  equations. 
The  main  task  in  the  analytic  theory  of  differential  equations  with  partial  deri- 
vatives  is  to  obt.  particular  solutions  and  to  construct  solutions  of  a  broader 
class  by  relying  on  ,heR.  Particular  solutions  are  obtained  for  the  most  part 
by  means  of  contraction  of  the  space  of  the  equation,  i.e.,  by  reducing  the 
number  of  active  variables. 

Thus,  for  example,  Fourier's  method  allows  us  to  proceed  from 

an  equation  with  partial  derivatives  to  ordinary  equations  and  thus  to  obtain 
particular  solutions  containing  the  additional  (passive)  parameters.  Then,  the 
general  integrals  obtained  by  superpositioning  particular  solutions  contains 
arbitrary  functions  of  passive  parameters.  However,  Fourier's  method  is  appli- 
cable  only  for  an  extremely  narrow  class  of  linear  equations.  For  the  case  of 
nonlinear  equations  the  method  of  contracting  the  space  of  equations  is  also 
used.  It  allows  us  to  obtain  particular  solutions,  but  the  superposition  prin¬ 
ciple  becomes  inapplicable,  and  obtaining  a  broad  class  of  solutions  that  contain 
arbitrary  functions  of  passive  parameters  becomes  greatly  complicated. 


The  familiar  method  of  envelopes  permitting  converting  from  solutions 
containing  arbitrary  parameters  (total  integral)  to  solutions  containing  arbi¬ 
trary  functions  (general  integral)  becomes,  generally  speaking,  unsuitable  for 
systems  of  equations  with  several  functions. 


If  ui(x,  t,  a)  (1  -  1,  ...»  n) 

is  a  solution  to  an  arbitrary  nonlinear  system 


(1) 


m 


iV.,  t ..  •  ’--i.’.  ,  v  ,«  .( 

.*  ,  r  1  ' 

then  the  envelope  does  not  alwaya  correspond  to  it.  This  fact  is  pure  geome¬ 
trical  in  origin. 

For  the  case  n  ■  1  the  space  (u^ ,  x,  t)  of  equation  (2)  is  three- 
dimensional  and  infinitely  close  two-dimensional  integral  manifolds  (1) 
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corresponding  to  values  of  the  parameters  a,  a  +  da  intersect  along  the 
line  (characteristic).  A  one-parametric  family  of  characteristics  forms  an 
envelope  surface,  which  is  an  integral  manifold  (2).  If  n  -  2,  the  apace 
(u  ,  u  ,  x,  t)  of  equation  (2)  becomes  four-dimensional  and  infinitely  close 
two-dimensional  manifolds  (l)  intersect,  generally  speaking,  not  along  the 
line  but  at  a  point. 

Thus,  for  a  one-parametric  family  of  solutions  of  system  (2),  the  aggre' 
gation  of  manifolds  of  intersection  yields  now  not  a  two-dimensional  integral 
manifold,  but  only  some  line. 

Let  us  consider  by  way  of  illustration  nonlinear  equations  for  the 
potential  of  a  conservative  system  of  equations. 

For  the  homogeneous  conservative  system 


|-  ((te  i . «r  (5) 


Let  us  introduce  the  potentials  (cf  section  V,  subsection  5),  which  are  asso¬ 
ciated  with  u., ,  . . . ,  un  by  the  relations 


(4) 


For  ^  we  obtain 


the  equation 


(5) 


It  is  not  difficult  to  see  that  we  have  a  2n-parametric  family  of  solutions 

to  system  (5) i  4>  ±  m  V  +  +  c.  (i-1,  ...»  n)  (6) 

where  a  ,  b^  c.  are  constants,  and  a.  and  b.  are  associated  by  the  relation 


In  the  (n  +  2) -dimensional  space  •••»  ^n’ 
faces  given  by  the  totality  of  equations  (6),  with 
are  two-dimensional  planes.  Suppose  the  functions 


1  (7) 

0 

t,  x  }  of  system  (5),  sur- 
fixed  parameters  a^  and  c^, 
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(8) 


C-Jxtl'i- 


separate  from  family  (6)  some  one-parametric  family.  We  require  that  the 
corresponding  planes  intersect  along  a  line  (characteristic)}  the  set  of  inter¬ 
section  points  is  determined  from  conditions  (6)  and  from  the  additional  equa¬ 
tions  0  =  +  f^t  +  c^,  (9) 

where  the  dot  over  the  letter  denotes  differentiation  with  respect  to  T. 


For  a  characteristic  (the  general  line  of  intersection  of  the  planes  (6) 
and  (9))  to  exist,  it  is  necessary  and  sufficient  that  system  (9)  be  of  rank  1, 
i.e.,  that  the  condition 


(10) 


be  satisfied.  From  this  we  get  equations  for  determination  of  a^  and  m  i 


where 


kt  ((«</+  »**</))*=  0. 

-  -  . .  •••»«*) 

ail'".-9-. 


»1 


(iaj 

'•  ‘f  j 

;  ,  *  03)  1 


Equations  (11)  and  (12)  define  a^( X )  with  accuracy  up  to  one  arbitrary  func¬ 
tion  of  parameter  X  .  From  equations  (10),  c^(r)  is  also  defined  with  an 
accuracy  up  to  one  arbitrary  function  of  parameter  r.  Since  parameter  r  is 
undetermined,  we  obtain  a  family  of  solutions  depending  essentially  only  on 
a  single  arbitrary  function  of  one  parameter,  i.e.,  this  family  is  not  a 
general  integral. 

Let  us  show  that  the  resulting  family  is  a  family  of  so-called  simple 

waves . 

Definition.  A  simple  wave  of  a  system  of  equations 
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(^5®-*^  1*  *•  i 


(14) 


is  the  name  given  J;o  the  solution 


u^(x,  t)  satisfying  the  conditiom 


rank 


(15) 


Equation  (15)  signifies  that  functions  u^(x,  t)  can  be  represented  as 

(16) 

where  -C  (x,  t)  is  some  parametric  function.  Substituting  (l6;  and  (14),  we  find 

(17) 


dt'_0vi 

For  solution  u^x,  t)  -  u^  f  (x,  t)]  to  be  nontrivial,  the  equations 

(10) 


'  •  dr  ; 

■v.g.;.  r  .  -3* 

must  be  satisfied.  Therefore  for  this  is  necessary  and  sufficient  that 


JteU(«,.-l<W)“=0.  (19) 

then  i-  is  the  eigenvalue  of  matrix  |/  a^ //  »  and  the  vector  u  «  £u}  is 
its  right  eigenvector. 

From  the  algebraic  relations  (18)  and  (19)  we  find  ^  and  u,  and  r(x,t) 
is  defined  as  the  solution  of  the  equation 

(2°) 

If  system  (14)  is  hyperbolic,  then  there  exist  n  eigenvalues  £  ,  ..., 

^  and  travelling  waves  corresponding  to  them,  which  we  will  denote  with 
the  same  number  as  the  characteristic.  It  is  not  difficult  to  see  that  in 
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the  k-th  simple  wave  the  characteristics  of  the  k-th  family  are  straight  lines. 

If  system  (14)  is  conservative,  i.e.,  if  the  following  conditions  are 
satisfied! 


(21) 


where  ^(u^>  •••»  un)  are  certain  functions,  then  we  can  proceed  to  equation 
(5)  in  potentials.  We  will  show  that  the  envelope  of  family  (6),  (8)  is  a 
simple  wave.  Taking  (6),  (7),  and  (9)  into  account,  we  have 


«I = — iflix  -h  W ■+■ et)  + ai  =  (*)•  (22) 


Thus,  at  the  envelope  surface  of  family  (6),  (8)  functions  u^(x,  t)  depend 
on  a  single  parameter,  and  by  definition  solution  u^  ■  u^(x,  t)  is  a  simple 
wave.  The  statement  stands  proven. 

A  special  case  of  the  simple  wave  is  the  centered  wave,  when  straight  lines 
of  the  characteristic  of  the  k-th  family  intersect  at  the  same  point  xq,  tQ.  Then 
we  can  choose  the  inclination  of  the  characteristic 

'»—?=£.•  (25) 

as  the  parametric  function.  Equation  (20)  retains  its  meaning,  and  the  relation 

l.=* 

is  valid. 

Let  us  note  one  interesting  property  of  simple  waves.  Relation  (16) 
signifies  that  the  (n  -  1 )-th  functional  relation  exists  in  the  k-th  wave: 

'{(“l . “.)  =  «:  . «:  <=**)•  (25) 


Let  us  consider  the  one-parametric  family  of  k-th  centered  waves  in 
which  the  constants  c^  (i  /  k)  from  (25)  are  fixed,  and  xq,  t  are  associated 
by  the  function  xq  -  <p  { t  ).  Then  we  have  a  one-parametric  family  of  integral 
surfaces  of  equation  (20),  which  has  an  envelope.  This  envelope  is  a  simple 
wave,  but  no  longer  centered.  Therefore,  simple  waves  are  centered  envelopes. 
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Let  us  now  consider  simple  waves  of  inhomogeneous  systems. 

For  the  inhomogeneous  system 

+  «/a  (®i . “*)  -77-  =  8 1  (ai . «*)  (l—  1 . «),  |  ( ' 26  ) 

assumption  (16)  leads  to  the  equation 

(*“ 1 . *)•  (27) 

where 

=  =  (/.  a  =  I . »).  (28) 


For  simple  waves  with  arbitrary  functional  to  exist,  it  is  necessary  and  suffi¬ 
cient  that  the  rank  of  the  matrix 


fi  /,  n 

1  i  a  * 

v  .  /.  r  * 


'•  1 


(29) 


equal  1.  In  the  general  cases  condition  is  not  satisfied.  For  waves  to 
exist  with  arbitrary  constant  it  is  necessary  that  the  rank  of  matrix  (29)  be 
2. 


From  this  condition,  n  -  2  quantities  u^(i  -  1,  ....  n)  are  determined 

•  •  •  • 

for  every  two  of  them,  for  example,  Uy  . ..,  ur  ■—  at  s  spacing  of  u^,  u^. 

Then,  considering  these  functions,  we  arrive  at  subsystem  (27)  when 
i  ■  1,  2,  where  f^,  F^  are  now  the  functions  only  of  u^ ,  u2  Solving  (27)  with 
respect  to  ,  we  find 


(30) 


Setting  up  the  conditions  for  integrability  of  equations  (^0),  we  find 

fk(Dt=<iVV;  (3i) 
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Hence  follows  the  integral  $2/  "  C* 

From  equations  (JO),  bearing  (32)  in  mind,  we  find 


(32) 


-  off  :.r •:>  •.«*»*>.  >  (w®  | 

The  simplest  solution  for  “f  is  of  the  form  1.  '  vr 


Thue,  u^,  Ug  are  functions  of  parameter  5  and  the  following  system  of  ordinary 
differential  equations  is  satisfied! 


(33) 


Let  ue  further  point  to  a  class  of  equations  that  admit  of  simple  waves 
with  arbitrary  functional.  For  the  system 


&-‘-V  (36) 


the  parametric  function  T (x,  t)  satisfies  the  equations 


The  conditions  for  the  integrability  of  equalities  (36)  yield 


a 


(40) 


Hence  it  follows  that  when  oL  ■  1  system  (36)  admits  of  a  simple  wave  with 
an  arbitrary  constant. 


Let  us  indicate  the  classes  of  equations  leading  to  equations  admitting 
of  simple  waves. 

Suppose  the  system 

fcg  (/•=!,  (41) 

has  the  coefficients  f g.  (  r,  ,  rt)t  exhibiting  the  property  of  homo¬ 
geneity,  such  that  the  relations 

?  /,$£>  e^/,  (rf .  r ’j).  1  I 

1  *i(foy  fj).  j  | 

are  valid.  By  the  substitution  r^  -  xwR^ 
system  (41 )  is  reduced  to  the  form 


(42) 

(43) 


■'jp  ■<  "*■  ■' ' 


If 


^4-**/,^.  **)3r-**^*A  (44) 

..  ,  .......  <**.1.  2). 

’  1. 1  ■  •• 

Yf<ifc-I)-M-«-l.  <45) 


then  after  the  substitution 


g< 

t- 


^TTT 


.  \  V  '  • 

system  (4  r)  takes  on  the  form 

ft*) *=* Ri)  —  y ftRt 


(46)  j 

<4r) 


i.e.,  admits  of  a  simple  wave. 

y 

By  the  substitution  r^  -  (x/t) 
system  (41)  is  converted  into  the  form 

*>>lr= 


(48) 
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If  V&,  -  1,  dm  1,  vp2  -  V  -  <*  -  0,  (50) 

then  system  (49)  becomes 


i.e.,  also  admits  of  a  simple  wave. 

The  possibility  of  the  substitutions  given  above  is  related  to  the  group 
properties  of  the  equations  (cf  section  XIII  on  this  subject).  In  par+icular 
equation  (51)  is  invariant  with  respect  to  the  similarity  transformation  z  —*■ 
kz ,  T  — k  r . 

Relation  (16)  indicates  that  in  the  case  of  a  simple  wave  the  two- 
dimensional  integral  surface  u^  -  u^(x,  t)  maps  on  to  the  plane  of  hodograph 
purely  (u^,  ...,  un)  in  the  form  of  the  line  1:  »  u..(r)  (i  **  1,  ...»  n)j 

therefore  we  can  now  speak  of  simple  waves  as  solutions  with  degenerate  hodo¬ 
graph. 

If  the  system  is  homogeneous,  then  to  the  line  1  there  corresponds  a 
family  of  solutions  with  a  one-functional  arbitrary  choice. 

In  the  general  case  the  two-dimensional  integral  surface  u^  -  u^(x,  t) 

(i  ■  1,  2,  ...»  n)  maps  onto  a  two-dimensional  plane  in  the  hodograph  space. 

It  can  be  shown,  as  a  rule,  that  to  the  surface  S  there  corresponds  a  family 
of  solutions  with  not  more  than  an  arbitrary  constant  and  only  in  exceptional 
cases  does  surface  S  map  onto  a  family  of  solutions  with  a  functional  arbitrary 
choice. 

For  sake  of  simplicity  let  us  limit  ourselves  to  the  case  of  a  system 
with  three  unknowns  .  .. 

+  =  °  (<.<*=!.  2.  3*j  (53) 

To  each  solution  u^  ■  u^(x,  t)  of  system  (53)  that  is  not  a  simple  wave  there 
corresponds  a  wholly  determinate  surface  S  in  the  space  {  u1 ,  Ug,  u^J-  ,  which 
we  will  give,  for  specificity,  by  the  equation 
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u5  -  f  (v  u2)*  (54) 

After  the  substitution  of  (54)  into  (53) *  we  arrive  at  the  over-determined 
system 


where 


it  -  :■  tM'N?!?— 0 

(1.  0=  1.  2). 

; 

(56) 

(a=  i;  2). 

jj  2,  3;  0=1,  2). 

(56) 

The  condition  for  the  consistency  of  system  (55)  leads  to  a  third-order 
quasilinear  equations  for  the  function  <P  (u1 ,  Ug).  By  defining  surface  (54), 
we  can  restore  the  solution  by  quadrature. 

We  will  not  slight  the  operations,  referring  the  reader  to  work  [25]  and 
to  section  IX  of  chapter  two. 

3.  Solutions  characterized  by  the  differential  relation.  The  analysis 
made  in  the  preceding  subsections  shows  that  solutions  with  a  degenerate  hodograph 
(simple  waves)  do  not  always  have  a  functional  arbitrary  choice.  This  means  that 
to  obtain  solutions  with  an  arbitrary  functional  choice  or  with  an  arbitrary 
constant  choice  with  a  large  number  of  constants,  classes  of  solutions  must  be 
separated  in  a  more  general  fashion. 

Functional  relations  in  the  space  of  the  initial  equation  must  be  replaced 
by  functional  relations  in  the  space  of  the  extended  system  (cf  section  IV,  sub¬ 
section  3)*  Functional  relations  containing  not  only  the  unknown  anu  independent 
variables  as  such,  but  also  derivatives,  will  be  called  differential  relations 
(cf  [26]). 

The  highest  order  of  derivatives  appearing  in  a  differential  relation  will 
be  called  the  order  of  the  relation. 

Let  us  clarify  these  concepts  with  the  example  of  a  system  of  two  inhomo¬ 
geneous  equations  written  in  invariants! 


-  126  - 


■g£“+/i(rii  ri>  xv  xdj^  —  8\{rv  r2.  xv  x£,  | 

A*  A*  f 


^jr  +  AC'V  A*  XV  X^^  —  S2^rV  r2*  XV  x2>'  J 

We  will  seek  the  solution  =  r^(x1 ,  x^)  of  system  (1 )  satisfying  the  first- 
order  differential  relations 


Fly  y  r  r  bf '  df*  6f '  ^  \  _ 

F1X1-  *2'  r"r*  JT,'  ~57>'  ITi'  ^J-0- 


Clearly,  using  equations  (l)  the  dependence  of  F  on  jtp  ,  can  be  canceled 

out  and  relation  (2)  can  be  rewritten  as 


®(*»‘  **  r“  '*  %t'  fe)^0' 


Here  <p  is  a  thus  far  unknown  function,  but  a  fixed  function  in  our  entire 
treatment. 

Let  us  find  the  conditions  under  which  a  family  of  solutions  satisfying 
the  fixed  relation  (3)  as  a  one-functional  arbitrary  choice. 


Let  us  consider  the  first  extension  of  equations  (1)  and  relation  (3). 


We  set 


dr.  dr.  dp.  dp. 

ST^P'’  ~Sxi~^1'  HT  =  Si-  (/=  1,  2). 

In  equations  (1)  take  on  tne  form  of  the  finite  relations 

<'=»•  2).  (5) 

using  (4)  and  (5),  we  firid 

drt  =*  Pi  dxv+q,  dx2  =  pt  dx j  -f  (gt  —  f,p,)  dxT  (6) 


The  conditions  for  the  integrability  of  relation  (6)  lead,  to  the  equations 


(8) 


Mi  p,m^ 


and  the  symbol  <5/< 5  x^  denotes  differentiation  with  respect  to  x^,  taking 
into  account  the  dependence  of  r^ ,  r 2  (but  not  p^ ,  p2)  on  x^,  x^t 


hoctb  rt.  rt  (ho  «  pt,  pj)  or  xx.  x2: 

9  d  .  d  .  d  1  '  ' 

9x,  “  ^  ^  "57  +  ft  ^  = 

=  3*7  (£1  /lPil  *57;  Aftl  — 

==^r.+^-^ +*»-£ -m  -Jr 


Differentiating  relation  (j)  we  find 

<W>  .  M> 

^r*‘+93FT  = 

d<t>  .  ,  9® 

l,  7,7 '-+617  = 


(a==  1,2), 

(o-l.  2). 

e;«. 


In  the  four-dimensional  space  of  derivatives  s^  s2,  t^,  t2>  each  of  the  equa¬ 
tions  (7)  and  (10)  constitutes  a  three-dimensional  plane.  For  the  functional 
arbitrary  choice  it  is  necessary  that  these  planes  have  a  common  s  ight  line, 
i.e.,  that  the  rank  of  the  matrix 


• * 

\ 


*47, 

iv. 

a .  .  o« 

0  0 

ft  * 

w.  v 

VL  :4 1 

1 

r* 

-F, 

9® 

Tx?+ 

: 


•V.*i 

4 

J 

3 


(11) 


be  equal  to  three.  Actually,  if  these  planes  intersect  at  a  point,  then  this 
signifies  that  from  equations  (7)  and  (10)  the  derivatives  s^  =  J  p./3x., 
t^  »  ^  Xg  are  determined  in  terms  of  rz  t  ,  p£  ,  and  we  arrive 

at  the  system  of  equations  with  an  arbitrary  constant  choice  that  we  investi¬ 
gated  in  subsection  1 . 
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Hence,  as  the  first  corollary,  when  we  get 

rnmis 


(12) 


Let  us  assume  for  sake  of  definiteness  that  ^^/ap2  -  0.  Then,  as  the 
second  consequence  we  have 


(13) 


sisfs'g 


Taking  (8)  and  (9)  into  account,  relation  (12)  can  be  transformed  to 

A  +  p2B  -  0  ( 14) 

where 


If  B  /  0,  then  relation  (14)  is  a  new  differential  relation,  from  which  we 
can  explicitly  define  p2?  in  this  case  we  arrive  at  the  arbitrary  constant 
choice.  Therefore,  for  a  functional  arbitrary  choice  the  linear  equation 

A  -  0,  B  -  0.  (17) 

must  be  satisfied. 

Thus,  the  following  statement  is  valid: 

For  differential  relation  (5)  to  admit  of  an  arbitrary  functional  choice 
it  is  necessary  that  satisfy  one  of  the  two  systems: 


}  •;  'fj  %  "  hi  ,r  %  > 

•  ••  -4  •* 


*f  '.*L  -  i 

. 

V  k.j„»  *  *L  .  *  . 


(18) 

,  I 
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or 


Differential  relation  (3)  corresponding  to  the  condition  »  0  will  be 

referred  to  as  the  first-order  relation,  and  relation  (3)  corresponding  to  the 
condition  p^  ■  0  —  as  the  3econd-order  relation. 

Again  we  have  reduced  the  problem  of  investigating  consistency  to  a 
standard  problem  for  a  system  of  linear  homogeneous  equations. 

The  study  of  systems  (18)  and  (19)  is  carried  out  with  the  aid  of  the 
familiar  algorithm  for  the  formation  of  Poisson's  brackets.  Since  each  of  the 
systems  is  considered,  essentially,  in  a  five-dimensional  space:  the  second 
and  third  equations  of  (18)  —  in  the  space  (x1 ,  x 2,  r1 ,  r2,  p^ ),  the  second 
and  third  equations  of  (19)  —  correspondingly  in  the  space  (x^ ,  x2,  r1 ,  r2> 

P2),  then  a  sufficient  condition  for  the  existence  of  a  relation  with  a  one- 
functional  arbitrary  choice  is  the  condition  r  «=  4«  (20) 

where  r  is  the  rank  of  the  complete  Jacobian  system  formed  by  adjoining  Poisson's 
brackets  to  equations (18),  and,  respectively,  to  equations  (19). 

The  algorithm  for  defining  the  differential  relation  with  a  one-func¬ 
tional  arbitrary  choice  can  be  transferred  almost  without  modification  for  the 
case  of  a  relation  of  arbitrary  order.  Without  carrying  out  the  operations, 
we  state  only  the  final  result.  On  analogy  with  the  preceding,  the  differential 
relation 

®(x,.  xv  r°  r{.  ....  '?Vl)=0.  (21) 

where  the  following  is  assumed:  .  | 

dr*-1  ■  •  I 

r°i~ri'  (#«« I.  ....  A-f- 1), 
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jwiiW*iS€ 


* 

> 


can  be  of  two  orders j  a  first-order  differencial  relatifin  when 


and  a  second-order  differential  relation,  when 


2>4 


ar 


K+! 


-  o 


2»  r  *-*■  ' 

t 


=  o. 


For  the  case  -of  a  first-order  relation  function  <£>  satisfies  the  system 


where 


' '■*' •*”*  !p. I.  £  V  '*■  .  ?  (Ml  1 

*  .  >•  a  ;  £■  -.an*  ‘  i  ssvsuj  fH  <>  • 

$99 

^ L.*  -.V  i  ;\r>'  }■?»  A  ft#  -4 

^  4  .  i  d  ^  *  i  ,:'4-  l  ,  > 

-  =  — 4  iit3'  (a==l.  2;P=>1 . *4-J). ,  .  . 

i  **t  ■  *5 


rfjr, 


and  the  quantities  g^  C  <  =  2 ;  s  ~i,  are  defined  from  the  recursion  rela~ 

tions 

'i.i£L_f&V  »>i!  «•-,  t 

*i—  rfjc,  ^  dx,  <’  •  «/  —  «/■  (24) 


Here  d/dbc  is  the  total  derivative  with  respect  to  x1 ,  taking  account  of  all 

OmI 

arguments  on  which  functions  g.^  ,  f^  depend. 

The  space  of  system  (22)  is  a  space  of  the  valuables  i  ,  ig,  rsfj  r* ,  r*f' 
(s  «  0,  k).  Since  it  hat>  the  dimension  2(k  +  2)  +1,  for  the  relation 

to  admit  of  a  one-functional  arbitrary  choice  it  is  necessary  and  sufficient 
that  the  rank  of  the  complete  system  corresponding  to  system  (22)  be  equal  to 
2  (k  +  2). 

Remark.  Differential  relations  for  a  given  system  of  d:' -farential  equa¬ 
tions  can  contain  not  only  derivatives,  but  also  potentials. 


Let  us  consider  the  conservative  system 
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(25) 


For  it  the  potentials 


••  *•  *■)** 

can  he  introduced,  satisfying  the  conditions' 

. -Sf-H0’  ! 


If  we  take  as  the  starting  point  not  system  (25),  but  the  system  in  potential 
(27),  differential  relations  must  also  contain  the  variables  ep^,  . ..,  $  n» 
Thus,  the  first-order  differential  relation  for  equation  (27)  is  of  the  form 


V(xv  xv  <Vv  *f  -§*  •  ••••  •§f')e= 


;  ;ili  j  \  *  =  * c*».  •  •  • .;  ©«.  0.  (28) 

We  similarly  discuss  relations  of  this  type  in  subsection  5  of  section  IX, 
chapter  two. 

In  concluding  this  subsection,  let  us  deal  with  the  application  of  the 
concept  of  differential  relation  to  several  problems  in  the  theory  of  linear 
equations.  We  limit  ourselves  to  Darboux’s  equation: 

=  /(*,.  XjB.  ,  (29) 

which  plays  a  major  role  in  hydrodynamics. 

Setting  3u/3  x.  *  r^  (i  -  1 ,  2),  (50) 

we  write  (29)  in  the  form  of  the  system 

&=/••■&="-  »’> 

The  extended  system  for  equations  (50)  and  (jl)  is  of  the  form 


where 


—  0,  ...  1  (),  (33) 


j.l,  is  *1  1 • 
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Since  part  of  the  higher-order  derivatives  is  determined  from  the  conditions 
of  the  extended  system,  a  relation  of  the  (k  +  l)-th  order  can  be  sought  for 
in  the  form  (x^ ,  x2,  u,  r?,  r^)  =0  (i  *  1  or  1  ■  2)  (35) 

Without  going  into  details  of  analysis  of  the  consistency  of  (35)  with  the 
equations  of  the  extended  system,  let  us  give  the  final  result. 

For  functional  arbitrary  choice  the  condition 

(36) 

is  necessary,  so  that  relation  (35)  will  be  of  the  first  or  second  order, 
depending  on  whether  condition  C  or  ~>-((  ■  0  is  satisfied.  Let  us 

assume  for  concreteness  that  — — ; jr  «*  0  (first-order  relation).  The  following 
theorem  is  valid: 

Theorem.  For  the  first-order  relation  (35)  to  admit  of  functional  arbi¬ 
trary  choice,  it  is  necessary  and  sufficient  that  <f>  not  depend  on  u,  r^  (a  * 
0,  ...,  k)  and  that  it  satisfies  the  linear  homogeneous  system 


where 


(£f)^=°  1 *>■  <37) 

iv+p,*?=0  (a==0, !*  ••••  *>•  <m> 

'>-C)^v=(0;1)^<'=1 . * 


An  analogous  statement  is  valid  also  for  the  second-order  relation.  Conditions 
for  the  consistency  of  system  (37)»  (58)  lead  to  conditions  on  the  function  f. 

The  conditions  for  the  existence  of  first-order  relation*) 


xv  r,)  =  0  (40) 

is  of  the  form  f  =  0,  (41) 

i.e.,  the  Laplace  invariant  tends  to  zero,  and  Darboux’s  equation  converts  to 
an  equation  of  oscillations. 

*)  The  order  of  the  relation  is  established  for  equation  (29)  with  respect  to 
the  function  u. 

'55  ~ 


(42) 


* 

1 


! 


4 

For  a  second-order  relation  <p  (*., »  ^  ,  r.| )  «  0 

to  exist,  it  is  necessary  and  sufficient  that 


This  means  that  by  the  Laplace  transformation  (cf  [30])  we  can  reduce  equation 
(29)  to  the  form  • 

d*u  _n  ] 

dxt  dx,  "  j  (44) 

These  criteria  point  to  the  intimate  connection  oetween  Laplace  transformation 
and  the  differential  relation  method. 

Obviously,  the  following  assertion  is  valid:  if  equation  (29)  admits  of 
a  differential  relation  of  (k  +  l)-th  order,  then  by  the  k-th  Laplace  transforma¬ 
tion  it  can  be  reduced  to  the  form  (44)*  Since  the  Laplace  transformation  theory 
is  group-oriented  (cf  [}0]),  this  also  points  to  the  close  connection  between 
the  concept  of  differential  relation  and  the  group  properties  of  differential 
equations. 

The  effective  construction  of  Riemann's  function  is  possible  for  hyper¬ 
bolic  equations  admitting  of  a  differential  relation  (cf  [4]).  We  will  briefly 
summarize  Riemann's  method,  confining  ourselves  for  simplicity  to  Darby's  equa¬ 
tion,  which  is  self-adjoint. 

If  u(x^ ,  Xg),  v(x1 ,  Xg)  are  solutions  to  equation  (29),  for  any  domain 
G  bounded  by  the  curve  C,  the  relation 


J  J  ( vLu  —  uLv)  dxx  dx2  =  ^  Xx  dxx  -f-  X2dx2  =  0.  (45) 


is  valid,  where 


L 


d*_ 
bxx  dx, 


f. 


v  1  /  du  dv  \ 


(46) 

(47) 


and  the  integral  along  the  contour  C  is  taken  counterclockwise. 
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Riemann's  function  R(^^»  %2*  X1’  *8  de^^ned  88  function  v(^^» 

^gl  x^ ,  Xg),  which  is  —  with  respect  to  x^ ,  x^  ~  the  solution  to  equation 
(29)  and  satisfies  the  additional  conditions} 

MWSBW1  **  ~  •*“■*  (48) 


x1  —  arbitrary 


In  other  words,  R(£1#  xi »  x2^  i8  the  8oiution  of  (29)»  which  tends  to 
1  at  the  characteristics  PM  and  MN. 

Suppose  u(x1,  Xg)  is  the  solution  of  (29)  for  which  u,^u/a  x^^u/a  Xg 
are  given  at  the  line  PN,  i.e.,  for  which  Cauchy's  problem  is  posed  at  the  line 
PH. 

Employing  the  identity  (45)  for  the  functions  u,  t  »  8  for  the  domain  G 
and  the  contour  C  -  PMHP  (Figure  1.17)>  we  get  after  uncomplicated  transforma¬ 
tions 


(49) 


Since  ^u/^x^  u,  R,  are  given  at  the  curve  PN,  formula  (49)  yields 

the  solution  to  Cauchy's  problem  for  equation  (29). 

The  explicit  representation  of  Riemann's  function  for  equation  (2?)  is 
possible  only  in  particular  cases.  Thus,  it  is  possible  for  equation  (?9 )  admits 
of  differential  equations. 

The  case  of  a  first-order  relation  is  obvious.  Then  f  =  0,  R  =  1,  and 
formula  (49)  ia  the  familiar  D'Alembert's  formula. 
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Let  us  consider  the  case  when  equation  (29)  admits  of  a  second-order 
relation  of  the  first  and  second  kinds  and  when  condition  (43)  is  satisfied. 

We  will  seek  Riemann's  function  in  the  class  of  solutions  admitting  of 
a  differential  relation  of  the  second  order.  The  equations  for  the  definition 
of  the  differential  relation  and  the  corresponding  class  of  solutions  are  of 
the  formj  - 


SdbC-xJki***’ 


yy.i'  ,  1  .1 

tqi  %  wfogi  T»:wrn  Jfe'r.: \ 


Equations  for  the  consistency  of  the  first  of  the  equations  (51)  and  (52)  leads 
to  a  system  for  ^  s 


■  **■/«■  , ; 


m  .  ,(53)- 

<nr  4r»/' 4  '  '  ;  «« 

lv-;  ■  (5) 

1  ^ 1 » X  ("  Y«  1  \ 

which  is  consistent  given  the  condition  ,t  ...  t  „  ..  .  . 

‘  u'  Vv  *  •'  '*'•  **  *  •  '  * 

/-•&*£•  •  «) 


Assuming  condition  (55) >  expression 


tfrxdxi+t£Ldrx 


(56) 


is  the  complete  differential,  and  for  ^  we  obtain  the  expression 

J  (57) 

..  '  J  JL  \  I  1  .  * 

where  f(x^)  is  an  arbitrary  function. 

Taking  (52)  into  account,  for  ^  we  get  the  equation 


whose  integral  is  of  the  form  r1 (X1 >  x2)  “  c(x1 >  x2)  f  (X1  >  x2)>  (39) 

where 
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and  g(xg)  is  an  arbitrary  function. 

Let  us  define  P(x^),  starting  from  the  condition 


From  (61)  it  follows  that  C(x^ (  £  g)  -  0.  (62) 

This  is  possible  only  in  the  case  when  F(x1 )  ■  0,  g(£g)  *  (63) 

so  that  r^(x. ,  Xg)  can  be  represented  as 

ri  (-^l'  ^i)  **  b  (xt)  y  (*ii  ■**)•  t  (^4) 

Taking  the  first  of  the  equations  (50)  into  account,  we  find 

]  /<*!•  (65) 

Since  u  (x1 ,  £g)  -  1,  g(  *jg)  -  0,  then  K(^2)  -  1.  (66) 

Bearing  in  mind  that  u(^  1 ,  Xg)  -  1 ,  we  find  K(x2)  -  1  (67) 

and  for  u(x1 ,  Xg)  we  obtain  the  representation 


W *1 •  (*t)  f  f(xv  x^ixl  +  1.1 

;  c ,  *  \  1.  .  •••  •  *  ,’i 


Satisfying  the  first  of  the  equations  (51 ),  we  derive  an  equation  for  g(xg)i 

f /««.•  •»**+*■"'  m 

i  ’  .u  .  b  ,  w>  t  Vtf 


Taking  condition  (55)  into  account,  equation  (69)  can  be  rewritten  as 


where 


.  4r'(*J)+*(lj.  xjgfozsi. 

Hr  r\-dXnf  f-dl 


tty  1 
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Prom  this  we  get  an  expression  for  g(x2)» 


$(&»****  (72) 
; . el**T**»  ^  fa.**  '  ■ 

and  for  Hiemann's  function*  i  / 

//(?,.  j/fxt.  *,)<**,  / 

*(*i*  **)“#(&!• "fa:  V  - ~~7(t,\j' - -+1- 

■'%  " 1  •  ••  •  ' 1  -V’  •/•  ■■  •/  •'• 


.'iV>  ■ 


(73) 


Noting  that  function  f,  uh ich  is  the  solution  to  equation  (55)  >  is  of  the 
form  (cf  [30]) 


1  *  »  ■»(*«).■>  W 

J  ?  (•*>>! 


(74) 


.  li¬ 


ve  finally  obtain 

v».»  •  * '  ■ 


Section  XIII.  Group  Properties  of  Differential  Equations 

The  task  of  seeking  an  multiplying  solution  is  closely  bounded  up  with 
the  group  properties  of  differential  equations.  The  fact  of  simple  waves  is 
enveloping  center  waves,  and  the  latter  of  self-modeling,  i.e.,  invariant  rela- 

*  ^  4  4  n  O 


1 


.  1  2 
kx  ,  x 


kx  in  the  plane 


tive  to  the  homothetic  transformation  x 

12. 

x  ,  x  ,  is  group  m  origin. 

The  possibility  of  reducing  quasilinear  equations  to  a  form  suitable  for 
obtaining  simple  waves  can  be  found  after  analyzing  their  group  properties. 

The  long— known  self— modeling  solutions  of  one— dimensional  gas  dynamics 
essentially  were  derived  by  a  group  analysis,  whose  specific  form  is  dimension. 

Group  analysis  enables  us  to  construct  tegular  algorithms  to  find  parti¬ 
cular  solutions  without  involving  additional  considerations,  based  only  on  the 
given  system  of  differential  equations. 
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J 


1.  One-parametric  Lie  group.  Consider  in  the  n-dimensional  space 
of  variables  [x  t  . ..,  x11  \  a  system  of  ordinary  differential  equations 


£-{'<«• . *■)• 


(i) 


for  which  Cauchy's  problem  x1(to)  -  (2) 

can  be  formulated.  Given  sufficiently  smooth  functions  x11)  and 

on  the  condition  that  J  ^  0,  problem  (l),  (2)  has  a  unique  solution 

. Xo.  t).  (3) 

which  is  the  sufficient  number  of  times  of  the  differentiable  function  of  the 

initial  values  x*  and  parameter  t  in  some  domain  of  variation  of  parameters 

x1  and  t. 
o 

Problem  (l),  (2)  can  be  given  in  the  following  geometric  interpretation: 

the  parameter  t  is  time,  the  curve  x1(t)  ■  ZX(x'0j  ...  ^  x^  ,  t)  represent 

the  trajectories  of  some  steady  flow,  xj  ,  •  •  >  ,  IC*  are  Lagrangian  coordinates, 
”1  H 

and  x  ,  ...,  x  are  Euler  coordinates. 

Solution  (3)  to  problem  (1),  (2)  as  the  property  of  invariancy  relative 

to  displacement  in  terms  of  parameter  t:  if  in  the  problem  (1),  (2)  we  preserve 

the  initial  x1  values  and  replace  t  with  t  +  t  ,  then  it  will  have  the  solu- 
c  oo 

tion 


x'(tf)  —  fl[x\<  ••••  x",  t  t). 


(4) 


Formula  (3)  can  be  symbolically  represented  as 

xV)+S(f, 


(5) 


where  S(t,  tQ)  is  an  operator  converting  x(tQ)  to  x(t).  Due  to  the  invariancy 
of  the  solution  relative  to  displacement  in  t,  operator  S(t,  t  )  has  the  property 


S(t.  /o)  =  S(/-fQ,  0)  =  S(t-to). 


(6) 


Therefore,  after  solving  Cauchy's  problem  with  the  initial  time  instants  t  -  tQ, 
t1 ,  tg>  we  arrive  at  the  property  of  composition 
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s  (/, + ^  ■=  s  (/,)  S  (/,)  =  S  (/,)  S  (/j). 


(7) 


To  this  we  must  add  the  property  of  continuous  fitting  of  the  solution  to  the 
initial  data  S  (T)  — E  (  T  — 0)  (8) 

and  the  property  of  inversibility  S(  f  )  S  (-f)  »  E,  (9) 

where  E  is  the  identity  operator. 


The  totality  of  operators  (transforms)  S(t)  exhibiting  the  properties 
(7)  “  (9)  forms,  by  definition,  a  one -parametric  continuous  group  (Lie  group). 

We  will  call  . ..,  £nJ.  the  direction  vector  of  the  one-para¬ 

metric  Lie  group  and  refer  to  the  group  with  the  direction  vector  £  by  the 
symbol  G1 ( %  ) . 

2.  Invariance  of  the  group.  The  scalar  function  F(x)  *  F(x1 ,  ...,  x11) 
is  called  the  invariant  of  the  group  G1 ( ^ )  if  F(Sx)  =  F(x)  (1) 

for  any  transformation  S^G.(§). 

Let  us  introduce  the  concept  of  the  Lie  derivative  of  the  function  F(x). 
For  x1  the  Lie  derivative,  by  definition,  is  the  quantity 

('=1 . »)•  (2) 

The  Lie  derivative  of  the  function  F(x)  is  defined  by  the  rule  of  differentia¬ 
tion  of  a  complex  function: 


bF(x)  _  dP_  bxa  _  ta  dP 
it  ~  dx°  W  i 


i 

(a  =  1 . *)•  i 


(3) 


The  Lie  derivative  S F(x)/ $  t  is  none  other  than  the  derivative  of  the  function 
F(x)  along  the  protectory  relative  to  parameter  t. 


The  differential  operator 


=  (4) 

will  be  called  the  infinitesimal  operator  (in  the  following,  simply  the  operator) 
of  tne  group  G„ (  i- )  and  we  will  state  that  the  operator  L( ^ )  generates  the 
group  of  finite  transfers t ions  G^^). 
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Thus,  the  Lie  derivative  of  the  function  P(x>  ia  .none  other  than  the 
results  of  applying  the  operator  L( £ )  to  F(x).  It  '  not  difficult  to  see 
that  P(x)  ia  the  invariant  of  G^($)  if  and  only  if  the  Lie  derivative  of  the 
function  P(x)  is  equal  to  zero: 


The  expression 


will  he  called  the  Lie  differential  of  the  function  P.  In  particular,  g  x1 
gig  t  is  the  Lie  differential  of  the  function  x1. 

We  will  understand  the  differential  dx1  to  refer  to  the  expression 

(7) 


vv  ;  > '  $;■ .  ur  : 


computed  for  a  fixed  -t* 

Similarly,  the  differential  of  the  function  F(x)  is  defined* 

■  ■ (0) 


It  is  not  difficult  to  see  that  the  operators  6  and  d  are  permutable,  so  that 
the  relation  b  dx*  *=  d^x*,  (9) 

is  valid.  The  manifold  4>  given  by  the  equation 

i  f* (*l,  ..,.x’)=ci,  (/=» i, . . v).  (10) 

is  called  the  in-variant  manifold  relative  to  6^(|)  if  the  transformations 
S  £  G.j  translate  the  points  of  the  manifold  "gain  to  points  of  the  manifold. 

For  the  invariancy  <f>  ,  it  is  nec9ssary  and  sufficient  that  the  vector 
at  the  points  <£  touch  <$>  ,  i.e.,  that  the  condition 

,£#^  =  i^=v6  ,  (/tel . q\  a=l . n).  (11) 

be  satipfied  that  the  manifold  (10).  If  sin  arbitrary  point  on  the  manifold 
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$  is  not  invariant  relative  to  ,  while  at  the  same  time  the  manifold  ^  is 
invariant,  then  we  say  that  the  group  induces  the  continuous  group  of  trans 
formations  at  the  manifold  $ .  Let  us  assign  <$  by  the  parametric  equations 

V.7.  V\ iUu . ...  »).  (12) 

Then  the  group  G^(^)  induces  in  the  space  v  -  v\  v^  the  group 

&j(»f )»  where  the  direction  vector  7]  m  ■  syJf>}  is  related  with  the 

direction  vector  2;  ■  by  'the  relation 

i 


which  derive  from  equality  (12). 
Suppose 


Y  ;  i-l'*'  \ 


Q(x.  i 


(14) 


is  a  linear  differential  form.  Then  the  Lie  differential  of  the  form  Q  is, 
by  definition,  the  expression 


$Q=d(j4arf)if?)==Mgrfjc,-f*‘<4i6<fxa.  i 

\  ......  -■  >  • 

employing  the  commutativity  of  operators  d  and  St  we  have 


05) 


ftQ«=Madx«-f-  l9  <*x*+'A*  <*£“]« 

(o,  p  =  i. ....  - 


(16) 


The  Lie  derivative  of  form  XL  »  hy  definition,  is  the  expression 


A  (x.  5.  dx,  =  %  dx°+ A°  dl° 


(17) 


which  itself  is  a  linear  differential  form. 


We  will  call  the  form  Q.  invariant  relative  to  G^(^)  if  its  Lie  deriva 
tive,  i.e.,  the  form  /I  (x,  4  ,  dx,  d%),  is  equal  to  zero. 
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Suppose  the  group  G^(^)  leaves  the  form 

Q1  as  xi(4t)rf*“  (ial,  ....  f;  <*«&  ..i?; 


(18) 


invariant,  as  well  as  the  manifold  cf  given  either  by  equations  (10)  or  by 
parametric  equations  (12). 

The  forms  SI 1  convert  on  <$  to  the  forms 


••  •  i. %  if.*  ' '  7 .  .  /•  •  ■•  « J  4 

.  t  «...  «  r 


(19) 


1*  ....  rj  q bb it . . . #  sj  ft 8=2 1 


which  remain  invariant  relative  to  the  group  g induced  by  the  group  G^(  £) 
on  4>  . 

By  definition,  the  Lie  derivatives  of  the  forms  io1  are  equal  to  zero, 
i.e.,  the  equalities 


A'(t>.  vs  dv.  4tj)  «  «o| 


(20) 


(<«l . *\  P.  t“*»  />)•  I 


are  satisfied.  Suppose  G|  (  ),  <S2  d~2  )j  .  .  .  ,  &p(Kp)  are  one-parametric 

groups  of  transformations  in  the  space  X^.  We  will  seek  the  combined  invariants 
of  these  groups.  If  F(x)  «»  F(x1 ,  ...,  x11)  is  the  invariant  of  G^(^),  6r2 (  %z). 

•  -  -  ,  <JTp(^,p),  then  the  relations 


rO, 


0' 


(d  1 :  •  •  •  t  rt)* 


1 


(21) 


must  obtain.  Suppose  system  (21)  is  complete,  i.e.,  the  operators  (L.,  L.} 
are  linear  combinations  of  L^(i  =  1,  2,  ...,  p): 
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?*»  <fc  /•  l. ....  p). 


If  the  coefficients  cT"..  are  constant  and  satisfy  the  conditions 

^+%/+‘5A=°' 

then  the  totality  of  operators  »  . ..,  generates  the  p-parametric  Lie  group 
in  such  a  way  that  any  operator 

3$£i£gsM  1  ■  +v»<v 

with  constants  coefficient  A  ,  . ..,  A  generates  a  one-parametric  group  (cf 

[51]).  P 

3.  Extended  group.  Thus  far  all  variables  xrf-  were  equivalent.  Let  us 
define  some  space  ^  ■  l**}  corresponding  to  the  separation  in  the  points 
space  >  •••»  um)  the  two-dimensional  manifolds 

x*)  *</=},  m)f,  ( 1 ) 

In? 

Point  x  -  {x  ,  ....  x  jg  Xn  will  be  defined  by  the  coordinates 

*•*  Jf*r"**.  xUl^=u>,  (2a) 

*>  *.Yv  »T  Ail  Ant 

=  *+**,-J**'H  (26) 

‘I  2;i«5.  ....  m\  ft  =  3/»  +  2). 


Among  all  transformations  in  the  space  Xjj,  we  separate  out  the  transformations 
that  leave  the  following  forms  invariant: 


Q‘(x,'  dx)*=dxi+l- (/  =»  1 . m;  p  —  1.  2). 


0) 


We  will  call  these  transformations  tangential.  Relations  (2b)  remained 
unchanged  for  them. 

Among  the  tangential  transformations  we  single  out  the  subclass  of 
extended  transformations,  which  are  characterized  by  the  fact  that  the  subspace 

remains  invariant.  We  will  call 


-K*'  *' . 


-  144  - 


:yji 


these  transformations  in  Xo+2  point  transformations. 

Let  us  show  that  thd  .point  transformations  completely  define  the  extended 
transformations. 

Suppose  £  -  {  f f  j  is  the  direction  vector  of  the  point  trans¬ 
formation  G.j  ( if  )  at  Xm+2,  and  ■■  -  is  the 

direction  vector  of  the  corresponding  extended  transformation  G^(^). 

From  the  invariancy  of  Xtn+2  it  follows  that 

T*V  (/  =  1. ....  «  +  2).  (4) 

From  the  condition  of  the  invariancy  relative  to  G^(^),  we  find 

— je3+p*«+i<^p — ^a+Bm+1  JjcP _ 0  (/=  1 . m;  p  —  1.  2).  ^ 

From  this  it  follows  that 


dx>  ^  dua  P)  dua 

( s .  f>=*  1.  2;  l,  a—  1 . m). 


The  statement  is  proven. 

Finally,  we  can  consider  the  further  extensions  of  the  group  in  the 
space  of  the  components  of  derivatives  of  second  and  higher  orders. 

4.  Proofs  of  transformations  admissible  by  the  system  of  differential 
equations.  For  simplicity  of  presentation,  we  will  limit  ourselves  to  quasi- 
linear  equations.  Using  the  notations  (13.5.2),  let  us  write  the  system  of 
quasilinear  equations 


dul  ~  a  - ' 

x*;  a* . «m)-^-  =  /‘(x>.  x*;  a> . a-) 

(/.  a=  1,  ....  m ) 


in  the  form  of  equations  in  differentials: 
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Q‘(x,  (/=  1 . .  2)  (2) 


and  finite  relations: 


F‘(xl . jc*)  =  x*”+,H + a‘axn+Ua - /'  =  0  (/.  a=l.  ....  (j) 

Then  the  integral  manifold  of  the  system  (2),  (3)  can  be  determined  as  the 
surface  in  the  space  Xn  =  ^m+2  var^a^^eB  >  •••* 


Xtwmx'ffi'xh  (/=!.  3«-f 2)4  (4) 

on  which  the  forms  J2  1  tend  to  zero  and  which  itself  lies  on  the  manifold 
£  given  by  equation  (3). 

Definition.  System  (1)  admits  of  the  group  )  in  the  space  X^ 

of  variable  x1(i  -  1,  m+2)  if  the  extended  group  G^{%)  corresponding  to 

it  leaves  invariant  the  manifold  <&  ,  i.e.,  the  group  G^(5>)  translates  the 
integral  surface  of  the  equation  (1)  into  an  integral  surface.  The  totality 
of  groups  G.j  (  5 )  forms  a  set  of  admissible  transformations  of  system  (l). 

The  condition  for  the  invariancy  of  manifold  <$>  is  of  the  form* 


+  f*+*t«  _j_  $  *«»  »*+•  -  ^  l* — 0  ;jj 


(P=»l. ....  oi^ii  ..•> 


2  A  jjj  * 

Substituting  in  (5)  the  expressions  for  g  +  m+1  from  (l3»3**>)  and  expressing 

by  means  of  (3),  x2m+2+i  =  in  terms  of  xm+2+i  =  p*,  we  arrive  at  the  system 
of  equations 

A'+  A,»Pf + =* 0  f  °» <*i»  0* ^  (6) 


where 
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V  '* 


the  coefficients  of  b(x)  depend  on 


On  the  (2m  +  2)-dimensional  manifold  c$>  the  independent  parameters  are  the 
quantities  x\  ...,  xm+2,  p!j ,  ..,,  p™.  Since  the  ratio  (6)  must  be  satisfied 
identically  relative  to  these  parameters,  from  (6)  it  follows  that 

.Fit}  .•*  ;.  a  ?.  .W  >  *  /  a  \ 


aas# o  ■  **v*--v.  . .;  V  (e) 

Equations  ^8)  constitute  a  linear  homogeneous  system  of  equations  relative  to 
§  ,  ...  this  system  is  called  determining  and, generally  speaking, 

is  overdetermined. 

The  satisfaction  of  (8)  is  necessary  and  sufficient  for  the  group  G1 ( 2- ) 
to  be  admissible  for  the  given  system  (1). 

Let  us  consider  a  number  of  examples. 

L.  V.  Ovsyannikov  [jl],  based  on  this  algorithm,  investigated  a  group 
of  transformations  for  a  system  of  one-dimensional  plane  equations  of  gas  dynamics 

and  the  polytropic  equation  of  state i 
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System  (9)  for  any  V  value  admits  of  the  operators 

S'*  J 

£i==_^  +  a^r_^^->  I 

■  _  ’_.  _  •  r  •?  «.  .  >i . .  1.* 

When  y  ■  5,  system  (9)  admits  of  also  a  single  independent  operator 1 

i  i"  i_-  i  ■  /i"  j.  ^  a.  _  d 


(10) 


i!c:<JJ+ #Jf*3ST + <*  ~  /a)S7 — <P  •  j 


(11) 


The  operators  are  operators  of  displacement  with  respect  to  the  axes  xt 

t;  the  operator  corresponds  to  Galileo's  transformation;  operator  is  an 
operator  of  the  transformation  of  similitude  (homothety)  in  the  x,  t  plane. 

These  operators  obtain  for  any  equation  of  state.  The  operators  L^,  corres¬ 
pond  to  the  polytropic  equation  of  state;  operator  Lj  corresponds  to  the  specific 
value  y  -  3. 

The  Euler-Poisson  equation 


d*u  ,  a 
dx,dz,  +1*=*)**  =  °  (a  =•  const) 


(12) 


admits  of  the  operators 


/  g  t  d  .  d-  /  *  d 

^^■317  + ^7-  hWBXi7z+x*lZ' 


^■317-  L*KatT»’  xj-fc- 


(13) 
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where  tp  (x1 ,  x^  is  the  arbitrary  solution  (12).  Operator  Lj  is  an  operator 
of  consistent  displacement  with  respect  to  axes  x^ ,  Lg  is  the  operator  of 
similitude  in  the  x1 ,  x2  plane;  is  the  operator  of  inversion.  Operator  I*, 
contains  in  its  coefficients  two  arbitrary  functions  of  the  same  argument  arid 
generates  in  a  totality  with  the  operators  ,  Lg,  Lj>  L^  the  infinite  Lie  group. 

Let  us  show,  following  L.  V.  Ovsyannikov,  how  the  value  of  the  group  of 
transformation  that  admits  by  the  Euler-Poisson  equation  (12)  allows  us  to  define 
for  it  Riemann's  function. 

As  we  know  (suc^uction  J  of  section  XII),  Riemann's  function  is  the  solu¬ 
tion  u(^1,  §2;  x.,  x2)  (12)  satisfying  the  condition 


(14) 


The  operators  L^ ,  Iv>,  generate  a  three-parametric  group  of  consistent  frac¬ 
tionally  linear  transformations 


05) 


where  a,  b,  c,  d  are  arbitrary  constants  and  ad  -  be  /  0.  Since  equation  (12) 
admits  of  the  operators  L1 ,  then  transformation  (15)  leaves  unchanged. 

Employing  this,  let  us  choose  the  transformation  (15)  in  such  a  way  that  to  the 
values  x1-^^,x2»^2  there  correspond  the  values  x^  -  0,  ■  <x>.  This  is 

achieved  by  the  transformation 


(16) 


As  a  result,  the  solution  u(  ^  1 ,  £2;  x1 ,  x^)  to  the  problem  (12),  (14)  changes 
into  the  solution  v(x.j ,  x2)  to  the  problem 


,  ’  *  a  S 

~i-— — tr1  m~  ■  *"  -1- —  V « 

ixdx,  p—  a:,)1 


=  0. 


0(0,  u(xt,  00)  =  i. 


1 


(17) 


Problem  (17)  admits  of  the  elongation  operator  L2  and  thus  is  self-modeling. 
Jts  solution  can  be  sought  for  in  the  form 
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(18) 


;  *(*v  ^>“t>(5).  6=.£l. 

*» 

Substituting  (18)  into  the  first  of  the  relation  (17),  we  arrive  at  the  equa¬ 
tion 


.  ^  =0, 


09) 


where  the  stroke  denotes  differentiation  relative  to  £  .  The  desired  solution 
v(i^,  ig)  “  v(^)  satisfies  the  second  and  third  of  the  condition  (1?) »  if 

v(0)  -  1.  (20) 

Let  us  represent  a  in  the  form  a  ■  m(m-l).  (21 ) 

Equation  (19)  is  reduced  to  the  hypergeometric  equation  by  the  substitution 

v-(1-£)“w  (22) 

and  takes  on  the  form 


lift-  1)  W*  4-  h-  i  +  (2  /*+  l)Uw'+««wt=0. 


(25) 


Parameters  d ,  ,  V  of  this  equation  are  found  from  the  relations 

'Y=*I.  1  =  2*4- 1,  ap  =  Bi*  (24) 

and  take  on  the  values  «(.«•  /3  ■  m,  V  ■  1.  (25) 

Thus,  taking  (20)  into  account,  we  find  w  -  P(m,  m,  1,  ),  (26) 

where  P(«4,  ft,  V,  £)  is  a  hypergeometric  function.  Next,  returning  to  the  func¬ 
tions  v(£  ),  v(x.j,  Xg),  u($1,  x1,  Xg),  we  have 


j  v  <  «ft)~=(f—  HT'Ffr.  m;  I.  {).  .  ’  (27) 

f»(x,,  =  F^m,  m;  l.ltj,  (2*) 

«ftj.  l»;  *1.  ^“[S-S(?(-w]  F(m' m:  *’  S-wS-S)* 


(  . 
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For  the  case  of  conservative  systems,  it  is  possible  to  construct  transforma¬ 
tions  by  only  in  the  space  of  the  extended  system,  but  also  in  the  space  of 
potentials . 

The  conservative  homogeneous  system 


fc?  i  *jCg| . a»)  du‘  ,  dvl  du*  „  . 

dx 1  2 . «)  (30) 

can,  by  introducing  the  potential  <p1(cf  subsection  3  of  section  5),  be  converted 
to  the  system  of  equations  in  differentials: 


«'  =  d<fl  —  ul  dx 1  +  vl  (a1 . a»)  dx1  —  0 


(31) 


Let  us  consider  the  operator 


L==6t>-^+6,+a^  +  £,+J+a^  (a==1 . R;  P-1*  2)- 


(32) 


^  2  2,  i 

in  the  space  x  ,  x  ,  u  ,  <p  (i  «  1,  n).  To  the  operator  L  there  corres¬ 

pond  the  admissible  transformations,  if  the  Lie  derivative  of  the  form  wj1 
equals  zero; 


TRT-^-0. 


From  condition  (33)  it  follows  that 


d&"+ni  —  a'  +  o'  d£—  I'+Ux'+atf**  dx 2  =  0. 


(33) 


(34) 


Next  let  us  proceed  to  the  equations  for  S>1( i  -  1,  2,  2n+2): 


«+*+( 


dx ■ 

4JH+2+I 


dx> 


f  o‘ 


=  |2+'. 


dx* 


dx* 


■fv1 


dx'. 


dx* 


-<43+°. 


(35) 
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where 


_i__.i__i.po_i _ Lg«_i_, 


d  d  ,  - 

!?-d*?+Pi 
du« 


du®  d%P 


(• .  :i 

$ 


po  — (a=*=l,  . ...  «;  * — !•  2)*  J 


(56) 


The  quantities  p*  are  associated.,  by  virtue  of  (JO),  by  the  relations 


/>i  =  -aX 


=  ^  (I -  1«  •••«  *)•  .. 


Substituting  (36)  into  (35),  we  find 
.«+»+<  ,»«+«+< 


■\.7 


8  du •  +  d«aj 


£«+J+* 

~3u°~ 


-ail5+*. 


(57) 


(50) 


Requiring  that  (38)  be  satisfied  identically  relative  to  p^,  we  arrive  at  a 
system  of  determining  equations 


di‘ 


n+J+l 


ax1 


dj'+1+‘  _  <%«+»+< 


dx* 


tta 


^-“'(£+-$+  ■ N , 
.  +-(£ 


t»+J+« 


du* 


d»« 


df* 

<0. 


(59) 


-  152  - 


5*  Partially  invariant  and  invariant  solutions.  We  will  seek  on  the 
manifold  <$  given  by  equation  (13*4*3)  auhmanifolde  <p  &  <p  that  are  invariant 
relative  to  some  totality  of  admissible  transformations.  Without  delving  into 
details,  let  us  note  the  path  it  follows  in  finding  invariant  submanifolds  and 
their  corresponding  admissible  transformations. 


Suppose 


0) 


is  the  parametric  representation  of  <£  > 


(2) 


is  the  parametric  representation  of  the  desired  manifold  <P  and  5^(4;)  induced 
on  the  group  G^{yj  ),  >7  -  (y)^  ,  ...»  The  correspondences  (l),  (2) 

translate  the  forms  j?  ^  from  (13.4*2)  to  the  forms 

(3) 

Here  the  coefficients  c^  are  known  functions  of  <p\j  -  1,  ...,  2m+2)  and 
linear  functions  of  r^(k  -  1,  ...»  p).  The  conditions  for  the  invariancy 
of  the  forms  ou  relative  to  G1 (  r? )  are  of  the  form 

fjjjjfc*? !=» Q - f .  . . ...  p%~  (4) 


By  virtue  of  the  correspondences  (1),  (2)  J-  and  Yf  are  associated  by  the  func¬ 
tion 

V  v-w  ■* :  Wid'.  **  *  '  "" '  ' ' 

:  :1/':V..W3jI» -i- 2;  o-l.  ...,  Ph 


(5) 


where 


I  (a,  (5=1,...,  2/ri-{-2). 


(6) 
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In  particular,  when  i  -  1,  ....  m+2,  we  have 


(7) 


Substituting  (7)  into  the  determining  system  (13.4.8),  we  get  some  linear  homo¬ 
geneous  system  of  equations  of  the  first  order  for  t 


•f  4V^0'  <r«=*i.  ....~p;  Y=?,|. P). 


A 

whose  coefficients  B  depend  on  <p  and  are  linear  relative  to  —Z-. 

c)  V* 

2m +2 1  V  *  1j  •••}  p)i 

Prom  conditions  (4)  we  find 


(8) 

(i  -  1, 


-f~ cj[ ijjj7 — 8  ”  .*»  P^l . Pl^ 


(9) 


The  consistency  conditions  for  the  system  (8),  (9)  lead  to  several  equations 
for  the  functions  ^(v1,  . ..,  v^).  The  solutions  (integral  manifolds)  lying 
in  are  called  partially  invariant  (cf  [^1 J ) . 

In  the  particular  case  when  the  manifold  <p  is  an  integral  manifold,  we 
have  an  invariant  solution.  Invariant  solutions  are  a  generalization  of  the 
familiar  self-modeling  solutions.  We  see  that  the  theory  of  partially  invariant 
and  invariant  solutions  is  intimately  bounded  up  with  the  method  of  differential 
relations,  since  the  equations  giving  manifolds  <p  are  none  other  than  differ¬ 
ential  relations  of  the  first  order. 

L.  V.  Oevyannikov  (cf  [31])  pointed  to  the  relation  of  simple  and  double 
waves  with  partially  invariant  solutions  familiar  in  gas  dynamics. 
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CHAPTER  TWO  CLASSICAL  AND  GENERALIZED  SOLUTIONS  OP  ONE-DIMENSIONAL  GAS 

DYNAMICS 

Section  I.  General  Remarks  on  the  Mathematical  Description  of  the  Motion  of 
Compressible  Gases 

1.  Gas  as  a  continuous  medium.  Gas  is  an  aggregate  of  a  large  number 
of  particles  (molecules,  atoms,  ions)  in  continuous  chaotic  motion. 

To  characterize  the  state  of  gas  as  a  given  instant  of  time,  we  must 
specify  the  position  and  the  velocity  of  each  gas  particle. 

The  problem  of  taking  account  of  the  interactions  in  motion  of  each 
gas  particle  is  incredibly  difficult}  therefore  in  describing  the  state  of 
a  gas  we  use  the  statistical  approach. 

In  the  statistical  description  of  the  state  of  gas  it  is  convenient  to 
assume  that  its  constituent  particles  continuously  fill  the  space  they  occupy. 
Naturally,  here  we  consider  only  the  volumes  whose  dimensions  are  sufficiently 
large  compared  with  the  distances  between  the  gas  particles. 

Therefore  the  expressions  “small  volume"  and  "infinitely  small  volume" 
of  gas  used  in  the  following  must  be  understood  as  being  sufficiently  large  in 
the  sense  indicated  above. 

The  motion  of  gas  particles  can  be  characterized  by  the  number  of 
particles  of  each  species  present  in  a  given  location  in  space  and  with  a 
given  velocity.  This  quantity  is  proportional,  to  the  distribution  function, 
which  satisfies  the  integro-differential  equations  of  transport  (so-called 
kinetic  equations).  The  simplest  example  of  a  kinetic  equation  for  gases  is 
Boltzmann's  equation  (cf  [l],  [2]). 
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The  description  of  the  state  of  gas,  employing  distribution  functions, 
and  the  solution  of  kinetic  equation  is  also  a  very  arduous  task. 

At  the  same  time  we  know  that  there  exist  such  flows  that  can  be  described 
with  good  accuracy  by  means  of  several  specific  distribution  functions.  This 
description  is  attained  by  employing  the  concept  of  the  state  of  thermodynamic 
equilibrium  as  a  state  in  which  the  distribution  functions  are  wholly  determinate 

Let  us  recall  in  passing  some  thermodynamic  fundamentals  (cf  [?]). 

Among  the  parameters  characterizing  the  state  of  gas,  some  are  defined 
only  by  bodies  that  are  external  relative  to  the  gas  mass  under  consideration 
and  do  not  depend  at  all  on  the  gas  itself.  These  parameters  are  called  external 
External  parameters  include,  for  example,  the  volume  occupied  by  the  gas,  the 
intensities  of  the  external  electromagnetic  or  gravity  fieldB,  and  bo  on. 

In  contrast  to  the  external,  internal  parameters  are  defined  by  the  state 
of  the  gas  itself  (for  example,  gas  energy,  temperature,  and  pressure). 

The  state  of  the  gas  is  called  equilibrium  if  it  does  not  change  with 
time  and  also  with  the  exchange  of  energy  with  external  bodies  does  not  occur. 

We  stress  that  simple  invariance  of  this  state (steady-state)  of  itself  does  not 
signify  that  the  gas  is  at  equilibrium. 

The  equilibrium  state  is  the  state  from  which  the  gas  cannot  depart 
spontaneously. 

If  a  gas  present  in  an  arbitrary  state  is  left  to  itBelf  (i.e.,  the  ex¬ 
change  of  energy  was  external  by  these  is  precluded  and  external  parameters  ars 
fixed),  then  in  some  time  interval  (so-called  relaxation  time)  it  arrives  at  the 
state  of  equilibrium. 

The  exchange  of  energy  between  the  gas  and  the  external  bodies  occurs, 
first  of  all,  by  a  heat  transfer,  and  secondly,  when  work  is  done  on  the  gas 
(or  by  the  gas  on  external  bodies).  Work  is  done  by  the  gas  only  when  there  is 
change  in  the  external  parameters  aA  and  for  infinitely  small  changes  in  the 
latter  is  equal  to  the  quantity  £  W  «  £  A.da. ,  (1) 

i  1  1 

where  A^  are  the  so-called  generalized  forces. 

If  SQ  is  the  amount  of  the  heat  communicated  to  the  gas,  then  the  change 
in  internal  energy  of  the  g&b  E  (the  kinetic  energy  of  motion  of  the  molecules 
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plus  the  potential  energy  of  molecular  interaction),  by  the  law  of  conserva¬ 
tion  of  energy,  is  written  in  the  form 

dE*=bQ-bW=t>Q-2Aldal.  (2) 

As  for  the  quantities  A^,  let  us  note  that  for  an  arbitrary  state  of 
gas  they,  in  addition  to  a^,  depend  also  on  the  position  and  velocities  of 
individual  gas  molecules,  i.e.,  on  the  microscopic  state  of  the  gas. 

The  issue  becomes  simplified  if  we  consider  the  equilibrium  states  of 
the  gas  and  infinitely  small  departures  from  them.  Then  based  on  the  familiar 
fundamental  theorem  of  thermodynamics,  all  internal  parameters,  including  A^, 
are  single-valued  functions  of  the  external  parameters  a^  and  energy  (or  tempera¬ 
ture  T)  of  the  gas. 

Usually,  the  generalized  forces  A^  themselves  are  taken  as  the  equili¬ 
brium  internal  parameters.  Thus,  in  the  equilibrium  state 

AjsssAi(T,  ai . **,)•  (3) 

E*=E\T.  a, . a,).  (4) 

and  equality  (2)  becomes  dE  -  <5Q  -  £A.(T,  a)  da  .  (5) 

/ii 

Relations  (3)  and  (4)  are  determined  by  the  microscopic  structure  of  the 
gas  under  consideration  and  called  the  equations  of  state. 

Relations  (3)  are  called  thermal  equations  of  the  state  of  the  gas,  and 
equation  (4)  is  the  caloric  equation  of  state. 

We  will  consider  the  case  when  the  gas  physically  and  chemically  is 
homogeneous  in  its  microscopic  composition  and  does  not  interact  with  any 
fields  (i.e.,  forces  of  gravity,  electromagnetic  fields,  and  so  on  are  absent). 
Then  the  only  external  parameter  of  the  gas  is  the  volume  V  occupies,  and  the 
force  A  is  the  pressure  p,  so  that  the  manifold  of  thermodynamic  states  is  two- 
dimensional.  Therefore  dfc  =  S Q  -  p  dV,  (6) 

If  we  consider  a  unit  mass  of  gas,  then  the  quantity  V  ■  l//°  is  called  the 
specific  volume,  f3  is  the  density  of  gas,  and  the  variable  £  is  the  specific 
internal  energy  of  the  gas. 
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According  to  the  second  law  of  thermodynamics ,  the  quantity 

dS=^  =  ]r{dl  +  PW)  (7) 

is  the  total  differential  of  the  function  S  -  S(V,  T),  called  the  entropy  per 
unit  mass  of  gas. 

Thus,  the  second  law  of  thermodynamics  is  written  as  the  equality 

sy  — 

TdS=dt+pdV.  (8) 

where  p,  t  ,  S  are  given  by  the  equations 


p—p<y<  T), 

0) 

e=e(V,  T), 

(10) 

S  =  S(V,  T). 

(ID 

Prom  the  second  law  of  thermodynamics  (8)  it  follows  as  equations  of 
state  (9)  and  (10)  are  not  independent,  since  the  integrability  condition  of 
relation  (8)  imposes  the  following  restriction  on  them: 

w(y37‘)='^(t37+t)\  or  ~f):4  (123 

If,  for  example,  equation  of  state  (9)  is  given,  then  condition  (12^ 
defines  the  caloric  equation  (10)  with  an  accuracy  up  to  an  additive  function 
of  temperature. 

Thus,  in  the  state  of  thermodynamic  equilibrium  a  gas  is  described  by 
the  folloing  variables:  density/’  —  the  mass  contained  per  unit  volume;  specific 
volume  V  ■  l//°  ;  pressure  p  --  force  acting  on  unit  area;  £  —  the  internal 
energy  per  unit  mass  of  gas;  T  —  gas  temperature;  and  S  —  entropy  per  unit 
mass  of  gas. 

By  equalities  (9)  “  (11),  there  are  only  two  independent  variables  among 
all  these  thermodynamic  quantities. 

From  equality  (8)  it  follows  that 
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(13) 


' -as 'V ifde  \  » 
W  -T^T’-  :  W^TW.  +  ty l 


Qfcua,  for  assigned  equations  of  state  (9)  and  (10),  entropy  S  is  detained 
with  an  accuracy  up  to  the  additive  constant,  which  is  canceled  out  if  the 
entropy  is  normalized  by  the  Nernst  relations  S  — 0  when  T  -*♦  0. 
Equations  of  state  of  a  gas  (9)  “  (11)  can  be  assigned  also  for  a  different 
selection  of  independent  parameters,  for  examples 


5).  T*=T(y,S)  ' 


(14) 


or 


e .* e(p,  V).  '  $*=8tr.  V^.  T »  T (p,  V). 


05) 


Under  this  assignment  of  equations  of  state,  the  second  law  of  thermo¬ 
dynamics  (8)  requires  that  the  equalities 


£i£i>=_p(v.  s)/  ^y^x=T(v.s), 

lil; 

or,  correspondingly, 

V.  ^  ,  a*o»,  vo .  T  dS{p ,  vo  dt(P,  vo 

■  ■J  \P’  V)  317  —  Pn 317 — ■  1 — Jp — - st; — • 


•  dT (p,  VQ  dS  (p,  V)  dT  (p,  V)  dS  (p,  VQ  _  d  [f.  5] 


ft*  5p 


~W 


w 


~W 


d[P.  V-J 


dp 


(16) 


(17) 


be  satisfied. 

2.  Nonequilibrium  states  and  processes  in  gases.  In  the  nonequilibrium 
state  of  a  gas  the  fundamental  concepts  of  thermodynamics  —  temperature,  pres¬ 
sure,  and  entropy  —  lose  their  significance. 

Generally,  a  nonequilibrium  state  of  a  gas  is  not  described  completely 
in  terms  of  thermodynamic  (i.e.,  macroscopic)  concepts  and  requires  microscopic 
analysis. 
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However,  for  the  purposes  of  classical  gas  dynamics,  the  approach  of 
nonequilibrium  thermodynamics  is  sufficient  and  generally  accepted.  Let  us 
imagine  that  a  mass  of  gas  under  study  is  subdivided  into  large  number  of 
elementary  cells  of  extremely  small  dimensions,  each  of  which  we  will  assume  to 
be  in  a  state  of  thermodynamic  equilibrium. 

This  assumption  is  warranted  by  the  fact  that  the  relaxation  time  of  the 
system  decreases  with  decrease  in  its  dimensions,  so  that  for  a  small  portion  of 
gas  it  is  close  to  zero. 

Understanding  the  term  "point"  in  a  gas  to  denote  a  "infinitely  small" 
volume  in  the  sense  indicated  in  subsection  1 ,  we  can  thus  introduce  for  each 
gas  point  at  each  time  instant  the  concepts  of  pressure,  temperature,  and  energy. 
Now  they  take  on  the  meaning  of  functions  of  coordinates  of  point  and  tine; 

PassP(X  1»  XV  Xi'  0;  T  *=:T  (X|,  Xj,  Xj,  <jj  5  =  S(Xj,  X|,  Xj,  f). 

' ■  ■-  1—  .  .  J 

As  for  density  /°  (x1 ,  x 2,  Xy  t)  and  energy  t  -6(x1,  x?,  Xy  t),  these  quan¬ 
tities  obviously  retain  their  significance  regardless  of  our  assumption. 

And  thus,  the  nonequilibrium  status  of  a  gaB  is  understood  as  the  absence 
of  equilibrium  between  individual  gas  particles,  each  of  which  itself  iB  at 
equilibrium. 

Prom  the  assumption  of  equilibrium  of  small  gas  portion  it  follows  that 
the  functions  p(V,  T), 6 (V,  T),  and  S(V,  T)  satisfy  the  equation  of  state 
(1.1.9)  -  (1.1.11). 

Thus,  when  modified  these  thermodynamic  parameters  satisfy  the  equations 
of  state  of  a  gas  which  are  defined  for  an  equilibrium  gas.  This  process  is 
called  an  equilibrium  or  reversible  process. 

The  above  discussion  on  relaxation  time,  however,  does  not  afford  a 
grasp  of  the  limits  of  applicability  of  thermodynamic  concepts.  This  apprecia¬ 
tion  can  be  realized  on  the  basis  of  a  more  general  gas  model,  the  statistical 
model. 

Macroscopic  consideration  leads  to  the  conclusion  that  thermodynamic 
concepts  of  temperature  and  entropy  are  meaningful  if  the  changes  in  parameters 
characterizing  a  gas  state  for  lengths  of  the  order  of  the  length  of  the  free 
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path  of  a  gas  molecule  in  space  and  for  times  of  the  order  of  sime  between 
molecular  collisions  are  small  compared  with  these  latter  quantities. 

Let  us  discuss,  as  an  example,  cne-dimensional  nonequilibrium  gat?  flow- 
Suppose  u(x,  t)  is  the  gas  velocity.  One  of  the  approximations  reducing  Boltz¬ 
mann^  equation  to  gas  dynamics  equations  assumes  that  temperature  T  and  pres¬ 
sure  p  satisfying  the  equations  of  state  (1.1.9)  and  (1.1.10)  can  be  introduced 
for  the  treatment  of  a  gas,  but  the  momentum  and  energy  flows  are  defined  also 
by  nenequilibrium  components  associated  with  molecular  diffusion.  For  a  materially 
fixed  gas  particle  in  a  momentum  flow,  instead  of  the  pressure  p  we  introduce  the 
quantity 

and  the  energy  flow  is  defined  by  the  quantity 

pa  —  xgri&T*=pa  —  (2) 

In  this  approximation  the  function  p(Y,  T)  satisfies  the  equation  of  state 
(11.9);  M  and  X  are  the  coefficients  of  viscosity  and  thermoconductivity, 
respectively,  proportional  to  the  free  path  length  of  the  gas  molecules. 

Hence  it  follows  that  if  for  path  length  and  for  times  of  the  order  of 
the  time  between  collisions  changes  in  thermodynamic  quantities  are  small,  then 
the  approximation  of  equilibrium  thermodynamics  is  valid. 

Actually,  for  a  large  number  of  problems  in  the  dynamics  of  gases  and 
liquids,  this  requirement  can  be  regarded  as  met.  In  this  case  process  is 
quasiequilibrium  in  nature  and  we  can  introduce  temperature  and  entropy,  which 
will  satisfy  all  thermodynamic  relations  with  a  high  degree  of  accuracy. 

On  the  other  hand,  as  we  will  see  in  this  chapter,  zones  of  abrupt  and 

i 

rapid  change  in  the  quantities  characterizing  the  flow  arise  in  flows  of  gases 
and  liquids.  In  these  regions  we  can  no  longer  neglect  nonequilibrium  compo¬ 
nents  in  momentum  and  energy  flows.  However,  these  zones  have  dimensions  of 
the  order  of  the  length  of  the  free  path  of  gas  molecules.  Therefore  if  this 
length  is  small  compared  with  the  characteristic  dimensions  of  a  problem,  we 


can  represent  the  zone  of  nonequilibrium  status  as  a  discontinuity  surface 
partitioning  the  zones  of  smooth  change  in  flow  parameters. 

In  this  approach  we  assume  that  these  parameters  everywhere  satisfy 
thermodynamic  relations,  and  that  the  conditions  for  continuity  of  flows  of 
mass,  momentum,  and  energy  must  be  satisfied  at  the  discontinuity  surfaces. 

Thus,  we  will  treat  of  discontinuous  flows  in  gases  and  liquids  whose  viscosity 
and  thermal  conductivity  are  sufficiently  small. 

In  this  chapter  we  will  consider  principally  exactly  this  case. 

Finally,  for  the  case  of  sufficiently  large  coefficients  of  viscosity 
and  thermal  conductivity  we  must  consider  nonequilibrium  components  in  momentum 
and  energy  flows.  It  may  be  the  case  that  this  consideration  will  prove  insuffi¬ 
cient  and  we  must  tring  in  Boltzmann's  integro-differential  equation. 


Thus,  there  exist  flows  in  which  temperature  and  entropy  retain  their 
thermodynamic  definitions,  and  all  thermodynamic  relations  are  satisfied;  here 
the  regions  of  abrupt  variation  are  treated  as  discontinuity  surfaces  of  flow 
parameters. 

This  chapter  then  is  devoted  to  this  type  of  flow. 


In  an  equilibrium  process  the  following  relation  holds: 


or 


as _ L  l*L-un*L\ 

■  it  ~~  T  \<ttrrp  it) 

.  -v  ■ 

as  _  i  ap 
~sr~  t  a  * 


(8) 


(4) 


where  dQ/dt  is  the  heat  inflow  velocity  to  the  gas  portion  under  study. 

If  the  gas  portion  under  study  is  thermally  insulated  (dCj  =  0),  the 
equilibrium  process  is  called  adiabatic.  Fo.j  an  adiabatic  process 

dS/dt  =  0.  (5) 

Relation  (4)  does  not  obtain  for  a  nonequilibrium  process,  and  by  the  second 
law,  for  a  thermally  insulated  system  dS/dt  >  0.  (6) 

Suppose  the  mass  of  gas  participates  in  a  nonequilibrium  process,  by  exchanging 
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heat  with  external  bodies.  In  this  case  the  second  law  of  thermodynamics 
demands  that  the  condition 


dS  ,  dS, 


be  satisfied,  where  S  is  the  entropy  of  the  external  bodies.  The  quantity 

6 

dSe/dt  can  be  considered  as  the  flow  of  entropy  from  external  bodies  through 
the  gas  mass. 

We  demonstrate  the  calculation  of  entropy  flow  dSg/dt  with  the  example 
of  the  exchange  of  heat  by  a  gas  with  a  thermostat  at  constant  temperature  Tq. 
In  this  case 


dS,  1  dO 

dt  ~~  Tt  dt 


where  dQ/dt  is  the  amount  of  heat  flowing  from  external  bodies  to  the  gas  por¬ 
tion  under  consideration.  Therefore  for  the  case  of  a  thermostat  as  the  external 
body,  the  second  law  of  thermodynamics  requires  that 


7T  s*  T 


These  considerations  will  be  employed  in  our  analysis  of  an  isothermal  gas  in 
section  IV. 

3-  Methods  of  describing  flows.  Eulerian  and  Lagrangian  variables. 

The  flow  of  a  continuous  medium  can  be  described  by  two  different  methods. 

In  the  first  method,  at  each  time  instant  we  determine  the  parameters 
of  the  gas  state  as  a  function  of  the  coordinates  x^ ,  Xy  x of  a  point  in  some 
fixed  coordinate  system.  Thus,  u  -  u  (x^ ,  Xy  Xy  t)  signifies  under  this 
method  of  description  the  velocity  of  a  particle  present  at  time  instant  t  at 
the  point  (x^ ,  Xy  x^).  Analogously,  ail  the  remaining  variables  characterize 
the  state  of  the  gas  particle  present  at  time  t  at  the  point  (x^ ,  Xy  x^). 

This  method  of  describing  the  motion  of  a  continuous  medium  is  called 
Eulerian,  and  the  coordinates  x^ ,  Xy  x ^  are  called  Eulerian  coordinates. 
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Another  method  of  description,  called  L&grangian,  presupposes  the 
assignment  of  thermodynamic  quantities  and  velocity  u  of  the  gas  for  each  parti¬ 
cle  as  functions  of  time  t. 

Suppose  we  distinguish  the  gas  particle  from  other  particles  by  means  of 
searching  parameters  y^ ,  y^,  yy  Then  we  seek  all  variables  characterizing  the 
flow  as  functions  of  variables  y^ ,  y^,  y^j  t. 

Under  this  method  of  description,  for  example,  the  vector  tt(y1 ,  y^) 

for  fixed  y^ ,  y^,  y^  denotes  the  rate  of  translation  in  space  of  a  wholly  speci¬ 
fic  gas  particle.  The  coordinates  y^ .  y^,  y^  are  called  Lagrangian. 

In  most  cases,  we  select  as  the  coordinates  y^,  y^,  y^  the  Eulerian  coordi¬ 
nates  of  the  point  at  which  the  gas  particle  exists  at  any  specific  time  instant, 
for  example,  at  the  instant  t  -  0. 

If  we  adopt  this  choice  of  Lagrangian  coordinates  y^ ,  y^,  y^,  then  we  can 
easily  compute  position  of  the  particle  also  at  the  time  instant  t  /  0.  Since 
for  fixed  y^ ,  y^,  y the  velocity  u(y^ ,  y^,  yy  t)  is  the  particle  velocity,  then 


*<  =  y/+  J  y2.  t )<ft  (/=  i.  2,  3).  (1 ) 

0 


Here  x^  «  x^(y^ ,  y^i  y^>  t)  are  the  coordinates  at  time  instant  t  (Eulerian  coordi¬ 
nates)  of  a  particle  which  at  time  instants  t  «  0  is  at  a  point  with  coordinates 
x^  -  y^;  u±(y1,  y^i  yy  t)  are  the  components  of  the  velocity  vector  u(y^ ,  y^,  yy 
t). 

Formulas  (1)  iihus  establish  a  relation  between  Lagrangian  coordinates 
of  the  particle  and  its  Eulerian  coordinates. 

Suppose  f (x^ ,  X£,  Xj,  t)  is  any  function  of  the  Eulerian  coordinates,  and 
f(y^,  yry  yy  t)  i3  the  representation  of  the  same  function  in  the  Lagrangian 
coordinates.  Then,  according  to  (1), 
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whdre  for  simplicity  we  denote 

;  y^fo*  **  ,  **?&•*>•  *»};  0==%  «j.  «*}. 

Differentiating  (2)  relative  to  variable  t  (naturally,  here  we  assume 
the  differentiability  of  f),  we  obtain 


■*(y.  t)&tA  j(.x, 


since  by  (1),  x  ■  y  +  /  ud  r .  By  the  very  concept  of  the  velocity  of  a  gas 
particle  u(y,  t)  «  u(x,  t)  (here  we  symbolize  different  functions  with  the  same 
letter  ns  u(y,  t)  —  in  Dagrangian  coordinates,  and  u(x,  t)  —  in  Eulerian), 
therefore  we  rewrite  (3)  83 


Wo 


^2-  +  «V/(x.  Q, 


where  is  the  differentiation  operator  over  the  space  in  the  direction  of 

the  vector  ns 


bV  =  Bj  - 


Ordinarily,  in  gas  dynamics  all  quantities  are  denoted  by  the  same  letters 
both  in  Eulerian  and  Lagrangian  representation.  Therefore  to  avoid  any  confusion, 
the  quantity  is  denoted  by  .  under  this  notation,  formula 

(3)  becomes 

(6) 

The  quantity  df/dt  is  equal  to  the  total  time  derivative  of  the  function  f  along 

A 

the  trajectory  of  particle  x  -  y  +  J  udf  and  is  called  the  substantive  derivative. 

'0 
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By  formulas  (l),  specific  Eulerian  coordinates  correspond  to  the  lagrangian 
coordinates  y,  t,  and  this  transformation  y,  t  —+•  x,  t  is  unique.  The  inverse 
transformation  z,  t  — y,  t  is  not,  generally  speaking,  always  defined. 

Actually,  we  can  easily  imagine  a  case  when  gas  fills  the  entire  space 
y^ ,  y2,  y^  at  the  time  instant  t  ■  0,  but  as  the  result  of  motion  at  t  >  0,  some 
portion  of  the  space  x^ ,  X£,  x^  proves  to  be  free  of  the  gas.  This  means  that  in 
this  portion  of  the  space  for  a  given  t  >  0  no  y^yg,  y^  values  correspond  to  the 
coordinates  x., ,  Xy 

As  we  will  see  below,  the  condition  for  the  mutually  unique  mapping  x,  t  — 
y,  t  is  best  in  the  form  /°(x,  t)  /  0. 

4.  Equations  of  state  of  gases.  Ideal  gas.  Van  der  Waals'  gas.  Normal 
gas.  Limiting  ourselves  to  these  brief  remarks  on  methods  of  describing  the 
motion  of  gases  and  liquids,  let  us  dwell  briefly  on  several  of  the  simplest  equa¬ 
tions  of  state  of  gases. 

The  term  ideal  gas  refers  to  a  gas  for  which  Clapeyron's  law  is  valid: 

PV  -  ST,  (1) 

where  R  is  the  gas  constant  per  gram.  Ifeen  from  the  relation  (1.1.12)  it  follows 
that 

duv,  n 

■^3?^  or  £  =£(T),  (2) 

i.e.,  the  internal  gas  energy  is  a  function  solely  of  temperature}  here  the  speci¬ 
fic  heat  capacity  of  the  gas  c  »  =c  ,(~T)  is  also  a  function  only  of 

»  d  T  v 

temperature. 

A  gas  is  called  polytropic  if  c^  does  not  depend  on  temperature.  Then 


i.e.,  the  internal  energy  is  proportional  to  gas  temperature. 

The  kinetic  theory  of  gases  leads  to  equations  of  state  of  a  polytropic 
gas  on  the  following  assumption: 

1)  The  potential  energy  of  molecular  interaction  is  negligibly  small  com¬ 
pared  with  the  kinetic  energy  of  the  molecules.  As  a  consequence  of  this  assump¬ 
tion,  the  energy  of  a  given  mass  of  gas  is  the  sum  of  the  kinetic  energies  of 
the  gas  molecules  comprising  it. 


-  166  - 


2)  Only  pairwise  collisions  between  molecules  are  possible,  and  they 
occur  under  the  laws  of  elastic  collision.  The  internal  molecular  structure  remains 
unchanged  and  overall  momentum  and  kinetic  energy  of  the  molecules  are  conserved. 

The  second  approximation  denotes,  in  particular,  that  the  volume  of  the 
molecules  themselves  is  small  compared  with  the  volume  occupied  by  the  gas. 

The  kinetic  theory  yields  the  following  expressions  for  the  coefficients 
cy,  cp»  ®  °f  equations  of  state  (1),  (2)  of  an  ideal  gas: 

T  «> 

R~« ,-«*  '<*>  , 

^  . -ji-  -  ■ .  .  __ 

where  f  is  the  number  of  degrees  of  freedom  of  the  molecule  (f  »  3  for  a  monoatomic 
gas,  f  ■  5  for  a  diatomic  gas,  and  so  on),  k  is  Boltzmann's  constant,  N  is  Avo- 
gadro's  number,  and  M  is  molecular  weight. 

Taking  account  of  equation  of  state  (1),  from  the  fundamental  relation 
(1 .1.1})  we  have 

^=cKlnr+/?lnl'i-4-coosts=rKln7,-fc#lny-- 

— cv  1“  V  ~H =0|*t = cv  In  p  -f  c'„  InK-f  const.;  (6  ) 

The  simplest  correction  to  the  equation  of  state  for  an  ideal  gas,  associated  with 
the  allowance  for  molecular  volume  and  forces  of  molecular  attraction,  is  given 
by  Van  der  Waals*  equation: 

p—Y~i~~yF'  I  (7) 

Here  a  is  a  quantity  proportional  to  the  force  of  attraction  of  the  gas  molecules 
and  b  is  a  quantity  proportional  to  the  volume  of  the  molecules  themselves. 

We  can  analogously  derive  expressions  for  £  and  S: 

e  =  J  Cy(7^dT — -pr ,  ^ 

5=1  dT+  v- (V  -  b) + const. 


m  -  - 


(6) 

(9) 
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If  some  gas  element  is  subject  to  slow  expansion  or  compression  such 
that  heat  exchange  does  not  occur  with  the  ambient  environment,  the  element  exe¬ 
cutes  adiabatic  transition  from  one  thermodynamic  state  to  another.  Here  the 
slow  process  is  reversible  and  the  entropy  of  the  element  remains  unchanged. 
Therefore  this  transition  is  called  isoentropic. 

All  thermodynamic  states  through  which  a  given  gas  element  passes  in  this 
case  will  lie  on  the  curve  S  ■  const,  1  (19) 

which  is  called  Poisson's  adiabat. 

For  an  ideal  polytropic  gas,  as  readily  follows  from  (6),  the  equation  of 
Poisson's  adiabat  is  of  the  form 

„  _  .....  s  ? 

g  «  4r  V~ V.  v  -  = 1  +  4-  >  1  'A*  =  A*  (S)  =  a’A=consf .  ( ‘ 1 1 ) 

We  can  readily  see  that  the  following  relations  hold  along  Poisson' s 
adiabat  for  a  poly tropic  gas  (Figure  2 . 1 ) s 


1! 

^<o  • 

(property 

I)» 

(12) 

<pp 

O'pW-  S) 

-WT-S^- 

(property 

II). 

(13) 

Thus,  Poisson's  adiabat  p  »  p(V,  SQ)  is  a  curve  monotonically  decreasing  relative 
to  V,  with  its  convexity  facing  downward.  It  is  easy  to  see  that  the  axes  V  *  0 
and  p  ■  0  are  asymptotes  of  Poisson's  adiabat,  i.e.,  p  — *•  0  as  V  -* and 
p  oo  as  V  0  (property  III). 

If  some  gas  element  is  subject  to  compression  or  expansion  such  that  .he 
temperature  of  the  element  remains  unchanged  in  the  process,  the  transition  made 
by  the  gas  is  called  an  isothermal  process. 

In  an  ideal  gas  undergoing  an  isothermal  process,  V  and  p  are  associated 
by  the  relation 

1  P=i*^  =  c> p,  c*  =  (c„-<v)r  =  /?r  =  const.  04) 

Therefore  in  several  cases  an  ideal  isothermal  gas  can  be  formally  regarded  as  a 

poly tropic  gas  with  exponent  V  ■  1 • 
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Figure  2.1  Figure  2.2 

Curve  (14)  is  called  an  isothermal.  It  satisfies  all  three  properties  of 
Poisson's  adiabat.  The  isothermal  T  and  Poisson's  adiabat  A  intersect  in  the  V,  p 
plane  just  as  shown  in  Figure  2.2. 

Thus,  isotherms  and  Poisson's  adiabats  of  an  ideal  gas  form  a  regular  net 
in  the  V,  p  plane. 

Clearly,  equations  of  state  of  an  ideal  gas  provide  for  the  satisfaction 
of  the  properties: 


dp(V.S)  ^  n  (property  IV),  1 

~ dS—>0  l  (15) 

__di{V,T) 

v  dr  (property  V).  J 

Van  der  Waals'  gas  isotherms  satisfy  properties  I-III  now  no  longer  in  the 
entire  phase  space  V,  p  (Figure  2.3). 

Property  II  can  be  violated  in  the  square  a'CB',  and  property  I  in  the  BCA 
square;  in  general  property  III  is  not  satisfied,  since  the  straight  line  V  «*  b 
is  an  isotherm  asymptote.  Let  us  note  that  the  violation  of  property  I  expressed 
by  inequality  (12)  points  to  the  impossibility  of  thermodynamic  equilibrium. 
Actually,  let  some  volume  of  gas  from  which  property  I  is  violated  undergo  compres¬ 
sion  under  the  action  of  external  pressure,  which  we  will  assume  to  be  constant 
and  exceeding  the  initial  gas  pressure.  If  the  compression  occurs  slowly  and  if 

_1 - -  -  >  0,  the  pressuio  in  the  gas  decreases,  i.e.,  its  drag  relative  to 

z 
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external  compression  is  reduced.  As  a  result,  total  collapse  of  the  gas  volume 
occurs.  Conversely,  the  volume  of  the  gas  exhibiting  an  excess  of  pressure  over 
the  ambient  environment  must  grow  unboundedly. 


\  > 


If  we  now  imagine  a  gas  for  which  )>  0>  at  thermodynamic  equi¬ 

librium  and  constant  pressure  then  this  equilibrium  will  prove  to  be  absolutely 
unstable,  since  the  slightest  departure  from  equilibrium  leads  to  a  situation  in 
which  one  part  of  the  gas  will  be  compressed,  while  another  will  be  expanded 
without  turning  to  its  initial  state. 


The  situation  is  otherwise  in  the  case  of  a  ga3  satisfying  condition  I. 

In  adiabatic  compression  it  will  increase  its  pressure  and  oppose  compression. 

On  departure  from  equilibrium,  fluctuations  will  arise  in  the  gas,  leading  it  to 
its  initial  state. 

Thus,  property  I  is  the  stability  condition  of  thermodynamic  equilibrium 
and  is  satisfied  for  all  real  substances. 

In  the  following  we  will  limit  ourselves  to  a  consideration  of  gases  whose 
equations  of  state  satisfy,  besides  thermodynamic  relations  in  subsection  1  that 
are  valid  for  any  substances,  several  assumptions  not  stemming  from  the  demands 
of  thermodynamics. 

Specifically,  we  will  require  that  properties  I-V  be  satisfied: 
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i 

(20), 

Additionally,  we  will  demand  that  the  region  of  variables  V,  T  in  which  proper¬ 
ties  I-V  are  satisfied  will  be  convex  (property  VI). 

A  gas  whose  equation  of  state  satisfies  properties  I-VI  will  be  called  a 
normal  gas*) 

Property  I  obviously  denotes  that  along  Poisson's  adiabat  A  pressure  p 
decreases  monotonically with  increase  in  V;  property  II  requires  that  this 
curve  phase  convexity downward;  property  III  requires  that  V  =  0  be  the  asymp¬ 
tote  to  any  Poisson's  abiabat;  finally,  property  IV  denotes  that  Poisson's 
adiabat  corresponding  to  greater  entropy  lie  higher  in  the  plane  of  variables 
V,  p  (cf  Figure  2.1),  i.e., 


(21) 


Let  us  consider  the  behavior  uf  the  surface  S  ■»  S(v,  p)  in  the  three- 
dimensional  space  of  variables V,  p,  S,  assuming  that  the  equations  of  state 
satisfy  properties  I-V. 


*)  Relations  I-V  were  formulated  by  Bethe  and  Weyl  (cf  [4]). 
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Figure  2.4 


In  accordance  with  properties  I- IV,  each  horizontal  section  of  the 
"relief"  of  entropy  is  a  monotonic  convex  curve  with  asymptote  V  =  0.  Bach  sec¬ 
tion  of  the  plane  V  =  constant  or  p  *  constant  is  a  curve  monotonically  increas¬ 
ing  relative  to  p,  and  so  relative  to  V. 

Thus,  any  higher-tying  horizontal  section  is  projected  within  the  under¬ 
lying  section  (Figure  2.4). 

Based  on  relation  (1.1.7);  TdS  =  d£  +  pdV,  it  follows  that  by  virtue  of 

V, 


From  whence 


dS(V,  T)  1  dt(V,T)  ev  ^  n 
dT  ~t  dr  ~  T>°- 


dp{V,T)  .  dp(V.S)  dS(V.T)  ^  n 
dT  ~  dS  dT  ^ u’ 


(22) 

(23) 


Taking  formulas  (21)  and  (22)  into  account,  we  find 

dSjVJl^Q 

w 


(24) 


The  last  inequality  denotes  that  the  isotherm  and  adiabats  A  form  a  regular  net 
of  the  same  type  as  for  the  case  of  the  ideal  gas  (cf  Figure  2.2). 

Differentiating  the  identity  S  =  S(V,  p)  =  S(v,  p(V,  3))  relative  to  the 
variables  V,  S,  we  get 
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«y,j»  <?wk,si 
of~ 


(25) 


and  differentiating  the  second  equation  in  (25)  relative  to  the  variable  V,  we 
find 


Substituting  (25)  into  (26),  we  get  it4  J.tM’.i* 

^7  -  -  Sfe4^  L’  ..W 


Let  us  look  at  the  pattern  of  variation  in  entropy  S  along  the  straight  lines 


p  =  Pq  +  at,  V  =  VQ  +  bt 


in  the  plane  of  the  variables  V,  p. 

The  following  statements  are  valid: 
a)  if  a  ^  0,  b  ^  0  (a  .<•  0;  b  ^  0),  then 


4>o 


(28) 


(29) 


This  follows  from  inequalities  (21). 


,dS 


»)  “^W0' 


then 


W.r^a,+2wflj+^ji<°- 


V  J 


Actually,  from  (44).  ,  ~ —at 

£3  C  t  -  to 


_  as 


as 

a  V 


(50) 


0  we  have  -SL—  =  kb, 
<>/> 


*  -ka,  where  k  is  some  proportionality  constant.  Substituting  b  ~  -L  OJi  , 
&  V  ^  ^  K  &  p 

into  (50) ,  we  get  (27). 


a  -  -J.  i-S 
a  ”  < 


e)  if  ~  0  when  t  *  0,  then  ds/dt  <  0  when  t  >  0. 

Let  us  assume  the  converse.  Then  there  exist  t^  ^  0  and  £  >  0  such  that 

ds/dt  <  0  in  the  interval  0  ^  t  <  t  ,  ds/dt  =  0  when  t  =  t  ,  ds/dt  >0 

2  2*  ' 

when  t^  <  t  <  +  £ .  Therefore,  d  s/dt  ^.0  when  t  «=  t^ ,  which  contradicts 

property  b).  The  assertion  is  proven. 
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We  note  that  properties  a),  b),  and  c)  follow  readily  from  the  nature  of 
the  "relief"  of  the  function  S(V,  p)  (Figure  2.4). 

By  virtue  of  properties  I  and  II  of  Poisson's  adiabats,  the  ray  passing 
through  the  point  VQ>  PQ  of  the  adiabat  S  «  SQ  does  not  intercept  it  at  any  point 
if  it  lies  in  the  first  and  third  quadrants  (Figure  2.5),  and  intercepts  it  at 
only  one  point  if  it  lies  in  the  second  and  fourth  quadrants  (here  we  include  the 
case  when  the  ray  is  tangent  to  adiabat  A,  and  then  we  will  regard  the  tangency 
point  as  a  paired  points. 

In  the  first  case  S  is  a  monotonic  function  of  the  parameter  t,  in  the 
second  case  S  has  a  single  maximum.  The  point  of  the  maximum  is  the  point  of 
tangency  by  the  ray  at  some  adiabat. 


Here  let  us  note  the  following:  the  point  S  =  S  at  the  ray  divides  into 

max 

two  halves,  so  that  an  arbitrary  adiabat  intersec  Is  its  upper  branch  in  the  upper 
half,  and  lower  branch  in  the  lower  (Figure  2.6). 

In  the  upper  naif  of  the  ray  we  have 

;  W — <  v'-V,  (V'<VW)-  (31) 

and  in  the  lower  half  of  the  ray  the  opposite  equality  holds 

i!£$ra>v5ft'  O' >  (32) 
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Section  II.  Integral  laws  of  conservation.  Equations  of  the  hydrodynamics  of 
one-dimensional  flows 

1.  General  assumptions  on  the  flow  of  compressible  gases.  We  wil  represent 
the  motion  of  a  gas  as  the  motion  of  a  continuous  medium  in  the  three-dimensional 
space  x^ ,  X£,  x^.  In  accordance  with  section  I,  the  motion  is  wholly  determined 
if  we  know  the  quantities  u  =  u(x,  t),  P  **  f (x,  t),  p  =  p(x,  t),  £  =  £  (x,  t), 

S  =  S(x,t).  Almost  everywhere  in  this  chapter  we  will  assume  that  internal  fric¬ 
tion  and  thermal  conductivity  are  absent  in  the  gas,  i.e,,  that  the  particles  of 
the  fluid  are  thermally  insulated  from  each  other. 

Under  these  conditions  each  element  of  a  fluid  does  not  participate  in  heat 
exchange  and  does  not  lose  its  energy  in  friction,  therefore  for  smooth  changes  in 
state  the  entropy  of  each  element  was  remained  constant. 

Still,  we  must  take  particular  note  of  the  fact  that  this  consequence  is 
valid  only  for  slow,  smooth  changes  in  the  parameters  of  the  gas  particle,  there¬ 
fore,  if  a  gas  particle  abruptly  changes  its  thermodynamic  parameters,  its  entropy 
no  longer  remains  constant  in  time. 

In  accordance  with  section  I,  we  assume  that  everywhere,  except  for  the 
discontinuity  surface  the  flow  is  sufficiently  smooth  (quasiequilibrium).  There¬ 
fore  the  particle  changes  its  entropy  only  by  intersecting  the  discontinuity  sur¬ 
face;  away  from  the  discontinuity  surface  the  concepts  of  temperature,  pressure, 
and  entropy  are  defined,  which  together  with  the  given  equations  of  state  satisfy 
all  thermodynamic  relations. 

And  thus,  we  will  consider  a  fluid  devoid  of  internal  friction  and  thermal 
conductivity;  however,  the  flow  particles  can  change  their  entropy  by  intersecting 
the  discontinuity  surfaces.  In  actuality,  the  discontinuity  surface  of  the  flow 
parameters  is  a  narrow  zone  (zone  of  nonequilibrium  status)  in  which  the  effect 
of  viscosity  and  thermal  conductivity  are  substantial,  however  small  they  may  be. 
Actually,  as  we  have  already  pointed  out  in  section  1,  entropy  changes  defined  by 
the  quantities  jU  div  u,  >C  grad  T,  which  are  finite  in  this  narrow  zone. 

When  in  fact  we  considered  these  zones  of  large  gradients  as  discontinuity 
surfaces  of  thermodynamic  parameters,  we  avoid  any  detailed  consideration  of  non¬ 
equilibrium  flow  in  these  zones;  however,  let  us  consider  this  nonequalibrium  status 
overall,  which  in  fact  leads  to  an  increase  in  the  entropy  of  a  particle  when  it 
intersects  a  discontinuity  surface  (nonequilibrium-state  zone). 
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As  a  consequence  (of  section  v),  we  see  that  allowing  for  viscosity  and 
thermoconductivity  in  a  fluid  and  the  further  passing  to  the  limit  as  M.  ,  jL—o*  0 
lead  us  exactly  to  this  flow  pattern. 

And  thus,  flows  of  a  fluid  to  which  we  will  in  general  consider  here  are 
limiting  flows  of  a  viscous  and  thermally  conducting  fluid  as  the  coefficients  of 
viscosity  and  thermal  conductivity  approach  zero. 

On  the  other  hand,  a  detailed  description  of  flows  requires  the  employment 
only  of  general  laws  that  are  valid  simultaneously  both  for  equilibrium  and  for 
nonequilibrium  processes. 

Such  laws  are  the  fundamental  laws  of  conservation  in  physics ;  the  law  of 
conservation  of  the  mass  of  a  fluid,  the  law  of  conservation  of  momentum,  and  the 
law  of  conservation  of  energy,  whose  derivation  we  commence  in  subsection  2. 

2.  Laws  of  the  conservation  of  mass,  momentum,  and  energy  in  a  three-dimen¬ 
sional  space.  We  will  study  one-dimensional  flows  of  compressible  gases.  However, 
in  order  to  achieve  a  unique  derivation  of  equations  for  different  forms  of  flow 
symmetry  (plane,  spherical,  and  cylindrical),  initially  we  obtain  equations  for 
an  arbitrary  three-dimensional  unsteady  flow,  and  then  from  these  we  derive  the 
equations  of  interest  to  us  for  one-dimens iorol  flows. 

Thus,  suppose  the  gas  moves  in  a  three-dimensional  space  with  Cartesian 
coordinates  (x1 ,  x^,  x^)  measured  off  in  some  fixed  system.  We  will  call  such 
coordinates  Eulerian. 

We  will  assume  that  external  forces  acting  on  the  gas  are  absent  and  that 
in  the  space  occupied  by  the  gas  there  are  no  sources  of  mass,  momentum,  and  energy. 

Suppose  G  is  some  part  of  the  space  (x^ ,  x^,  x^)  bounded  by  a  closed 

smooth  surface  The  amount  of  gas  present  at  time  instant  t  in  the  volume  G 

(x 

is  equal  to  the  quantity 


pdx,  dx3dxt  =  J  p(P,  f)dO. 


0) 


In  formula  (1)  let  dG  denote  volume  of  element  and  p  —  a  point  with  coordinates 
(X1 *  x2'  x^)* 
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The  quantity 


ia  equal  to  the  increment  in  the  mass  of  the  gas  in  the  volume  G  during  ^he  time 
interval  from  t  ■  t^  to  t  -  tg. 

Since  sources  are  nonexistent  in  the  volume  G,  the  increment  in  the  mass 

of  the  gas  (2)  must  equal  the  gas  mass  escaping  in  the  time  interval  from  t  »  t^ 

to  t  -  t0  through  the  surface  £  of  the  volume  G. 

C  G 

We  let  d£  stand  for  the  vector  that  has  the  direction  of  the  external 
normal  to  I  and  that  is  equal  in  magnitude  to  the  area  of  the  isolated  small  piece 
of  surface  £  .  Through  the  area  dZ  there  flows  per  unit  time  into  the  volume 
G  a  mass  of  gas  equal  to  the  quantity  -/°ud£  .  Therefore  equating  the  quantity  (2) 
to  the  amount  of  gas  flowing  into  G,  we  get  the  equation 

r  i  ,  .  li  ~~  .  J 

'  J ]  [  j  ’  (?) 

liquation  (3)  expresses  the  law  of  conservation  of  a  mass  of  gas. 

Change  in  momentum  in  the  volume  G  during  the  time  interval  from  t  —  t  ^  to 
t  »  tg  ia  equal  to  the  quantity 


P» 


dQ 


..  •  Mu' «• 


(4) 


and  is  due  to  the  gas  escaping  from  the  surface  £  .  This  gas  transports  the 

G 

momentum 


(5) 


and  the  increment  in  momentum  is  also  due  to  the  pressure  forces  p  exerted  by  the 
remaining  mass  of  gas  onto  the  gas  in  the  volume  G  along  the  normal  to  the  surface 
£^.  The  total  momentum  of  the  pressure  forces  acting  on  the  gas  in  the  volume  G 
is  equal  to  the  quantity 
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(6) 


Equating  the  quantity  (4)  to  the  sum  of  the  quantity  (5)  and  (6),  we  get  an  integral 
relation  expressing  the  law  of  conservation  of  momentum: 


Ufa®  +  J  >'d2f+p«(*ifS)j 4f=«bT 


(7) 


In  our  derivation  of  relation  (7),  we  used  the  fact  that  momentum  sources  are  not 
present  in  the  volume  G. 

The  value  of  momentum  in  the  space  G  is  a  vector;  therefore  equation  (J) 
contains  three  scalar  equations  for  each  of  the  momentum  components. 

ul 

The  energy  contained  per  unit  volume  is  equal  to  f* +  t  )  the  quantity 


O  , 


(0) 


t  _ 

is  equal  to  the  increment  in  the  total  energy  in  the  volume  G  during  the  time  inter¬ 
val  from  t  »  t^  to  t  -  tg.  This  increment  is  due  to  the  transport  of  energy  by  the 
moving  gas  in  the  quantity 


*  F  J  £  J  p(e  +  -y)»ds] 


di 


(9) 


and  due  to  the  work  done  by  the  pressure  forces  p. 


The  force  -pd£  exerted  by  the  surrounding  gas  acts  on  the  gas  in  the  volume 
G  across  the  surface  element  d£  ;  gas  particles  at  the  surface  £  move  at  a  velo- 

VJ 

city  u.  Therefore  per  unit  time  the  pressure  forces  perform  work  on  the  gas, 

/  pi *  d 2l  ,  and  the  total  work  done  by  the  pressure  forces  in  t  ie  time  interval 
Xc 

from  t  »  t^  to  t  ■  t^  is  given  by  the  formula 


u 


pa  dll  dt  ^ 


(10) 
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Equating  the  quantity  (8)  to  the  sum  of  the  quantities  (9)  and  (10),  we 
obtain  an  integral  relation  expressing  the  law  of  conservation  of  energy* 


In  the  derivation  of  (11)  it  was  assumed  that  the  gas  has  no  thermal  conduc¬ 
tivity.  Formulas  (3),  (7)>  and  (11)  mathematically  express  the  laws  of  conserva¬ 
tion  of  mass,  momentum,  and  energy  for  gases  devoid  of  friction  and  thermal  conduc¬ 
tivity  and  are  the  fundamental  equations  defining  the  motion  of  a  gas. 

Equations  of  state  of  the  gas  are  added  to  the  equations  (3),  (7)>  and  (11). 
For  example,  if  we  give  the  relation  p  -  p(v,£  ),  V  **  l//°,  (12) 

then  the  problem  of  determining  flow  reduces  to  finding  five  variables:  three  velo~ 
city  u  components  and  two  thermodynamic  variables*  and  <f  ,  since  by  (12)  p  is 
function  of  P  and  £.  To  this  end,  we  make  use  of  five  scalar  relations  (3),  (7), 
and  (11). 

Let  us  incidentally  note  that  the  equations  of  state  can  be  assigned  in  any 
form  of  those  considered  in  section  I,  and  not  necessarily  in  the  form  of  (12), 

The  vector  /°u  is  called  the  mass  flow  vector,  and  (>cl(£  ±  JL  +  “Z  )  is  the 
energy  flow  vector;  the  tensor 

n«=6iiP+pa(«^| 

is  the  tensor  of  momentum  flow. 

Now  we  will  proceed  to  a  closer  study  of  one-dimensional  flows,  i.e.,  flows 
in  which  the  quantities  u,  /°  ,  p,  £  depend  only  on  a  single  spatial  coordinate  x 
and  on  time  t. 

We  will  discuss  three  cases  of  one-dimensional  flows*. 

1)  plane  one-dimensional  flow,  when  the  quantity  u,  /°  ,  p,  €  are  constant 
in  the  planes  x  -  x^  ■  const;  u  =■'  |u,  0,  0  J.  We  will  call  this  situation  the 
case  of  plane  symmetry. 

2)  A  cylindrical  one-dimensional  flow  (case  of  cylindrical  symmetry). 

In  this  case  u,  p  ,  p,  £  are  constant  at  the  cylindrical  surfaces  x  -  J% f  +  X  \ 

-  const  (for  fixed  i,).  Let  us  assume 
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3)  Spherically  symmetric  flow  (case  of  spherical  symmetry)  is  obtained 
if  the  following  formulas  hold; 

i(x,  f),  ... 

3.  Integral  laws  of  conservation  for  one-dimensional  flows  in  Eulerian 
coordinates.  For  the  case  of  plane  one-dimensional  flow  all  the  quantities  depend 
only  on  x  and  t.  Integral  laws  of  conservation  (2.2.3),  (2.2.7),  and  (2.2.11)  are 
rewritten  in  form*) 


_  p=fp(*v  .Qt  PJ=  i 


...  W 


*  r  J1' 


f  pl’dx-f  f  pi'  T  <tt*=0 

r  '<•  t  *'■ 

r*  *1 


is  the  law  of  conservation  of  mass ,  J 


J  pwj^  dx+  |  [p+pB^l^rf^O 
1  -  .  1 


(1) 


(2) 


is  the  law  of  conservation  of  momentum,  and 


?  J  [p(e+4)l  t' dx + J po  (e+ f + ■ t  )  L,  dt-° 


(3) 


is  the  law  of  conservation  of  energy. 

In  equations  (l)-(3)  and  x 2  fix  the  isolated  volume  G,  and  t1  and  tr  are 
arbitrary  instants  of  time. 

*)  In  the  following,  we  will  understand  x and  x2  to  refer  to  two  values  of  the 
single  coordinate  x,  and  not  too  different  Cartesian  coordinates  considered  in  the 
preceding  subsection. 
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In  the  case  of  cylindrical  symmetry  we  obtain  integral  relations,  by  writing 
the  laws  of  conservation  (2.2.J),  (2.2.7),  and  (2.2.11)  as  applied  to  volume  G 
shown  in  Figure  2.7. 


In  view  of  the  constancy  of  all  variables  at  the  cylindrical  surfaces  x  - 
const,  the  law  of  conservation  of  mass  is  written  for  volume  G  in  the  form 


r‘  I'*  e 

2 al  J  p  x  dx  +  2al  j  (pax)  |  dt  =  0 

*1  1 


or,  after  canceling  out  2(41,  in  the  final  formj 


x’  i'i  1  t* 

J  p|  'xdx+  j  (pax)  j  dt  —  0. 
i  *>  1  <«  x‘  . 


(4) 


The  integral  law  of  consei nation  of  momentum  is  derived  in  somewhat  more  complex 
fashion.  Let  us  write  equality  (2.2.7)  as  applied  to  volume  G  (Figure  2.7)  only 
for  the  component  of  momentum  in  the  direction  of  the  vector  e.  At  once  we  note 
that  for  these  two  other  directions  orthogonal  to  e  equality  (2.2.7)  reduces  to 
an  identity. 


Figure  2.7 

By  virtue  of  (2.2.13),  J  d  <S  is  written  in  the  forr 

0  •*'1 

j  pa,  d0  —  2lj  cosq>  dq>  J  puxdx  = 

0  0  ,, 

=  2/  sin  a  j  p ax  dx. 
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For  a  spherically  symmetrical  flow,  the  laws  of  conservation  of  mass, 
momentum,  and  energy  are  written  for  volume  G  excised  from  a  right  cone  with  an 
apex  angle  rC  by  the  spheres  x  -  x^  and  x  x,,  (Figure  2.8). 

Operations  analogous  to  those  just  concluded,  lead  to  the  following  equa¬ 
tions: 


Row  it  is  easy  to  note  that  for  all  three  cases  of  homogeneous  flows  the  laws  of 
conservation  of  mass,  momentum,  and  energy  are  written  by  the  general  formulas: 


In  the  formulas  (10)-(12)  we  must  set  V  ■  0  for  the  case  of  plane,  v  -1  for 
the  case  of  cylindrical,  and  y»  2  for  the  case  of  spherical  symmetry  of  flow. 

Let  us  consider  in  the  plane  of  variables  x,  t  the  rectangular  loop  C  and 

the  domain  0n  it  bounds  (Figure  2.9).  Obviously,  equalities  (10)-(12)  can  be 

c 

rewritten  as 


r 

i 

; 
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Figure  2.9 


‘  Jf'i*** dx  —  paxv df  ==  6.  V  (13) 
^paxvdx—(p+pfi*)  .<*#== 

■'■'  *=—  J  j  y>pxy~l  dxdt,  ,  (14) 

.  ,  V,-.  :  C  ®C 

x*dx — 

•P«(e+f +  x)Jt’"e=0*  (1C> 


c  • 


if  the  loop  C  is  of  the  form  shown  in  Figure  2.9. 

In  its  physical  meaning  the  quantities  f  X  d X  „  P<xx  dx 


x, 


and  y  2  ~~  )xvdX  are  continuous  functions  of  the  variables  t,  x^ ,  and  Xg, 

X, 


and  f^/Oux'di,  /*V,  p  +  Pod  )  d  i  ,  and  /  ’'fu  r<f  +  JL  +  di 

i  t.  t,*  P  2~ 


it 


are  continuous  functions  of  the  variables  x,  t^ ,  and  tg.  Therefore,  assuming  at 
the  quantities  u,  p  ,  £  ,  p  are  bounded  and  piecewise-continuous  functions*)  of 
the  variables  x,  t,  we  conclude  that  the  relations  (12)-(15)  will  be  satisfied  for 
any  close  piecewise-smooth  loop  C  and  the  domain  Gn  bounded  by  it. 

v 

4.  Integral  laws  of  conservation  in  Lagrangi&n  coordinates.  Suppose  r 
denotes  the  initial  position  of  a  gas  particle,  for  example,  at  the  time  instant 
t  ■  0,  and  suppose  x  *•  x(r,  t)  is  the  position  of  the  same  particle  at  time  instant 
t.  The  Lagrangian  coordinate  r  in  the  Eulerian  coordinate  x  are  related,  as  we  have 
seen  in  subsection  }  of  section  I,  by  the  relation 


*)  For  the  case  of  spherical  and  cylindrical  symmetry,  the  boundedness  can  be 
violated  at  the  straight  line  x  -  0.  This  of  course  is  not  central  to  our  follow¬ 
ing  treatment. 
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. .  . .  i »  . . wmmit 


I  :•  J.**  .^w,..  :W' 


0) 


In  (1)  the  velocity  u  •  u(r,  t)  is  given  as  functions  of  Lagrangian  variables. 
For  a  known  velocity  u(r,  t)  equation  (1)  defines  the  particle  trajectory.  Ob¬ 
viously,  the  mass  of  gas  enclosed  in  the  volume  bounded  by  the  sections  x  • 
x(rQ,  t)  and  x  »  x(r,  t)  remains  constant  in  time.  Therefore  we  can  write  *): 


i  ifr, /)  —  ’•  ~  *  '"  ”,V)  "t — :  ■ .  •  •  1 1  '■  <t| 

f  J  p(xr  /) x* dx - *J  tit)!* dr  ~Af »  con*|j 


1*0*  0 


(2) 


where  />Q(r)  denotes  the  density  at  the  time  instant  t  ■  0. 
Differentiating  (2)  relative  to  r,  we  get 


aft-/ 

dr  xs  p(r,  0 


(3) 


since,  obviously,  f>  (x(r,  t),  t)  »  /’(r,  t). 

Formula  (3)  shows  that  mapping  of  lagrangian  coordinates  are  onto  Eulerian 
coordinates  x  is  mutually  unique  given  the  condition  /°(r,  t)  ^  0. 

In  the  regions  where  0  (vacuum  regions)  no  lagrangian  coordinates  r  and 
t  correspond  to  the  points  x  and  t,  i.e.,  no  flow  trajectories  pass  through  these 
points . 

By  formula  (1) 


“(r.f). 


ft 


(4) 


Therefore  from  formulas  (3)  and  (4)  we  conclude  that  the  transition  from  Eulerian 
coordinates  x,  t  to  Lagrangian  coordinates  r,  t  is  given  by  the  relation 


*)  The  quantity  M  has  the  dimension  of  mass  only  of  the  case  of  spherical 
symmetry. 
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(5) 


The  substitution  of  formula  (5)  into  the  law  of  conservation  of  mass  (2,3.13) 
transform  it  into  an  identity.  However,  from  (5)  follows  the  integral  relation 


rvdr-\-u(f, 


(6) 


which  is  equivalent  to  the  law  of  conservation  of  mass,  since  it  is  a  consequence 
of  relation  (2).  In  inequality  (6)  C  is  an  arbitrary  piecewise-smooth  closed  loop 
in  the  plane  of  variables  r,  tj  x  =  x(r,  t)  is  defined  by  using  formula  (1). 

Let  us  note  that  equality  (6)  is  also  called  the  integral  lav  of  conserva¬ 
tion  of  the  volume  occupied  by  a  gas. 

Converting  from  variables  x,  t  to  I£grangian  variables  r,  t  in  equation 
(2.3.14),  we  get 


£  uoJ^)r^dr^  p9 T  (rtf)<U*=>  -  -  J*J~v  pjp-'  dt dr  = 

cr  .  .n'it'i, ’n  1;  ,5"  #e 


f  ‘t 


-  ;  *=*—  f  f  vp.*v-iZ~  dtdr= 

>  i. .  U  *  P(rO 

/fa v„ •• '  •  • _ _  ■  -X.  j  .. 


Y 

(7) 


which  is  the  equation  of  conservation  of  momentum.  In  formula  (7)  C  is  the  loop 
of  the  plane  r,  t,  and  Gp  is  the  region  of  these  variables  bounded  by  it.  Finally, 
the  law  of  conservation  of  energy  (2.3.15)  is  written  in  L&grangian  variables  in 
the  form 
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(8) 


ef s/mys*! 


/ 


P 


Equations  (6)-(8)  constitute  the  laws  of  conservation  of  volume,  mome  turn,  and 
energy  in  I^grangian  variables. 

The  laws  of  conservation  (6)-(8)  become  somewhat  simplified  if  we  introduce 
the  notation 


V(r.  Q  =  V=j±-^i  ?  =  ?(/•)  =  Jft>(')rv<*r.  (9) 

0 


I 

* 

I 

I 

k 

I 

I 


The  variable  q  coincides  with  M  and  is  called  the  mass  Lagrangian  coordinate. 
Converting  to  these  variables,  we  get: 


^  V  dq  -f-  xv  (q ,  f)udt*=  0, 


<£  u  dq  —  pxv  dt  =  —  J  J  dq  dt, 
c  oc 


|(e+-y)d?- 


upxvdt= 0. 


(10) 

(ID 

(12) 


In  equations  (10)— ( 1 2 )  C  is  an  arbitrary  piecewise-smooth  closed  loop  in  the  plane 
of  variables  q,  t. 

5.  Differential  equations  one-dimensional  flows.  Let  us  assume  that  in 

so  e  region  of  variables  x,  t  the  functions  u,P,  p,  £  describing  gas  flow  are 

continuously  differentiable.  Then  by  Green's  formula  the  contour  integrals  in  the 

equalities  (2.3.13)-(2.3.1 5)  are  transformed  into  integrals  over  the  region  G_; 

u 

here  the  integrands  will  contain  the  first  derivatives  u,  f  ,  p,  and  f  .  In  view 
of  the  arbitrary  mass  of  the  region  Q  ,  these  integrand  expressions  must  tend  to 
/.ero.  Therefore  for  smooth  flows  (u,  /°  ,  p,  t  &  C^),  from  the  condition  that  the 
integral  of  laws  of  conservation  (2.3.13)-(2.3.14)  are  satisfied  follows  the  ful¬ 
fillment  of  the  differential  equations 


-  187 


£<*vP)  +  ^-(*vP«)==0. 

-gf  (*vf»)  +  [xv  (p  +  pu*)J  =  vxv-'p . 


d 

W 


[^(e  +  T-)] (8  +  f +4)] 


=  0. 


(2) 

(3) 


Differential  equations  (l)-(3)  are  written  in  Eulerian  coordinates  x,  t  and  are 
valid  for  smooth  flows.  Analogously,  from  the  laws  of  conservation  (2.4.10)- 
(2.4*12)  fellow  differential  equations  in  Lagrangian  coordinates  q,  t: 


d  /  '  d  v  - 

If— dj~x u  =0> 

(4) 

dn  ,  d  „  vpV 

nr+TjgxVp=~ir- 

(5) 

(e+4)-H-^-(«^v)=0- 

(6) 

In  equations  (4)-(6)  the  Eulerian  particle  coordinate  x  must  be  considered 
as  a  function  of  lagrangian  coordinate  q  and  time  t,  i.e.,  x  «■  x(q,  t);  from 
formula  (2.4.4)  we  obtain  e  differential  equation  for  x(q,  t)j 

(7) 

1 

Equations  (4)~(7)  describe  a  smooth  one-dimensional  gas  flow  in  Lagrangian  coordi¬ 
nates. 

Equations  (1)~(3)  are  transformed  to  the  form 
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yggaayry, 


where  s  i8  the  entropy  defined  hy  the  equation  TdS  -  d£  +  pdv*  Analogously, 
by  combining  equations  (4)”(7)  in  uagrangian  coordinates,  we  obtain 

This  equation  shows  that  entropy  S  of  each  gas  particle  remains  constant  in 
time  through  the  entire  region  of  flow  smoothness.  Hence  it  follows  that  if  the 
flow  is  smooth,  the  entropy  of  each  gas  particle  remains  constant. 

We  note  that  if  the  gas  exhibits  finite  viscosity  and  thermal  conductivity, 
equations  (1 )-(3)  for  a  viscous  thermally  conductive  gas  are  replaced  by  the  follow¬ 
ing! 

* .  .  (H) 

’*('-*£)•  <l2> 


where  A  >  0,  X  >  0  are  the  coefficients  of  viscosity  and  thermal  conductivity, 
respectively,  and  T  is  gas  temperature. 

The  corresponding  equation  in  the  mgrangian  coordinates  are  of  the  form 


—  (iXvB  4^-]  a 
•  *  - 
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0.4) 

05) 


v 


~3T 


ir+-k[x'[p~m'  3r)l  * ' ?■  lp  ~  3H * 

+t)+tI4  ~w“v 5-)] - ^\i~[x>p*ir]-  <18> 


Now,  by  combining  —  on  analogy  with  the  preceding  —  equations  (11)-(13)»  we 
findj 


as  .  _  as  v  /toj?  i  _L  J_ ±.**v it 

;  !T+,"d7  7?Ui  +  r  w  a*  ** 

or,  in  Lagrangian  coordinates?^  }._  . 

i  — - 


(17) 

(18)  , 


prom  equations  (17)  and  (18)  it  follows  that  for  a  thermally  insulated  gas  mass 
exhibiting  viscosity  and  thermal  conductivity,  its  total  entropy  does  not  decrease 
with  time  t. 

Actually,  by  writing  equation  (18)  as 


dS(?.0  _ 

_  w*v  ( 

Si 

f  \ 

du 

ST 


)’ 


and  integrating  it  within  the  limits  from  q  »  q^  and  q  »  q2>  we  get 


l 


£  j  S(g,  f)dq  = 

t, 

hx»P  dT 
—  ~T"Sq 


xjPp 

~T*~ 


(20) 
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Denoting  s„  —  )q  S C<j,  -t  )J*f  as  the  total  entropy  of  the  given  mass  of  gas, 
we  obtain  from (20) 

(21) 

where  w  *  -Xr2*/0  J~-  is  the  heat  flow  ana  the  quantity  v// T  is  the  entropy  flow. 
Thus,  inequality  (21)  indicates  that  for  a  given  mass  of  viscous  thermally  conduc¬ 
tive  gas  the  output  of  entropy  exceeds  its  inflow  through  the  boundaries  of  this 
gas  mass,  if  the  mass  of  gas  enclosed  between  the  sections  q  «  q^  and  q  =*  is 
thermally  insulated,  then  -  0  for  q  ■  q.j »  q  ■  qg*  Therefore  from  (2ft) 

follows  that  dS^  /dt  ^  0  (22) 

Thus,  if  we  consider  the  motion  of  a  gas  devoid  of  viscosity  and  thermal 
conductivity  as  the  limiting  motion  of  a  viscous  and  thermally  conductive  gas  as 
M  0,  then  from  equations ( 17 ) ,  (18),  (20)  follows  that  S(<1,  t)  ■  s(q,  0) 

only  for  the  case  when  Jm  0 ,/X  0,  as  /A,  J-C  0.  As  we 

will  see  later,  the  motion  of  a  gas  devoid  of  viscosity  and  thermal  conductivity 
is  not  smooth,  since  within  the  gas  there  form  regions  where  the  gradients  du/^q, 
t/^  q  are  not  bounded.  For  this  reason,  if  we  are  considering  flow  of  an  inviscid 
and  nonthermally  conductive  gas  as  the  limiting  flow  when  M ,  >£  0,  the  conser¬ 

vation  of  entropy  s  for  each  gas  particle  obtains  only  as  long  as  the  particle 
trajectory  is  in  the  region  of  flow  smoothness. 


4J.v  ■  r 
~W>- T 


But  if  the  particle  trajectory  passes  through  the  zone  of  unbounded  gradients 
or  else  through  the  discontinuity  surface  of  the  hydrodynamic  variables,  the  entropj 
of  this  particle  increases. 

This  principle  of  entropy  increment  when  a  particle  passes  through  a  dis¬ 
continuity  surface  (zone  of  nonequilibrium  status)  will  be  employed  by  us  in 
the  following  (section  iy)  in  selecting  stable  discontinuities  when  we  investigate 
the  flow  of  a  ga3  devoid  of  viscoeity  and  thermal  conductivity. 

Now  let  us  note  that  for  a  unique  determination  of  flow  we  must  add  to  equa¬ 
tions  (1)-(3)  or  to  (4)”(6)  for  an  inviscid  and  nonthermally  conductive  gas,  and 
also  to  equations  (H)”(13)  or  (14)-(l6)  for  a  gas  with  viscosity  and  thermal 
conductivity,  equations  of  state  of  the  gas.  In  the  following  we  will  assign  equa¬ 
tions  of  state  in  one  of  the  following  forms j 
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n 


e  =»:  e  (p.  T); 

i 


(2J) 


e  =  e(p, 


/O* 


or  p  -  p(/°,  f); 


(24) 


e  =  e(V,  S).’  p  =  p(y,  S),  '  or  p  -  p(/°  ,  S).  (23) 

Equations  of  state  can  be  given  in  any  of  these  forms,  however  for  the  case  of 
the  gas  with  viscosity  and  to  thermo conductivity  it  is  especially  convenient  to 
employ  them  in  the  form  (23),  since  this  law  is  to  select  temperature  T  as  the 
main  thermodynamic  variable. 

For  the  case  when  various  gases  participate  in  the  motion,  we  must  assume 
that  these  functions  are  distinct  in  regions  occupied  by  the  different  gases. 
Since  these  regions  are  not  known  in  advance,  we  cannot,  in  general,  assign  these 
relations  as  functions  of  the  Eulerian  coordinates  x,  t. 


Let  us  note  here  the  advantages  of  l£grangian  coordinates  in  which  the 
equations  of  state  (2?)-(23)  can  be  assumed  to  be  assigned  ii  the  form  of  functions 
of  q,  t,  for  examplej  E»£  (v,  p,  q).  (26) 

In  this  case  function  (26)  must  be  assumed  to  be  continuous  relative  to  variable  q 
at  the  points  q  ■  q^  -  const,  which  are  the  interfaces  of  the  different  gases. 

6.  Study  of  equations  in  Eulerian  coordinates.  Characteristic  form,  charac¬ 
teristics.  We  will  assume  that  the  equation  of  state  is  given  in  the  form  (2.3.23); 
P  -  P(/°  »  S).  Then 


dp _ dp  dp  .dp  dS 

t$x  ~~  dx  '  ~dS  ~$x  ’ , 


Substituting  this  expression  into  the  system  of  equations  (2»5.8)-(2.3.10),  we 
obtain  equations  of  one-dimensional  flow  in  Eulerian  variables  written  in  the  form 


(1) 

(2) 

(3) 
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Let  us  reduce  the  system  of  three  quasilinear  equations  (1)”(3)  relative 
to  three  unknowns  P  ,  u,  s  to  the  characteristic  form.  To  do  this,  according  to 
section  II  of  chapter  one  we  must  compute  the  roots  E>yE>2'  E, ^  of  the  equation 


u-%  p  0  . 

TPp  1 

0  0  a— l 


=  (u-&-p'(u- 1)=0. 


As  we  already  stated  in  section  I,  we  will  assume  that 


Then  denoting 


*p( P.  S) 


c**=c>( p.  S)  =  ^Ji, 


let  us  write  equation  (4)  in  the  form 

(«-Ul<«  — D*-<21  =  °- 

from  whence  we  get: 

l\  =  u  —  c;  ij  =  «;  l3  =  u  -}-  c;  (8) 

h<l2<h  (OO). 

Ana  thus,  provided  condition  (5)  is  satisfied  the  system  of  equations  (1)“(3)  is 
given  by  a  hyperbolic  system. 


in  section  I  we  saw  that  the  condition 


dp  - 


,2  dp 


,>  0  is  the 


stability  condition  for  the  thermodynamic  state  of  a  gas.  This  same  condition 
insures  the  hyperbolicity  of  equations  in  gas  dynamics  and,  therefore,  the  correct¬ 
ness  of  cauchy'3  problem  for  gas  dynamics  equations,  if  however  JLt-  0,  then 

£  P 

Cauchy's  problem  for  the  system  (1)”(3)  would,  generally  speaking,  be  incorrect. 

Let  us  reduce  this  system  of  equations  to  the  characteristic  form,  to  this 
end,  multiply  equation  (1)  by  the  quantity  -c//5  ,  add  it  to  equation  (2),  and  to 
the  result  add  equation  (J)  multiplied  by  the  quantity  “  pZ  •  Then  we 

arrive  at  an  equation  in  the  characteristic  form- 
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The  second  characteristic  equation  corresponding  to  the  eigenvalue  ■  u  i® 
equation  (J)  s  3s/^  t  +u3s/®x  ”0,  (10) 

and  the  third  is  obtained  by  multiplying  (1)  by  c j f>  ,  adding  the  results  to  (2), 


after  which  equation  (3)  multiplied  by^-  A.L  i3  added  onto  the  result.  So  we 
obtain  a  third  equation  in  the  characteristic  forms 


£-+<.+‘>£+f[$+<«+<>£]+ 

+£#[£+<*+‘>£1— “•  (") 

-  ■  ......  < 

Thus,  equations  (9),  (10),  and  (11)  constitute  the  characteristic  form  of  gas  dyna¬ 
mics  equations  (1)“(3)  in  gulerian  coordinates.  The  quantity 

c=c(p. 

is  called  the  speed  of  sound,  since  small  perturbations  in  the  solution  are  propa¬ 
gated  along  the  characteristics;  but  the  inclinations  of  the  characteristics  are 
the  quantities  u  -  c,  u,  u  -r  c.  Therefore  small  perturbations  are  propagated 
relative  to  the  substance  at  the  velocity  0,  ,  S).  integral  curves  of  the 

equations 

dx  _  _  dx  dx  .  t  ■\o\ 

are  called  characteristics  of  the  system  of  equations  (1)-(3)  or  (9)”(H)*  where 
the  line  dx/dt  «  u  ia  also  called  the  trajectory. 

By  equation  (10)  the  entropy  s  is  constant  along  the  trajectory.  We  obtain 
a  conclusion  that  we  already  noted  above;  the  entropy  of  a  particle  remains  con¬ 
stant  as  long  as  the  flow  is  smootn. 

Since  c  >0,  the  characteristics  dx/dt  -  u  -  c  of  the  first  family  relative 
to  the  substance  move  leftward  with  time  t,  while  the  characteristics  of  the 
third  family  dx/dt  -  u  +  c  move  to  the  right  relative  to  the  substance. 
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Finally,  let  us  note  further  one  form  of  the  notation  of  the  characteristic 
system  (9)"(11)  which  is  often  encountered  in  the  literature* 


»r*i - t  ;  k 

-  c  -  l  fts^at, 

ix**udt.  I 

;  —^dt„ 

*■*  1  •  > 


In  this  notation  it  is  indicated  along  which  lines  differential  relations 
between  the  desired  functions  are  satisfied. 

7.  isentropic  and  isothermal  flows.  Riemann's  invariants.  Suppose  that 
the  initial  values  of  the  gas  dynamic  variables  are  assigned  at  the  straight  line 
t  -  0*  u  -  uo(x),  /»-  /°0(x),  S  -  SQ(x).  (1) 

If  we  assume  that  the  initial  functions  u  ,  P  ,  s  have  a  bounded  first  derivative 
(crare  Lipschitz-continuous),  tnen  from  the  results  of  chapter  one  follows  the 
existence  in  some  strip  0  ^  t  t  of  the  differentiable  (or  Lipschitz-continuous) 
solution  to  the  system  of  equations  (2.6.9)“(2.6.11 ). 

Let  us  assume  that  SQ(x)  “  SQ  -  const.  Then  from  equation  (2.6.10)  it  follows 
that  throughout  the  region  of  variables  x,  t  where  a  differentiable  solution  exists 
to  system  (2.6.9)-(2.6.11),  entropy  remains  constants* 

S(x,  t)  -  3Q(x)  =  SQ  =  const.  (2) 

This  rule  is  called  isentropic. 

The  problem  of  defining  an  isentropic  flow  reduces,  obviously,  to  integrating 
the  system  of  two  quasilinear  equations 


&  \  A  du"  e  f  dp  ,  7  .  'dp  1  _  VCB 


where 


just  as  any  system  of  two  quaailinear  equations,  system  (3),  (4)  reduces 
to  Riemann's  invariants  (in  chapter  one,  section  III),  introducing  the  function 


and  the  new  variables  s,  rs  r«u  +  <P(/°)> 

let  us  write  system  (3)>  (4)  as 


(6) 

(7) 


(®) 


The  variables  r,  s  are  called  Riemann«s  invariants. 

prom  the  known  r,  s  u ,f  are  uniquely  defined,  i.e.,  transformation  (7) 


has  an  inverse.  Actually, 

u  ■  (r  +  s)/2 

(9) 

and 

-  „ —  , 

/x  r—  s  j 
q»(p)  —  — 5— •  j 

(10) 

Since 

•  .1 

q/(p)=-£^L>°*  1 

(ii) 

then  from  formula  (10)  f>  is  uniquely  defined  as  a  function  of  r-s,  i.e.,  we 
can  assume  that 

p=<p->(r -iS:  c(p)  =  ♦  (r  -  s)  —  c (<Tl (r  -*))>  ( 1 2 ) 

where 

, ,  p  ^  „  dt>  W  (P) 


03) 


Thus,  the  system  of  equations  for  isentropic  flow  can  be  written  via  Riemann's 
invariants  in  the  form 


ds 

sr 

dr 

w 


.1  ds  \nb(r  —  s)(r  +  s) 

(14) 

'  "*)]  «ijc  - S 

1  dr  \*(r  —  s)(r  +  s) 

- 2x 

(15) 
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Equations  are  specially  simplified  for  isentropic  plane-symmetric  flow,  in 
this  case  V  =*  0  and  the  right  side  in  the  equations  (14)  and  (15)  cancel  outj 


»  *  .  .  .V.  ■  7\-  '  * •  -  ■ 

[iptef.  c]  £  U  pi ■  *  (r-.).  H 


prom  equations  (16)  it  follows  that  Riemann* s  invariants  r,  s  retain  content 
values  along  the  corresponding  characteristics:  the  invariant  s  is  constant  along 


the  characteristics 


'  r .  ,  r i  -■•-■r-r  -6-^t 

&X  I  *  ~  ^  *1,.  i  “f“  T _ 


invariant  r  is  constant  along  the  characteristics 


How  let  us  consider  further  a  special  case  --the  case  of  isothermal  gas. 

We  assume  that  gas  exhibits  extermely  high  thermal  conductivity  and  is  enclosed 
in  a  thermstat  which  is  kept  at  a  constant  temperature  Tq»  Owing  to  the  high 
thermal  conductivity,  the  temperature  in  the  gas  will  be  very  rapidly  equalized, 
and  we  can  consider  it  approximately  as  constant  and  equal  to  tq*  This  means  that 
we  consider  the  limiting  case  of  infinite  thermal  conductivity. 

in  contrast  to  the  approximation  of  a  locally  adiabatic  process  in  which 
the  conservation  of  particle  entropy  is  violated  in  the  region  of  steep  gradients, 
this  model  is  physically  meaningful  and  remains  noncontradictory  also  for  dis¬ 
continuous  flows. 

Therefore,  let  us  establish  integral  laws  of  conservati  n  which  are  valid 
in  this  case. 


It  is  quite  understandable  that  the  laws  of  conservation  of  mass  and  momen¬ 
tum  are  valid  also  for  the  case  of  this  flow  model.  As  for  the  law  of  conser¬ 
vation  of  energy,  it  must  be  modified  in  this  case,  since  gas  maintains  a  constant 
temperature  Tq  by  receiving  from  or  supplying  energy  to  the  thermostat. 

The  law  of  conservation  of  energy  now  is  meaningful  only  for  a  closed  gas- 
thermostat  system.  As  for  the  gas  itself,  the  application  of  the  law  of  conserva¬ 
tion  of  energy  to  any  gas  mass  specifies  only  the  amount  of  heat  communicated  to 
or  received  from  the  thermostat,  in  an  example  of  this  approach  is  in  subseotion  6 
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of  section  IV- 


X  v 


Writing  the  equation  of  state  in  the  form  p  **  p (/»  ,  TQ)>  we  Bee  tin.  t  in 
this  case  pressure  can  be  taken  as  a  function  of  only  density  f  and  tha  ,  -  5^0. 

prom  the  laws  of  conservation  (2.3.13)  and  (2.3.14)  follow  differential 
equations  (2.5.1)  and  (2.5.2),  which  are  reduced  to  the  characteristic  form  (3) 
and  (4),  where  c  must  now  signify  the  quantity 


and  c  -  c  (f)  is  the  so-called  "isothermal  speed  of  sound." 

Equations  (3)  and  (4)  naturally  can  be  written  in  the  form  (14)  and  (15), 
and  for  the  case  of  an  isothermal  gas,  here  formulas  (7)  are  valid  for  r  and  s, 
formula  (12;  for  ),  and  formula  (6)  for  if  c (/*  )  is  understood  to 

stand  for  quantity  (17). 

8.  Equations  in  Lagrangian  coordinates,  case  of  variable  entropy.  We  will 
take  as  the  initial  equations  in  Lagrangian  variables  equations  (2.5.4),  (2.5.5), 
and  (2.5.6)  in  which  q  is  the  mass  coordinate.  Lst  us  write  the  following  form: 


da  ..  ,  dx  vul' 

0) 

*P  _  o  . 

(2) 

-i*- 

ii 

© 

0 

(8) 

where  the  Eulerian  coordinate  x  -  x(q,  t)  must  be  considered  as  the  solution  to 

differential  equation  (2.5.7):  — 

'  =  0.  (4) 

Satisfying  the  initial  condition  following  from  (2,4.9): 

jr  (e.  0)  i 

J  Po  {r)r'dr  =  q. 

0 
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(5) 


Equation  (4)  with  initial  condition  (6)  is  adjoined  to  equations  (12)-(14). 
For  the  isentropic  flow  s^q,  t)  =  $0*  Riemann  invariants 


coincide  with  those  introduced  in  subsection  7  (cf  (2.7.6)>  (2.7*7')..  inoiden’ 
tally,  this  is  a  general  property  of  Riemann  invariants;  they  are  invariant  upon 
interchange  of  dependent  and  independent  variables. 

Thus,  isentropic  flow  satisfies  a  system  of  two  quasilinear  equations  in 
invariants 


6s 

W 


dr  .  „  dr  vcu 

w+xyf>£w=~~’ 


05) 

(16) 


and  the  function  x  =  x(q,  t)  is  defined  by  formulas  (4)  and  (6).  The  quantity  c 
depends  only  on  f>  =  l/v  and  is  a  unique  function  of  r  -  s  * 

pc  =  $  {T  —  s)  qr1  (r  —  s)  =  l  (r  —  s). 

Equations  (15)  and  (16)  are  significantly  simplified  *  r  che  case  %yf  plane 
symmetry  when  1/  =  0. 

In  contrast  to  the  case  of  Eulerian  coordinates,  in  Lagrangian  coordinates 
the  problem  of  defining  a  smooth  flow  with  variable  entropy  is  also  reduced  to  a 
system  of  two  quasilinear  equations  and  therefore  admits  of  the  introduction  of 
invariants. 


Actually,  suppose  we  know  the  entropy  distribution  at  initial  time  instant 

t  =  0:  S(c,  0)  =  SQ(q),  (17) 

and  s0(q)  is  a  differentia  ole  function. 


in  the  region  of  flow  smoothness,  from  equation  (15)  follows 

S(q,  t)  =  SQ(q),  (18) 

and  the  problem  reduces  to  solving  the  two  equations  (12)  and  (14).  introducing, 
as  above,  Riemann  invariants 
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let  ub  write  equations  (12)  and  (14)  as 


where 


Functions  f1  and  f2  are  represented  in  the  form 


(24) 


and  functions  (24)  are  linear  relative  to  variables  u,  j—2  .  for  greater  clarity, 
let  us  write  these  equations  for  the  case  of  plane  symmetry,  i.e.,  when  V  -  0: 


,  '3F  +  pCW_/2* 

dS»  T  >  f  dc  (p,  S0  (?))  <4>  I 
ftr~ft~—ff\p's-c p  ]  -nc-yj 


(25) 

(26) 


The  quantities  /*  and  c  are  expressed  uniquely  in  terms  of  r,  s. 

For  the  case  of  isothermal  flow  equations  in  Lagrangian  variables  as 
before  are  of  the  form  (15)  and  (16),  only  the  quantity  c  now  appearing  in  the 
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equations  and  in  the  definition  of  Riemann  invariants  are  r,  s  is  the  isothermal 
speed  of  sound  (formula  (2.7.17)). 

9.  Equations  in  invariants  for  polytropic  and  isothermal  gases.  For  a 
polytropic  gas  pressure  p  is  given  by  the  formula 


therefore 


e(p  ,S)  = 


v-i 

2 


(1) 

(2) 


For  an  isentropic  flow  Riemann  invariants  are  defined  by  formulas  (2.7«7)« 
Calculating  ?(?),  we  get  p  v-i  ----- 


since  W  >  1 .  For  simplicity  let  us  set  f  -  0,  then 


«•  (P)  =  (r  —  5).  (4) 


Thus,  isentropic  flow  equations  (2.7. 14)  and  (2 .7 . 1 5)  take  on  the  following  form 
for  a  polytropic  gas; 


where 


a  =  7  +  ITi>T>0‘  P  =  4 


v-i 

4  * 


(5) 

(b) 

(7) 
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Let  us  write  these  equations  for  the  case  of  plane  symmetry  (  -  Q)x 


Let  us  also  write  formulas  (2.7*7)  for  invariants  r  and  s* 


5  =  B  — 9(p)  =  B  — '  “  *  +  \ 

.  .  •  '  -  .if-'?-  ’tt.i-'-A'J-S  ■■  j 

and  the  reciprocal  formulas ^  .  •  •  •'  rw-rc  j 


por  the  case  of  .an  isothermal  ideal  gas  p  ■»  E/’T. 

c 

therefore 


er  =  |/7?r0 =  const  *  ev 

f  eT  dp  P 

?>(P)  =  j  -V’  =  co5n-^- 


'  02) 


,r,  03) 


Assuming  for  definiteness  P  ^  ■  1 ,  we  will  have 
2cp(p)  =  (r  —  j)  =  2cPlnp.  p  — exp 


Equations  in  invariants  for  an  isothermal  gas  are  of  the  form 


% + (f4‘ + *•}•■& = ~  3if + *>- 


Special  cases  of^'Btera  (8)  ere  of  interest  (p  =  0).  one  of  the  cases,  ^  -1 

(corresponding  to  so-called  Chaplygin1 3  gas*)),  reduces  to  a  weakly  nonlinear 


systems 


Tf  +  rl. 7~0’  '5r  +  ,‘37=0-! 
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Another  interesting  case,  y  -  3>  reduces  to  a  degenerating  system  cf  equations 

Sii*  .S+ibv-  w 

whose  characteristics,  as  we  have  seen  in  chapter  one,  are  straight  lines. 

in  concluding  this  subsection,  let  us  derive  equations  in  Lagrangian  vari¬ 
ables  for  the  motion  of  a  polytropic  gas  in  the  case  of  plane  symmetry  (y  «  0) 
with  variable  entropy. 

From  formulas  (2.8.25)  and  (2.8.26),  in  this  case,  we  obviously  obtain 


<*«  v+*  A. 

%-B(S0(q)Hr-s)y-'  £=/,. 

Ar  y+i  , 

^  +  5(S0(?))(r-s)v-.|i=/1> 

y+i 

8  (So (9) >  =  [tJ(5o"(>)  )  ] V  *  A(SoM)- 
/i=/j=-^^[^ZTiyPV]  •  2A(Sg(q))A'(S0(q)). 


where 


(19) 

(20) 

(21) 

(22) 


and  P,  is  always,  is  defined  as  some  function  of  the  difference  r  -  s  and  the 

quantify  S Q(q). 

Let  us  also  observe  that  for  the  caee  of  the  isentropic  flow  of  Chaplygin's 
gas  (y  -  -  1),  equations  (15)  and  (20)  become  linear; 

i+B%=°-  (23) 

JitCJL  «,»- 

Hence  we  have  the  general  integral  s  ■>  SQ(q  +  Bt),  r  =  rQ(q  -  Bt),  where  sq,  rQ 
are  arbitrary  functions  of  the  same  argument.  From  this  it  follows  that  if  the 
solution  r,  s  to  system  (23)  is  smooth  at  the  instant  t  -  tQ,  it  remains  smooth 
than  for  any  t. 

*)  to  lend  physical  meaning  to  the  equation  of  state,  here  we  must  assume  that 

p  -  P0  -  ^rr§~^~  »  p0  "  const  ^  °' 
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System  (23)  is  the  weakly  nonlinear  system  (17)  transform  into  Lagrangian 
variables,  consequently,  solutions  to  system  (17)  also  retain  their  smoothness. 
This  fact  can  be  viewed  as  an  illustration  of  the  theorem  on  weakly  nonlinear 
systems  demonstrated  in  section  x  of  chapter  one. 


Ill*  Study  cf  the  simplest  plane  One-Dimensional  plows 

in  this  section  we  will  study  the  quality  of  properties  of  the  simplest, 
mainly  isentropic  or  isothermal,  flows  for  the  case  of  plane  symmetry  (  y-  0). 

1.  General  properties,  integration  for  the  case  ^  =  3*  In  Eulerian  coordi¬ 
nates  isentropic  flow  is  described  by  a  system  of  two  equations,  which  for  the 
case  of  a  polytropic  gas  is  of  the  form 

g+(as  +  f,)£=0.  £+<«r+M>£  =  0.  (1) 

a  =  i  +  *=±.  (1=4-^.  T+l.  (2) 

We  will  assume  that  the  initial  conditions  s(x,  0)  *  80(x)>  r(x>  °)  “  r0(x)>  (2) 
are  imposed  on  system  (1)  and  that  the  functions  sq  and  rQ  are  bounded  and  have  a 
continuous  first  derivative. 

Then  from  the  results  in  chapter  one  there  follows  the  existence  of  solutions 
to  Cauchy's  problem  (1),  (2)  in  some  strip  0  <  t  <  tQ;  the  variable  tQ  is  the  time 
instant  at  which  derivatives  of  the  solution  become  unbounded. 

We  assume  that  the  solution  s(x,  t),  r(x,  t)  is  known,  we  will  call  the 

integral  curve  of  the  equation  dx  .  ,  ^  „  , 

=*,(».  r)  =  as(x.  t)  +  fir(x.  t)  =  u-c 

The  s-characteristic,  analogous  to  the  integral  curve  of  the  equation 

4jr=4 5(s,  r)~=ar(x,  <)  +  ps(x,  t)  =  u  +  c 
of  the  r-characteristic. 

The  invariant  s  =  s(x,  t)  is  constant  along  the  s-characteristic  x  *  xg 

(t,  xq),  as  follows  from  equations  (1),  i.e.,  s(xg(t,  xq),  t)-2.  30(x0)»  if 

x  (0,  x  )  ■  x  . 
sv  o'  o 

Analogously  r(x^(t,  xq),  t)  •*  r0(x0)>  if  x  »  xr(t,  x0)  is  the  equation 
of  the  r-characteristic  passing  through  the  point  x  *»  x  of  the  initial  axis  t  **  0. 
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Let  us  rewrite  inequalities  (8)  and  (9)  more  concisely: 


We  must  bear  in  mind  that  in  its  physical  meaning  the  speed  of  sound  c  £  0.  There- 
fore  if  c„  -  Auc  <  0  or 

W[v(*):f  ^  <(■*)] — m«[*o<*)— r  coW]  <  o.  , 

then  in  the  left  side  of  inequalities  (11)  and  (7)  we  must  insert  zero.  From  for¬ 
mulas  (5)  it  therefore  also  follows 

c0(jt)J<*(jf,  0<m*i [«„ (X)  -f  c0 (X)] . 

— — — -•-*  i  .  ... 

However,  when  cq  —  1 1u0<  O  ,  estimate  c(x,  t)^.0  also  proves  to  be 

rough.  Therefore  we  will  now  show  that  if  the  initial  functions  uq(x)  and  cq(x) 
possess  bounded  derivatives,  then  c(x,  t)  /  0  for  no  finite  value  t  .>  0  whatever. 

At  the  same  time  we  will  establish  useful  estimates  for  derivatives  of  the  solu¬ 
tion  to  Cauchy's  problem  (1),  (3). 

Since  the  assertion  to  be  proved  is  general  in  scope,  we  will  consider  the 
case  of  any  V  •  1  •  When  V  ^  -  1 ,  U.  ^  0. 

Theorem,  if  in  an  isentropic  flow  of  a  polytropic  gas  (v’^  -  1)  no  shock 
waves  are  induced  (no  characteristics  of  the  same  family  are  intersected)  and  if 
the  initial  values  rQ(x)  and  xq(x)  of  the  Riemann  invariants  are  differentiable, 
there  exists  the  functions  and  /°o(t)  >  0  such  that 

VO.  p(*.9>ft(0- 

proof.  Ret  =  p. ,  -  p^,  and  assume 

3  Xt  1  f)  ^ 

)<iv  ■^-=P1(x..0)<P&  (12) 
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5 

| 

£ 


I 


and  also 


:'i:.X  1  (•  I  ? 


We  denote 


0  < *<p(*.  0)»M*)~[^  ('#(*>- Rp  . (18)  I 

te  ',',  1  -;’  .  ■■  y<  '.  . 

■jr + (« + 8r)  « -  J-  +;  («  -  f )  |  ^ , 

•j-+v+ii*)-^-=4-+<s+c)-^-=(4)f*  j 

Then,  by  differentiating  equations  (1)  relative  to  variable  x,  we  get 

[lit),  *=  —  “/>?  “  PPiPr  (^),  =  —  — PPtP,-  (14) 

~  *■  "  •  *•  —  4V\a«(  ' 

Since  /§  ■  1  these  equations  can  be  rewritten  in  the  form 

(w  ,aPl)t^‘:~ °<Pl~  Pl)~Pv  ^f^aP^jr—~a(P2~P0~Pv  £l<j^ 

Writing  equations  (1)  as 

.  _ _ ~  ^ 

'($),“•£  +(«+c)p2-0.  I 

we  can  easily  establish  the  formulas 

p^w[ifjr  TCL'ar^  *}Jf  v^Tcl<«;r 

^  ni-  r  2  1 

Pt — — w  ('S)J“7-iiw (r  ” S)L =  ~  [it  ln  pL  • 

Let  us  substitute  these  formulas  into  equations  (15);  then  they  will  become 

when  V  ^  -  1,e££.0.  Therefore,  if  at  any  point  x,  t  p^(x,  t)  p..,(x,  t), 
this  point 

U  In  p' (X'  <». 

(■Si10  p  (*.<>/* 
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i.e.,  the  quantity  p Jf>  does  not  increase  along  the  s-characteristic  with  in- 

'  »* 
crease  in  variable  t. 

in  general,  from  equations  (16)  it  follows  that 

(17) 

Let  us  prove  this  inequality  in  somewhat  greater  detail,  suppose  a(x,  t)  is  an 
arbitrary  point  on  the  half-plane  t  £  0.  Let  us  pass  through  this  point  s-charac- 
teristic  i  and  r-characteristic  ij  (Figure  2.10). 


Figure  2.10 


Suppose,  for  example,  that  at  the  point  A(x,  t)  p.j(x,  t)  p2(x,  t),  and 
suppose  that  this  relation  is  also  satisfied  over  the  segment  AB  of  characteristic 
If  i-e.,  p^x* ,  t')  ^  p2(x' ,  t * ) ,  and  below  point  B  (Figure  2.10)  on  characteris¬ 

tic  I  this  "elation  changes  into  its  inverse  (p^  ^  p2)  and  p^  •  p2  at  point  B» 

Then  by  the  first  equation  in  (16) 

ft"  t>\  (B)  ~  p,(A)  'I 
p(x.<)  j 

Suppose  that  over  the  segment  BC  of  characteristic  n*  running  through  point  Bf 
P2  ^  P1 •  Then  by  the  second  equation  in  (16) 


If  at  the  point  Ci  P^ (C) 
in  (16) 


P2(c)  and  that  CDf  P^  P2f  then  by  the  first  equation 


Pl(f)  Pi  (C)  ^  Py(D)  i 
P(Q  P(CT^  P(25)  •( 
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Thus  we  sooner  or  later  arrive  at  the  initial  axis  t  «  0.  For  the  case  shown 
in  Figure  2.10  we  will  have 


$ 


rPt(x,()  ^  h(B) 

P{X,f)  ^  P(JC.  />.  >  W 


PAO  ^ '  Pi  0Y' 
p(ZT^T(ST' 


(18) 


{ 


This  chain  of  inequalities  convinces  us  of  the  validity  of  assertion  (17).  And 
so,  from  (17)  there  follow  the  estimates  of  the  derivatives 


where  the  quantities  and  f  are  given  by  equations  (12)  and  (13).  Since  u  ■ 
4^  C  r  +  s  )  ,  then  from  (19)  there  also  follows  the  one-sided  estimate  of  the 
derivative  3u/3  ij 


P«P(*.  t) 
Pi  ' 


(20) 


Writing  the  continuity  equation 


in  the  form 


-fti®  MV  d  ,  d 
pdx’  W0=w+*-3i' 


we  conclude  that  according  to  (20) 


i.e.,  (J.  S 


(21) 


Integrating  inequality  (21)  from  arbitrary  point  Aj.,  t)  to  point  E  on  the  initial 
axis  along  the  trajectory  AE  (Figure  2.10),  we  obviously  ootain 


i.e 


• » 


i _ "T”  ^p± 

p(x,t)  p,  (B)  ^  Pi 

t  ~  ^  M^Po  ^  Po 
p(*’  p,  +  p t(E)PJ  >  Pc  +  Vv  ' 


(22) 
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inequality  (22)  states  that  density  ^(x,  t)  cannot  tend  to  zero  if  the  initial 
values  possess  a  bounded  derivative  (obviously,  we  must  assume  that  PQ  ^  0). 
inequalities  (20)  and  (22)  prove  the  theorem. 

inequality  (22)  tells  us  that  under  these  conditions  when  t  >0a  mutually 
unique  correspondence  between  pulerian  and  Lagrangian  coordinates  holds. 


This  fact  is  physically  interpreted  thusly.  A  gas  continuously  filling  at 
time  instants  t  *  0  the  entire  space  with  density  different  from  zero  cannot  in 
its  motion  "collapse",  i.e.,  form  a  vacuum  region  in  which  0  if  and  only  if 
when  t  =  0  velocity  discontinuities  uq(x)  such  that  uq(x  -  0)  <  uq(x  +  0)  are  abEent. 


This  fact  obtains  also  in  more  general  cases,  it  is  valid,  in  particular, 
both  for  nonisentropic  continuous  flows  and  for  ideal  gase3,  as  well  as  for  dis¬ 
continuous  solution  (flows  with  shock  waves). 

W-< 

Since  c  =  A ,  then  when  V>1,  from  (22)  follows  the  estimate  from  below 
also  for  the  quantity  c(x,  t).  Since  when  V>1,  c(x,  t)  and  therefore  f  (x,  t)  are 
bounded  from  above  by  means  of  inequalities  (11),  then  from  (20)  there  follows  the 
estimate  of  the  derivative 


du(x,t)  ^ n  fC,  ,  Y  — 1 

^T"</oLirH - 5-"eT  J  ' 


Let  us  note  that  when  V< 1  inequalities  (11)  vary  in  such  a  manner  that  together 
with  (22)  they  bound  the  value  c(x,  t)  from  above  and  from  below. 

in  the  foregoing  we  established  estimates  for  p1 ,  p^  from  above,  in  esti¬ 
mating  these  quantities  from  below,  we  note  that  from  system  (14)  it  follows 
that  if  p(t)  stands  for  tne  quantity 


then 


Hence 


*/>(/)=  max  max {|p, (x.  0|,  |p2(*.  Oil- 

-oo<  jr  <oo 

-^<(l«l+iH  )pt(o 

r.n  ^  P( o) 

l— (|a|-t-  ipi)t*^(0)  ’ 

_  p  (0) 

Pi(x’  0>  1  —  ( |a|  +  ip  | )<•  ^(0) ' 


(23) 
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Estimates  (19)  and  (25)  bound  derivatives  of  the  solution  from  above  and  from 
below,  prom  (25)  it  follows  that  when  t  <  l/CftCl+lpfJ/Xifbhe  derivatives  remain 
bounded  both  from  above  and  from  below.  Thus,  the  strip  l/fl*. I+$IJ) P(o) 

is  a  strip  in  which  a  classical  solution  to  cauchy's  problem  (1),  (2)  clearly 
exist. 

Naturally,  estimate  (25)  is  to  growth.  Thus,  for  example,  if  ds ^dx^O, 
dx  ^-0,  then  p^  ^  0,  p£  ^  0,  as  follows  from  equations  (14)  and  as  a  conse¬ 
quence  of  (18)  a  classical  solution  exists  for  all  t ;>  0. 

I^t  us  clarify  our  general  remarks  with  the  example  of  the  flow  of  a  poly¬ 

tropic  gas  with  exponent  ]/  -  5.  in  this  case  -  1 ,  £  -  0  and  the  system  of 
equations (1)  decompose  into  two  individual  equations* 

t+'te;-*  £+lT==*  (2«) 

Since  invariant  s  is  constant  along  the  s-characteristic,  and  the  slope  of  the 
3- characteristic  is  s,  these  characteristics  are  straight  lines. 

Along  the  line  x  «  xq  +  so(xQ)t  -  *s(t,  *0),  we  have  s(x,  t)  -  8q(xo); 
similarly,  r(x,  t)  -  r0(x0)  along  the  line  x  -  xq  +  rQ(xQ)t.  Thus,  the  solution 
to  cauchy's  problem  for  system  (24)  is  given  implicitly  by  the  formulas 

sft  +  Soft)*:  0  =  *o(l)- 
+  0  =  r9(xf). 

For  the  explicit  expression  of  solution  s(x,  t),  r(x,  t)  we  must  solve  the  func¬ 
tions 

*  ’"t+Affl**  Jt— (25) 

relative  to  the  quantities  <?f,  rf  .  suppose  we  define  them  from  (25) s 

E=U*.  0.  >);  '  1 

then  "  “  '  ’’ 

'  (26) 

The  geometrical  significance  of  the  quantities  i-(x,  t),  rf  (x,  t)  is  clear  from 
Figure  2.11 . 


wwg  w::  «Kwaian»a»j.  i  mi  W  JUW 


Let  us  verify  that  several  of  the  estimates  obtained  above  are  satisfied.  Dif¬ 
ferentiating  relations  (25)  relative  to  the  variable  x,  we  get 


Therefore,  from  (26)  it  follows  that 


\:^m 


and  we  see  that  estimates  (23)  hold  in  this  case,  sy  Figure  2.11 


'hLf/j?  o'—  {(■»;  o'— nt*.  n  ’  «> 

1 i  \=  r±(mM -  o)- 


r) 


Let  us  make  the  following  estimates; 


*0  (28) 


prom  (27)  and  (28)  therefore  must  follow 

[5<*>  0> 2cq(^->q[| (x7 0 -  n(JC.~0).7 

But  from  (27)  we  have  g  (x,  t)  -  >7(x>  t)  ■  2c(x,  t)t. 
Combining  equality  (30)  with  inequality  (29) »  we  get 


(29) 

(30) 


.t'j  *oOl)  v.  Po  ^  Pa 
e{x‘  0>TT^>TT77>  pTTW* 


(*) 


Since  when  V-  3>  /®  ■  c,  equality  (31)  If  a  special  case  of  estimate  (22).  simi¬ 
larly,  for  the  case  V  -  3  we  can  easily  verify  all  the  other  estimates  obtained 
above . 
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Figure  2.11 


2.  Travelling  waves  (Riemann  waves).  waves  of  compression  and.  rarefaction. 
Here  we  look  at  several  of  the  simplest  isentropic  f^ows  for  the  case  of  plane 
symmetry  (  v  -  0).  in  studying  travelling  waves  it  is  of  practical  indifference 
as  to  which  variables  —  Eulerian  or  i/.grangian  —  we  conducted  our  examination. 
Here  let  us  use  Lagrangian.  Then  isentropic  flow  equations  are  written  as 

<*> 

jr+S(r'~  5) Tq  ~li+CS>Tk=l0'  (2) 

where  Riemann  invariants  r,  s  are  associated  with  u,  V  ty  the  formulas 

v  V  . 

«  =  «+  J  -ydV  —  U+  J  y  —  %  dV' 

y  V  _ . 

r  —  a—  J  ■$rdV  =  u-  J  %■  dV- 
V  t 

For  an  isentropic  flow  p  is  a  function  of  the  single  variable  V* 


We  will  assume  chat  p  -  p(y)  is  an  arbitrary  differentiable  function 
satisfying,  however,  conditions  i  and  H* 


::  "ik.4 


(*) 


Then,  denoting 

we  get 

and 


I/  V  ('-*< ' 


<pp 

!  wr  ^  „ 
'-A-3T  >°- 

17 


Thus,  from  conditions  (3)  it  follows  that  |(r  -  s)  is  a  monotonically  increasing 
function  of  the  difference  r  -  s. 

isentropic  flow  in  which  one  of  the  Riemann  invariants  is  constant  is 
called  a  Riemann  wave  for  a  travelling  wave.  Suppose  for  definiteness  that  r  - 
rQ  ■  const;  then  equation  (2)  is  satisfied  identically,  and  equation  (1), 

(4) 

serves  for  the  determination  of  the  function  s(q,  t). 

Characteristics  are  integral  curves  of  the  equation 

~  it  ~  Kr0 — s  (?>  ty'  j 

and  are  obviously  straight  lines  in  the  q,  t  plane  since  the  invariant  s(q,  t) 
is  constant  along  these.  Renee  it  follows  that  along  the  straight  lines 

®  (5) 

both  s(q,  t)aand  r  -  rQ  are  constants,  and  therefore,  all  hydrodynamic  variables 
V,  p»  P  ,  c,  u  are  constants.  Let  us  note  at  once  that  the  s-characteristics 
will  be  straight  lines  also  in  the  plane  of  Eulerian  coordinates  z,  t. 
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Figure  2.12 

If  in  some  region  d  b/ <i  <i  >  0,  the  characteristics  (5)  i  rm  divergent 
bundle  of  straight  lines  (Fi-gure  2.12,  a)$  if  however  is/aq  <  0, 
then  they  form  a  convergent  bundle  of  lines  (Figure  2.12,  b) .  since  u  »  j>(r  +  s) 

•  ^(rQ  +  s),  then  from  i  e/d  q  y>  0  follows  ^  u/ ^  q  >  0.  From  the  continuity  equa¬ 
tion,  &v/^  t  -  3  u/^  qj  therefore  it  follows  that  when  5  s/^  q  >  0,  V/d  t  >0, 
and  density/*  decreases.  Therefore  the  Riemann  wave  in  which  as/aq  >  0  is  called 
the  rarefaction  wave,  and  the  Riemann  wave  in  which  ^  s/«a  q  <  0  is  the  compression 
wave. 

The  case  when  s  -  sq  -  constant  is  treated  quite  similarly,  jn  this  case 
also  when  ^r/«5  q  <  0  we  have  a  compression  wave,  and  when  <>r/.a  q  >0  —  a  rare¬ 
faction  wave.  Thus,  the  general  characteristic  of  the  compression  wave  au/i  q<iO 
or,  which  amounts  to  the  same  thing,  au/ax2  0  leads  to  the  conditions  ^s/ 3  q <  0 
for  the  Riemann  s-wave  (r  -  rQ)  and  to  ^r/^q  <  0  for  the  Riemann  r-wave  (s  -  s0)* 


Figure  2.1> 
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For  Chaplygin's  gas,  p  -  AV  +  PQ»  d  p/dV  -  0,  and  £  *=  J-A  is  the 
constant.  -The  slope  of  the  characteristics  in  this  case  is  fixed  and  therefore 
all  s-characteristics  are  parallel  to  each  other,  just  as  are  the  r-characteristics. 

Nevertheless  condition  js/jq  >0  again  distinguishes  the  rarefaction  region 
in  the  Riemann  wave  r  -  r  . 

The  Riemann  wave  (r  ■  r  )  is  called  centered  if  the  s-characteristics  form 
a  bundle  of  straight  lines  departing  from  a  single  point  (qQ,  t  )  let  (Figure  2.15). 
Since  the  invariant  s(q,  t)  is  constant  along  the  s-characteristic,  it  follows  that 
in  the  central  the  Riemann  wave 

r==r° 

r  =  'ffcfr)’  s=s0. 

tf  -  <7 

Solutions  dependent  only  on  the  variable  y  -  -1 — are  called  self-model- 

t  -  to 


Let  us  show  that  centered  Riemann  waves  yield  all  self-modeling  solutions 
to  gas  dynamics  equations. 

Writing  equations  (2.5.4)"(2.5.6)  in  the  form 

£-£=»•  J  +£-»• .  fr°  (6) 

and  assuming  that  the  variables  v»  u,  p,  S  depend  only  on  y  ■  —  —  — -  ,  we  make 

i  ~  €  o 

the  substitution  by  the  formulas 

d  I _  y  d  r  d  _ _ 1 _ d_ 

"St  .  t— t,  dy  '  t  —  dy  ’ 

after  which  we  arrive  at  the  equations; 


dV  .  du  n  du  dp _ n  dS  _ n 

y-d7+77  =  0'  yH7~W  °-  w~°- 


From  the  last  equation  it  follows  that  S  =  SQ  “  constant,  and  the  self-modeling 
flow  is,  therefore,  an  isentropic  flow. 

Converting  in  the  remaining  two  equations  to  Riemann  invariants,  let  us 
rewrite  them  in  the  form 
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ly+6(r  —  ®)1  =0,  (y  —  £(r —  *53  =  0- 


>7T 


If  y  /  -  2*  (  r  -  s')  ,  then  ds/dy  -  0  and  s  ■  sq.  since  %  (r  -  s)  >  0,  then 
when  y  -  -2;(r  ”  s)  we  have  r  »  rQ  -  constant.  Ana  so,  there  are  only  two  possi¬ 
bilities  for  the  self-modeling  solution*  either 


or 


s  =  J0c=  const,  ;  =  !(/"  — Jo).  (7) 

r  —  ro= const,  y = — £  (r„v-  J).  J*  (|) 


and,  therefore,  any  self-modeling  solution  to  equations  (6)  is  a  Riemann  wave. 

Since  £'(r  -  s)  >  0,  then  by  differentiating  equalities  (7)  ana  (0)  rela¬ 
tive  to  q,  we  conclude  that  any  self-modeling  solution  when  t  <  tQ  is  a  compres¬ 
sion  wave,  and  when  t  >  t  --a  rarefaction  wave. 

o 

Thus,  if  we  consider  the  half-plane  t  ^  0,  then  in  it  any  self-modeling 
solution  dependent  on  the  variable  y  -  q/t  (qQ  ■  tQ  ■  0),  is  a  Riemann  rarefaction 
wave. 

in  Eulerian  variables  a  centered  Riemann  wave  is  given  by  the  conditions 


j  =  j„ 


X  —  x% 


or 


«o  —  const,  y=—— S-  =  rf-|-c 

x  —  jc« 

r  const,  y  —  |  ^  =  o  —  c. 


Let  us  co-isider  several  relations  holding  for  an  arbitrary  Riemann  wave  for  the 
case  of  a  poly tropic  gas. 


For  a  polytropic  gas 


•-•e' 


,S  =  B - f 

i  .  y— t 


c.  r  =  u 


c. 


Suppose  that  in  the  Riemann  wave  r  -  r  -  constant,  and  suppose  uq,  co  are  the 
values  of  the  velocity  and  the  speed  of  sound  at  some  point  in  the  Riemann  wave. 


Then 

or 


“o+Vzrrco=“+^Tc- 


;  —  C0  ( * 


V— 1  u—Ut 

5  — 
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( 9 ) 


* 


Since  p 


JL  a  c 


,  then  from  (9)  we  have  a  relation  between  pressure 


p  and  velocity  u  in  the  Riemann  s-wavej 


Similarly,  in  the  Riemann  r-wavet 


Finally,  let  us  note  yet  another  important  property  of  the  Riemann  wave. 


Any  continuous  flow  adjoining  the  zone  of  constant  flow  is  a  Riemann  wave. 

Aotually,  suppose  the  flow  is  continuous  and  constant  leftward  from  the 
line  AB  (Figure  2.14).  This  means  that  the  line  AB  is  a  line  through  whicv.  *ne 
solution  to  a  system  of  equations  in  gas  dynamics  is  not  uniquely  extended  and, 
therefore,  the  line  AB  is  a  characteristic,  since  the  flow  leftward  from  ab  is 
constant,  AB  is  a  straight  line. 

Suppose,  for  example,  that  AB  is  an  s-characteristic,  then  to  the  right, 
of  AB  r  -  rQ  and  the  flow  to  the  right  of  AB  is  a  Riemann  s-wave. 


Figure  2.14 

profiles  in  a  Riemann  wave.  Radiant  catastrophe.  Let  us  consider  the 
behavior  of  hydrodynamic  variables  in  traveling  waves  of  compression  and  rare¬ 
faction.  Suppose,  for  example,  r  -  rQ  -  constant  and  >0,  i.e.,  we  are  consi¬ 
dering  the  case  of  a  rarefaction  s-wave. 
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A8  we  saw  above,  in  this  case  >  0,  ~~  >  0.  since  £-2(r  -  s)  - 
-dp/dy,  d2p/dy2  0,  V  decreases  with  increase  in  ^  and,  therefore,  c  in¬ 
creases.  Since,  moreover,  £ 1  (r  -  s)  'p'  0,  then  from  the  condition  ^  >  0, 
r  ■  rQ  ■  constant  it  follows  that  >  0,-^-  <  0,  <  0.  Thus,  profiles 

of  velocity  u  and  the  speed  of  sound  c  in  the  rarefaction-ness  wave  (r  -  constant, 
0)  are  of  the  form  shown  in  Figure  2.15,  a. 


f-,  » 

c-c(q) 


r'r»  %>0 


tfU(0 


S‘Sf,  ~>0 


Figure  2.15 

We  similarly  obtain  profiles  for  the  case  of  a  rarefaction  r-wave  (Figure 

2.15,  h). 

Figure  2.1b,  a  and  b  shows  the  profiles  of  hydrodynamic  variables  in  the 
case  of  a  compression  wave. 

And  thus,  in  the  rarefaction  wave  i  u/<>  q  >  0,  ana  in  the  compression 
wave  <  0.  The  wave  r  -  constant  differ  from  the  wave  s  »  constant  by  tne 

47  *f 

sign  of  t*.e  variable  j  when  r  «  r  ^r£’’m4£  <0,  when  s  »  s 

0. 

Let  us  note  that  the  sign  du  dc  coincides  with  the  sign  du  dp.  Therefore 
in  the  plane  of  variables  p,  u  (p,  u-diagram),  the  family  of  states  in  the  Riemann 
s-wave  is  described  by  curve  5*2.10,  of  the  form  shown  in  Figure  2.16,  c.  simi" 
larly,  for  the  r-wave  du  dp  >  0  (Figure  2.16,  d). 

Let  us  consider  the  time  variation  of  the  profiles  of  hydrodynamic  quan¬ 
tities. 

Since  the  soiution  is  constant  in  the  traveling  wave  along  the  straight 
lines  and  since  these  lines  diverge  with  increase  in  t  in  the  rarefaction  wave, 
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in  the  rarefaction  wave  the  gradients  of  all  hydrodynamic  variables  decrease  in 
absolute  value  with  increase  in  time  t. 

Conversely,  in  the  compression  wave  the  characteristics  of  the  correspond¬ 
ing  family  diverge  with  increase  in  time  t  and  the  gradients  of  all  hydrodynamic 
variables  increase  '  '  absolute  value.  Figure  2.17,  a  aad  b  shows  the  variation 
in  the  profile  s  *  s(q,  t)  with  increase  in  t  in  the  waves  of  compression  and 

rarefaction  for  the  case  r  •  r  *  constant. 

o 


The  characteristics  in  the  compression  wave  intersect  each  other  at  some 

finite  value  t  *  t  .  jvt  the  point  of  intersection  of  the  characteristics  the 
o 

derivatives  of  the  hydrodynamic  variables  become  unbounded. 


It  is  not  difficult  to  calculate  the  instant  of  formation  of  the  unbounded 
derivatives,  suppose  r  -  rQ,  and  s(q,  0)  -  SQ(q).  Then  by  (3*2.5)  two  s-charac- 
teristics  departing  from  the  points  q  -  q.^  and  q  -  qg  of  the  initial  axis  t  ■  0 
intersect  at  instant  tRs 


l  '  gr  «  ' 

ij  ('o — — *o(f5))  J 


(i) 


For  the  case  when  sQ(q)  is  differentiable,  we  obtain  the  smallest  time 
instant  t,  for  which  the  s-characteristics  intersect  each  other* 

ft  <2) 

Formula  (2)  is  meaningful  only  for  the  case  when  m|x  q]  >0.  If  tmin^ 

0,  the  s-characteristics  do  not  intersect  each  other  when  t  >  0  and  the  deriva¬ 
tives  in  the  Riemann  wave  remain  bounded. 


Thus,  in  any  traveling  compression  wave  gradients  increase  and  become  un¬ 
bounded  in  a  finite  time  interval.  This  phenomenon  is  sometimes  called  gradient 
catastrophe. 


When  — ~i  >  0,  gradient  catastrophe  commences  in  a  traveling  compression 

^  ^  ^  l/J  \»n 

wave,  and  when  —— t  <  0  —  in  a  traveling  rarefaction  wave.  Thus,  when— ^  >0 
a  compression  shock  wave  is  formed,  and  when  <10  —  a  rarefaction  shock  wave 
(cf  section  iv). 
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(•) 

Figure  2.17 


No  continuous  solution  exists  when  t  >  >  0,  the  solution  becomes 

discontinuous. 

Leo  us  consider  a  more  complex  form  of  flow  —  flow  with  local  initial 

data. 

We  will  state  that  initial  data  are  local  if  initial  functions  r  (q)f  s  (q) 
are  variable  only  over  a  finite  interval  a  ^  q  ^  b  of  the  axis  t  -  0°,  i.e.,° 


when  q  <  a> 
when  q  >  b. 


when  q  <  a, 
when  q  >  b, 
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(5) 


plow  arising  under  the  initial  conditions  (3)  is  not  described  by  traveling 
fliemann  waves.  However,  in  several  cases  of  flow,  for  sufficiently  large  t  >0, 
it  can  consist  only  of  traveling  waves. 

If,  for  example,  r^(q)  ^  U,  s^(q)  0,  the  solution  has  bounded  derivatives 

for  any  t  0,  as  follows  from  the  estimates  (cf  section  i).  values  of  the  in¬ 
variant  s  are  transported  along  the  s-characteristics,  with  velocity  -  fo  <0;  the 
values  of  invariant  r  are  transported  along  the  r-characteristics  with  velocity 
pc  >0.  Therefore  for  a  certain  t1  >  0  the  zones  of  variability  of  the  variants 
r  and  s  diverge  and  the  solution  will  consist  of  two  traveling  rarefaction  waves 
separated  by  a  constant-flow  zone  (Figure  2.17,  c). 

Now  with  a  0,  b  — *-  0,  i.e.,  if  we  proceed  to  the  problem  with  piecewise- 
constant  initial  data,  solution  r(q,  t),  s(q,  t)  will  obviously  tend  to  the  self¬ 
modeling  solution  consisting  of  two  centered  rarefaction  waves  (Figure  2.17,  d). 

Cauchy's  problem  with  pieeewise-constant  initial  data 


r~,  q<  o.  (  ?<0, 

'°(?)  =  ir*.  ,>0.  *•.„><> 


(4) 


is  called  the  problem  of  the  decay  of  an  arbitrary  discontinuity  and  is  studied  in 
detail  in  section  iv  of  this  chapter. 

The  above  analysis  allows  us  to  assert  that  if  s  _<  s  ,  r  r  ,  t  prob¬ 
lem  of  decay  has  a  solution  that  is  consistent  when  t  >  0,  consisting  of  two  cen¬ 
tered  rarefaction  waves  (Figure  2.17,  d). 

An  analogous  approach  to  the  consideration  of  the  problem  of  decay  as  a 
limiting  problem  with  local  initial  data  enables  us  to  predict  the  quantitative 
behavior  of  the  solution  even  when  we  rejec*  tne  inequalities  r  <:  r+,  s  s+. 
If,  for  example,  r  >  r+,  then  after  the  interaction  of  traveling  waves  (zone  I) 
the  compression  r-wave  will  propagate  toward  the  right  (Figure  2.17,  e)*  As  we 
saw  above,  the  gradients  in  the  compression  waves  increase  unboundedly.  This 
leads  to  a  discontinuity  in  the  solution.  Shock  waves  appear  in  the  solution. 

Based  on  this,  we  can  assert  that  if  s  >  s+  or  r  >  r+,  shock  waves 
necessarily  emerge  in  the  solution  to  the  decay  problem. 
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4.  piston  problem.  Escape  of  gas  Into  vacuum,  graveling  waves  find 
numerous  applications  in  a  number  of  these  simplest  problems,  and  also  in  the 
qualitative  investigation  of  thus  far  extremely  complicated  flows.  We  will  consi¬ 
der  here  several  of  the  simple  problems  whose  solutions  are  described  with  the  aid 
of  traveling  waves. 

Suppose  a  gas  exists  on  one  side  (to  the  right)  of  a  rigid  wall(piston), 
which  beginning  at  the  initial  time  instant  t  =  0  moves  according  to  a  certain  law. 

We  will  assume  that  at  the  initial  instant  the  gas  is  at  rest  and  exhibits 
constant  density,  pressure,  and  entropy,  i.e.,  we  will  presuppose  that 


hi'  Q)?tv  sgi.  o )_-a^ 


(1) 


We  will  assume  for  the  gas  that  its  equation  of  state  satisfying  conditions  i  and 
II  is  givenj  _  _ _ 

&P  L.  A  -  -  r>'  '*  "  (2) 


L  W  ^  ^  0l  8  (°°*  ■$) =0. 


The  piston  is  at  the  gas  boundary,  whose  coordinate  q  we  will  take  as  equal  to 

zero.  The  law  of  piston  motion  is  expressed  by  the  function  u(0,  t)  -  U(t),  (3) 

where  u(t)  is  the  piston  velocity,  given  as  a  function  of  the  time  t,  and  u(q,  t) 

is  the  gas  velocity*).  We  will  assume  that  u(t)  is  a  continuously  differentiable 

function  satisfying  the  condition  U(0)  «  0.  (4) 

initially  let  us  consider  the  case  when  u1  (t)  sS  0.  The  construction  of 
this  problem  reduces  to  finding  the  solution  to  equations  of  an  isentropic  flow 
satisfying  the  initial  conditions  (1)  and  boundary  condition  (3).  in  Riemann 
invariants  the  problem  reduces  to  finding  the  solution  to  the  equations 


—  s)£-  *=Qi  “i 

i  *•  ’.i*.  r  ....  - 


o* 


(5) 


Satisfying  the  initial  conditions 


*)  Equality  (3)  holds  only  when  the  gas  does  not  separate  from  the  piston. 
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(6) 


•  —n  •  .  t  /*«,  r.y  /i 

Jfa  Ql^-r-rfg.  0)=*:— <p(V«K  K,==-i** 

and  the  boundary  condition  assigned  at  the  straight  line  q  =  0; 

7(0,  Q +  r(0.  J)j=  1  (?) 

Zone  I  (Figure  2.18),  bounded  on  the  left  by  the  characteristic  OA  (q  * 
c  ^  t)  *8  obviously  the  zone  of  flow  constancy,  i.e.,  in  zone  I 

/  —  V  f  =  =.—ff0.  u  =^0,  -  c^Cq.  (8) 

Zone  II  of  an  inconstant  flow  is  bounded  along  the  r-characteristic  of  the 
OA  from  the  constant-flow  zone.  Therefore,  flowing  zone  II  is  a  Riemann  wave. 

As  we  can  see  from  Figure  2.18,  the  Riemann  invariant  s(q,  t)  is  constant  in  zone 
II,  and  the  values  of  this  invariant  are  transported  to  zone  II  along  the  s-charac- 
teristics  from  the  initial  axis  t  =  0. 


1 

t 

i 

i 

Figure  2.18 

Thus,  in  zone  n,  s(q,  t)  »  s  =  constant,  and  it  remains  for  us  to  inte¬ 
grate  only  the  second  equation  in  system  (5): 

-J  +  t('--So)^==0.  (9) 

if  the  r-characteristic  intersects  *)  the  axis  q  =  0  at  the  point  tT y  0,  then 

at  this  point  s(0,  r)  =  s  and  from  (7)  we  define  r(0,r): 

[*)  at  following  page] 
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(10) 


,*■ 


r\ 0.  t)  »=2</  (t)^-  <0  os  id  (t)  4-  f  (Vfo| 


pi  zone  II  of  the  Riemann  wave,  invariant  r(q,  t)  is  constant  along  the 
r-characteristics ,  which  are  given  by  the  straight  lines j 


(r(0.  t)— J 


(11) 


Along  the  straight  line  (11)  r(q,  t)  »  r(0,  f)  where  r(0, T )  is  given  by  formula 

(10) .  Formula  (11)  yields  the  solution  r  -  r(q,  t)  parametrically  by  means  of 
the  parameter  —  the  ordinates  of  the  point  of  intersection  of  characteristic 

(11)  with  axis  q  =  0.  From  (11)  it  follows  that  if  u*  (t) <  0,  in  zone  u 

>  0,  i.e.,  motion  in  zone  II  is  a  rarefaction  wave  and  the  pattern 

of  characteristics  is  of  the  form  shown  in  Figure  2.18.  when  solving  boundary 
condition  (7)  it  was  assumed  that  the  r-characteristics  departing  trom  the  ray 
q  ^  0  of  the  initial  axis  intersect  the  line  q  =  0  when  t  >0. 


According  to  its  physical  meaning,  the  quantity  c  '%■ 

therefore  formula  (10)  is  meaningful  only  when  the  inequality 


(12) 


03) 


is  satisfied. 

According  to  (2),  f  (r  -  s)  is  a  monotonically  increasing  function.  There¬ 
fore  inequalicy  (1?),  generally  speaking,  bounds  from  below  piston  velocity  u(t) 
for  which  the  boundary  condition  (5)  can  be  satisfied,  i.e.,  bounds  from  below 
the  gas  velocity  at  the  line  q  ■  0. 

For  u(t) <  0  that  are  sufficiently  small  modulewise,  inequality  (15)  is 
obviously  clearly  satisfied,  since  when  u  (t)  *  0 

* (2<P (Vo) )  =*=  ♦  (r0 — s0)  =  Cq>  0.  ■ 

Suppose  that  for  any  t  =  t^  inequality  (1J)  is  converted  into  an  duality 

*)  As  we  will  see  below,  for  u(t)  <0  that  are  sufficiently  large  modulewise, 

the  r-characteristics  do  not  intersect  the  axis  q  »  0. 
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this  is  not  the  case,  i.e., 


even  when  t  >  t1 ,  u(t)  <  U(t.j).  T^en  when  t  >  t1  boundary  condition  (3)  loses 
its  meaning. 


in  this  case  the  piston  separates  some  of  the  gas,  and  a  vacuum  region  is 
induced  between  the  piston  and  the  gas.  Formula  (11)  parametrically  defines  the 
solution  r(q,  t)  throughout  the  zone  II  assuming  that  the  parameter  -f*  lies  within 
the  segment  0  $  z  $  t1 . 


Note  that  from  the  assumptions  (2)  it  follows  that  if  =  f  (r-s) 

«  a  f  -  0,  then  p  «  0,  therefore  the  boundary  q  =  0  providing  t  >  t^  can  be  viewed 
as  the  free  boundary  of  the  gas,  i.e.,  the  boundary  of  the  gas  with  the  vacuum  in 
which  p  -  0,  -  0.  The  inconvenience  of  Lagrangian  coordinates  is  manifested  in 

this  case  in  that  in  the  t  plane  the  boundary  of  the  gas  q  =  0  coincides  with 
the  piston  position,  since  in  the  region  between  them  />  =  l/y  »  0. 


The  pattern  becomes  more  graphic  if  we  represent  gas  and  piston  motions  in 
Eulerian  coordinates.  Figure  2.19  shows  the  pattern  of  the  r-characteristics  in 
the  case  of  gas  separation  from  the  piston,  in  Eulerian  coordinates. 


in  zone  I  we  have  as  before  a  gas  at  rest,  zone  n  bounded  by  the  r-charac¬ 
teristics  OC  and  AB  is  a  zone  of  the’ rarefaction  wave,  and  zone  m  (between  the 
pisont  trajectory  z  »  x(t)  and  the  characteristic  AB)  is  the  vacuum  zone.  At  the 
point  A(t  ■  t^)  separation  of  a  gas  from  the  piston  occurs.  Note  that  obviously 

the  straight  line  AB,  which  is  the  boundary  between  gas  and  vacuum  is  simultaneously 

2 

an  r-  and  a  s-characteristic.  For  a  polytropic  gas,  <p  (v)  =  -jzrj  CJ 


V (r-  s)  =  c  = 
in  the  form 


\>  -/ 


(r  -  s);  therefore  condition  (13)  can  be  written  when  ^>1 


[l/W+^CoJ^O. 


(H) 


i.e. 


U(t)> 


2 

V  —  1 


i 


05) 


And  so,  when  o(t)<  -  -  c0  the  separation  of  gas  from  the  piston  commences. 

Note  that  if  we  consider  the  isothermal  gas  formally  as  a  gas  for  which  1/  a  1, 

then  from  (15)  it  follows  that  the  separation  of  an  isothermal  gas  from  a  piston 

o 

generally  does  not  occur,  since  the  quantity  — p  cQ  — ►co  whenV-^1.  The 

same  conclusion  can  be  obtained  also  from  the  formula  for  f  ,  since 
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where  c^  -  J rt  ■  constant. 


|f =U(t)<0 


Figure  2.19 

Another  physical  problem  about  pistons  is  solved  in  almost  similar  fashion, 
when  it  is  not  the  piston  velocity  that  is  given,  but  the  pressure  on  the  piston. 

This  leads  to  a  boundary  condition  in  Ragrangian  variables-  p  (0,  t)  *=  pQ(t).  (16) 

If  we  assume  tnat  under  the  conditions  of  the  preceding  problem  u(t)  decrease! 
monotonically  over  the  segment  0  .<  t  ^  t^  but  when  t  ^  ,  u(t)  *  UQ  “  constant. 

The  pattern  of  characteristics  in  the  q,  t  plane  is  presented  for  this  case 
in  Figure  2.20,  a.  we  see  that  if  n  >. - ?—  c  ,  then  the  flow  is  constant  in 


the  zone  HI. 


if  now  the  quantity  t^  tends  to  zero,  at  the  limit  as  t^ 


0  we  obtain  a 


self-modeling  solution,  whose  pattern  of  characteristics  is  shown  in  Figure  2,20, 
b.  This  self-modeling  solution  corresponds  to  the  problem  of  tne  piston  impelled 
from  a  gas  at  constant  velocity  UQ  ty  For  the  case  UQ  <  -  co  zone  m 

vanishes,  giving  way  to  the  rarefaction  wave,  i.e.,  zone  II  in  this  case  displaces 

_  7 

zone  in.  providing  (j  <  —  ca  at  tne  boundary  q  =*  0,  conaiticn  P  »  0  is 

0  V'/  ' 

satisfied,  ana  tne  gas  is  not  in  contact  with  the  piston,  i.e.,  they  are  separated 
by  a  vacuum  region. 
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Figure  2.20 

This  self-modeling  solution  yields  the  solution  to  another  problem,  called 
the  problem  of  the  escape  of  gas  into  a  vacuum,  in  this  problem  we  can  assume  thh 
that  at  the  initial  time  instant  t  -  0  the  wall  bounding  the  gas  on  the  left  (at 
the  point  q  ■  0)  is  taken  away. 

Now  let  us  consider  the  second  case,  when  ll'(t)  ^0,  u(0)  -  0.  (17) 


Figure  2.21 


Boundary  condition  (7)  can  now  be  always  satisfied,  since  providing  u(t)>0 
inequality  (1J)  is  always  satisfied,  we  can  readily  see  that  when  u(t)  >  0, 

<0,  and  the  flow  in  zone  II  is  therefore  a  compression  wave.  Figure  2.21  gives 
the  pattern  of  characteristics  in  the  q,  t  plane,  since  r- characteristics  inter¬ 
sect  each  other  when  t  >0,  the  classical  solution  to  the  piston  problem  for  the 
case  U(t)>0  exists  only  for  a  limited  time  interval. 

Beyond  the  intersection  of  two  characteristics,  the  solution  to  the  piston 
problem  become  discontinuous. 
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*  in  general  note  that  if  we  are  considering  an  arbitrary  law  of  piston 

jf 

motion  u  -  u(t)  and  if  U' (t)>  0  for  certain  t,  then  discontinuities  necessarily 
emerge  in  the  solution  to  this  problem,  consequently,  the  complete  solution  to 
the  piston  problem  in  these  cases  is  described  by  discontinuous  solutions  of  gas 
dynamics  equations  containing  shock  waves,  we  will  study  the  properties  of  shock 
waves  in  section  ry. 

Note  still  further  that  if  we  assume  that  the  piston  begins  to  move  toward 
the  gas  side  with  finite  velocity  u(0)  >  0,  the  solution  is  discontinuous  for  all 
t  >  0.  So  in  this  case  consideration  of  the  isentropic  problem  is  meaningless. 

5.  problem  with  two  pistons.  Reflection  and  refraction  of  a  traveling 
wave  at  the  contact  boundary.  We  continue  our  qualitative  study  of  the  simplest 
flows  with  the  example  of  these  two  problems  in  which  we  must  consider  interaction 
of  two  Riemann  waves. 


As  we  already  took  note  of  in  subsection  1,  for  the  case  of  a  polytropic 
gas  with  adiabatic  index  V  -  3,  straight  lines  in  the  plane  of  the  Eulerian 
coordinates  x,  t  along  which  the  corresponding  Riemann  invariant  is  constant  are 
characteristics.  This  fact  enables  us  to  derive  a  solution  to  Cauchy's  problem, 
and  also  a  solution  to  any  correctly  formulated  boundary  problem  for  the  case 
when  shock  waves  do  not  form  in  the  solution,  suppose  a  polytropic  gas  with 
index  V  ■  3  at  the  initial  time  instants  t  -  0  is  in  a  quiescent  state  (u  -  0, 
f  m  f0>  P  *  P()>  S  -  S  ),  bounded  on  two  sides  by  pistons  whose  trajectory  of 
motion  are  given  by.  x  -  x.(t),  x  -  x^(t)  (Figure  2.22).  we  now  employ  Eulerian 
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coordinates  x,  t. 

Obviously,  in  zone  X  we  have  a  constant  flow  coinciding  with  the  initial 
flow,  in  zones  n  and  m  —  Riemann  waves,  and  zone  IV  is  the  zone  of  Riemann 
wave  interference. 

Consider  qualities  of  another  extremely  simple  problem:  the  interaction 
of  Riemann  waves  with  a  contact  boundary,  i.e.,  with  boundary  of  two  distinctive 
gases  (for  identical  gases  with  different  densities).  For  simplicity,  we  will 
regard  both  gases  as  poly tropic :  the  gas  to  *he  left  of  the  boundary  x  -  xq 
(Figure  2.23)  has  the  adiabatic  index  V  -  ,  and  the  gas  to  the  right  —  the 

index  V  -  i«e»>  we  assume  that  to  the  left  of  x  -  xq,  p  -  A. ^  ^ »  and  to 

the  right  --  p  -  Agf* ^  •  We  can  readily  understand  that  if  two  gases  adjoin 
each  other,  the  boundary  between  them  is  a  trajectory,  and  therefore  the  follow¬ 
ing  conditions  must  be  satisfied  at  the  interface  of  the  two  gases: 

u_  -  u  ,  p_  -  p+,  (1) 

where  u_,  p_,  u  ,  p  are  the  velocity  and  pressure  in  the  gases  to  the  left  and 
to  the  right  of  the  contact  boundary,  respectively,  as  will  be  shown  in  section 
IV,  these  equations  derive  from  the  laws  of  conservation  of  mass,  momentum,  and 
energy . 


x,  x 

Figure  2.23 

Denoting  the  Riemann  invariants  s,  r  to  the  left  and  to  the  right  of  the 
contact  boundary  by,  respectively,  ,  r^ ,  s^,  and  r^»  we  conclude  that  at  the 
continuity  of  velocity  at  the  contact  boundary  require  by  tne  first  of  the  condi¬ 
tions  (1)  is  described  by  the  equality 

s1  +  r1  -  s2  +  r2  "  2u(t)» 
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(2) 


where  u(t)  is  the  velocity  of  the  contact  boundary?  Take  some  point  (xQ(t),t) 
at  the  contact  boundary  (Figure  2.23)  after  a  Riemann  r-vave  with  the  velocity 
of  the  left  gas  arrives  at  it.  Si&ce  e-characteristics  transport  to  the  contact 
boundary  x  -  xQ(t)  in  gas  n  constant  values  in  the  invariant  s  «  s^  -  s°,  motion 
to  the  right  of  the  contact  boundaries  naturally  a  Riemann  r-wave  (s  »  ■ 

constant).  Therefore,  by  formula  (3.2.11)  the  pressure  against  the  contact 
boundary  is  defined  by  the  function 


P) 


where  pQ  is  initial  pressure  in  gases  I  and  II,  and  c°  is  the  initial  speed  of 
sound  in  gas  jj  (the  initial  velocity  in  gases  I  and  n  is  zero). 

Calculate  pressure  p^  in  gas  j.  since 

where  c°  is  the  speed  of  sound  in  gas  I  at  the  initial  tine  instant,  and 


(ri  “  3i)>  therefore 


(4) 


Canceling  out  the  quantity  s1  at  this  point  by  means  of  (2),  ve  get  the  formula 


P\ 


V,  —  1  U(t) 

U 

1  •  C1  J 

*h 


P) 


0  5 

where  r,  c°  is  the  value  of  invariant  r  in  the  constant-flow  zone  of 

1  V,  -  i  ' 

gas  I  ahead  of  the  Riemann  r-wave  (we  assume  here  that  U(0)  -0).  Equating 
pressures  and  we  derive  the  equation 


y,-i  u(t) r£r  r,  , 

Y,-l  U (0  T 

1 

R 

2  ^ri.  i 4 

2  4  j 

if  it  is  assumed  that  r^ 

*»  r1  (t)  is  a  known 

function,  t 

*v, 


P) 


can  define  U(t).  Actually,  the  quantity  r^t)  is  an  unknown,  since  the  inter¬ 
action  of  two  Riemann  waves  to  the  left  of  the  contact  boundary  (Figure  2.23) 
lead3  to  curving  of  r-characteri3tics .  However,  we  can  make  a  qualitative 


-  ? 
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investigation  of  the  dependence  of  u(t)  on  (t)  and  study  the  flow  pattern  qua¬ 
litatively. 


Suppose,  for  example,  that  a  rarefaction  r-wave  arrives  at  the  contact 
boundary.  Then,  as  is  readily  seen  from  Figure  2.2J,  r^(t)  is  monotonically  de¬ 
creasing  function  of  the  variable  t  ( — (~?.  <  o  )•  When  t  -  t  (Figure  2.23), 
r^(tQ)  »  r°;  therefore  from  (6)  it  follows  that  U(tQ)  -  0.  since  we  assume  that 
V  ,  the  left  side  of  equality  (6)  decreases  with  increase  in  U(t),  while 

the  right  side  —  in  contrast  ~  increases  monotonically.  Hence  it  follows  that 
if  r^(t)  is  a  monotonically  decreasing  function  of  the  variable  t,  u(t)<  0  and 
U(t)  is  also  monotonically  decreasing. 

This  means  that  flow  in  gas  H  can  be  regarded  as  motion  induced  by  the 
movement  of  a  piston  with  velocity  u(t)  <  0.  Therefore  the  Riemann  r-wave  in 
gas  II  is  a  rarefaction  wave.  Quite  analogously-,  we  can  ascertain  that  if  the 
incident  wave  is  a  compression  wave,  tf(t)  >  0  and  a  compression  r-wave  is  propa¬ 
gated  in  gas  ii. 


It  is  somewhat  more  difficult  to  establish  the  pattern  of  an  s-wave  reflected 
from  the  contact  boundary,  that  is  to  oay,  the  sign  of  — .  Differentiating 

cd  t 

equality  (2)  relative  to  variable  t,  we  get 


l^isn=2u,(t)-^r- 


(7) 


Hence  we  cor  lude  that  if  2u’ (t)  >.  —  'j  ,  the  reflected  wave  is  a  rare¬ 

faction  wave,  otherwise  —  a  compression  wave.  For  simplicity,  we  consider  only 
the  case  of  identical  gases  (  V1  “  )  whose  entropies  are  distinct,  i.e., 

C1  ^  c2’  Then  equation  (6)  can  be  rewritten  as 


Y-l  r,(0-(/(t)  ,  ,  v-1  U(f) 

— 7, - - “H — ; - 0  ■ 


(a) 


and 


'-,(0- 


and 


U'i 0- 


1 +<*/«§ ; 
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Hence  we  conclude  that  if 
air,  it)  _  v _o /.0 


dt 

are  opposed. 


hut  if  c°/c, 


c°/c°  <  1>  the  quantity 
>  1 ,  then  the  signs  of  <~irr J- 

a  C 


has  the  sign  of 

and  ^  r' 

dt 


por  the  same  gas  (  y  =  ]/  2  »  \)),  inequality  c°<  c^  means  that  the  density 
f°  of  gas  I  is  greater  than  the  density  ^  of  gas  II,  since  p  ■  5.  .  There- 

fore  we  can  formulate  our  result  thusly; 


From  a  denser  medium  <  c*)  a  rarefaction  (compression)  wave 

is  reflected  also  in  the  form  of  a  rarefaction  (compression)  wave,  and  conversely, 
from  a  less  dense  medium  P° ,  c£>c.3)  a  rarefaction  (compression)  wave  is 

reflected  in  the  form  of  a  compression  (rarefaction)  wave. 

Note  one  special  case,  c°  *  0  -  oo)  for  which  u(t)  *  0.  This  case  can 

be  treated  as  the  reflection  of  a  Riemann  wave  from  an  infinitely  dense  gas  or  as 
a  reflection  from  a  rigid  wall  (U(t)  -  0).  we  conclude  that  compression  (rarefac- 
tion)waves  are  reflected  from  a  rigid  wall  always  in  the  form  of  compression  (rare¬ 
faction)  waves. 


Formula  (6)  enables  us  to  make  a  qualitative  investigation  of  the  problfeu 
of  the  reflection  of  Riemann  waves  at  a  contact  boundary.  Rut  the  total  solution 
of  this  problem  is  complicated  by  as  a  fact  that  actually  the  function  r^t)  is 
unknown,  since  the  r-characteristics  are  curved  in  the  zone  of  interaction  of  the 
incident  Riemann  wave  with  the  wave  reflected  from  the  contact  boundary. 


Accordingly,  let  us  note  a  special  case  when  the  solution  to  this  problem 
reduces  to  the  solution  of  ordinary  differential  equation. 

Consider  the  case  when  *=  3>  hut  1  arbitrarily,  Then  the  charac¬ 

teristics  in  gas  i  are  straight  lines,  and  we  can  assume  that  r^(x,  t)  «•  f^(x,  t), 
where  f^(x,  t)  is  defined  uniquely  in  the  Riemann  wave.  However,  in  equation  (6) 
r^(t)  is  the  value  of  invariant  r^(x,  t)  at  the  contact  boundary,  i.e.,  at  the 
point  (xQ(t),  t)?  r^t)  >  r1(xQ(t),  t)  =  f1(x<j(t),  t).  (9) 

Since  by  the  physical  meaning  of  quantity  U(t) 

^•=U(0.  (10) 


and  from  equations  (6)  and  (9)  U(t)  is  expressed  as  a  certain  function  of  the  vari¬ 
ables  t,  x  (t),  therefore  the  solution  of  the  entire  problem  is  reduced  to  integral 
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equation  (10).  as  the  initial  condition  for  equation  (10),  here  the  condition 
(Figure  2.23)  XQ(to)  “  xo  *s  imP0Se<**  Thus,  for  example,  if 

V  ^  «  ]/  2  ■  3  and  if  a  centered  rarefaction  wave  arrives,  equation  (10)  takes  on, 
according  to  (8),  the  form 


1 

I 

I 

I 


! 

I 

: 

I 

i 

\ 


i 


$ 


5 

i 


dxQ(t) 

dt 


*o  (0  .0 
-1 - *1 


i+‘!A 


■*0  Ao)  —  tyo'  *o  ^  ®* 


(11) 


since  in  the  centered  rarefaction  wave  when  V-  3»  r(x,  t)  •  x/t. 

6.  Remarks  on  boundary  conditions  for  equations  in  gas  dynamics  and  an 
illustration  of  their  solvability  with  the  example  of  the  piston  problem,  in 
analyzing  the  solvability  of  problems  with  boundary  and  wall  conditions,  the 
conclusions  which  we  drew  in  considering  this  problem  area  for  hyperbolic  systems 
of  quasilinear  equations  in  section  XI  of  chapter  one  are  wholly  applicable  for 
gas  dynamics  equations.  -f 

d 

Nevertheless,  when  studying  tne  motion  of  gases  and  liquids,  certain 
classes  of  boundary  and  wall  conditions  are  especially  to  be  anticipated  in 
therefore  are  particularly  important.  Therefore  we  will  here  consider  typical 
boundary  conditions  for  equations  in  gas  dynamics. 

The  wall  conditions  are  most  naturally  formulated  for  the  boundary  of  an 
isolated  gas  volume,  i.e.,  lor  a  trajectory,  in  Lagrangian  coordinates,  a  fixed 
coordinate  q  corresponds  to  a  trajectory;  therefore  this  kind  of  boundary  condi¬ 
tion  in  Lagrangian  coordinates  is  imposed  on  the  straight  lines  q  «  constant. 


Two  types  of  boundary  conditions  can  be  distinguished; 

1)  External  boundary  conditions,  or  conditions  at  external  boundaries. 
This  will  naturally  be  boundary  conditions  effectively  describing  the  influence 
of  an  external  environment  on  a  given  gas  volume.  For  the  one-dimensional  flow 
under  consideration,  such  conditions  are  the  conditions  at  the  left  and  right 
boundaries  of  the  volume  in  which  the  gas  is  situated. 


2)  internal  boundary  conditions,  or  conditions  at  internal  boundaries. 
These  include  conditions  i  contact  boundaries  between  gases  exhibiting  different 
properties  (different  entropies,  different  equations  of  state,  and  so  on).  Among 
the  internal  boundary  conditions  we  can  include  also  conditions  at  the  disconti¬ 
nuity  lines  of  a  solution.  These  conditions  will  be  discussed  in  aetail  in  the 
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next  section. 

As  for  the  conditions  at  thq  contact  boundaries,  in  gad  dynamics  they  are 
always  identical  and  require  continuity  of  flow  velocity  u  and  pressure  p.  An 
example  of  the  use  of  these  conditions  is  given  by  subsection  5,  where  the  problem 
of  reflecting  Riemann  waves  from  a  contact  boundary  was  studied  qualitatively. 

Let  us  dwell  on  external  boundary  conditions,  for  the  case  of  the  piston 
problem  taken  up  in  subsection  4»  the  boundary  condition  is  imposed  at  the  point 
q  ■  0.  we  can  easily  observe  that  if  the  pressure  p(0,  t)  ■  p(t)  0  (1) 

is  assigned  at  the  piston,  this  boundary  problem  is  solvable,  and  uniquely  so, 
since  from  condition  (1)  it  follows  that  c  0.  But  for  the  case  when  the  piston 
velocity  u  (0,  t)  -  U(t),  (2) 

is  given,  we  see  that  provided  u(t)  2  0  separation  of  gas  from  the  piston  is  pos¬ 
sible,  that  is  to  say,  condition  (2)  is  not  satisfied,  but  is  replaced  by  condi¬ 
tion  p  «  0. 

The  very  same  situation  obtains  for  systems  of  linear  equations  as  well. 

If  boundary  conditions  are  imposed  outside  the  domain  of  dependence  of  initial 
data,  these  conditions  generally  speaking  do  not  uniquely  define  the  solution. 

For  the  piston  problem,  the  physical  formulation  of  the  problem  yielded 
the  correct  solution,  by  replacing,  where  required, condition  (2)  by  the  "free 
boundary"  condition  p  -  0. 

When  u(t)  >  0>  the  piston  problem  with  boundary  condition  (2), 

conversely,  is  always  solvable,  even  though  the  solution  will  be  discontinuous. 
This  conclusion  must  be  compared  with  the  case  of  a  system  of  linear  equations 
for  which  the  boundary  problem  generally  speaking  is  not  solvable  either  in  the 
class  of  smooth  or  in  the  class  of  discontinuous  solutions,  if  the  boundary  condi¬ 
tion  is  posed  in  ths  domain  of  determinacy  of  the  solution  to  Cauchy's  problem. 


Section  ry.  Discontinuities  in  a  one-Dimensional  plow  of  compressible  Gases. 
Shock  waves 

I.  Hugoniot'a  Conditions,  in  the  examples  of  these  simplest  flows  in 
section  m  we  saw  that  as  a  rule  solutions  to  equations  in  gas  dynamics  remain 
continuous  for  a  limited  time,  then  discontinuities  emerge  in  the  solutions. 

-  2J7  “ 


Naturally,  differential  equations  lose  their  meaning  for  discontinuous  flows} 
however,  as  we  already  stated  above,  integral  laws  of  conservation  of  mass, 
momentum,  and  energy  remain  in  force  for  discontinuous  flows  as  well. 


Let  us  derive  conditions  that  must  be  met  at  the  discontinuity  lines  of 
solutions  to  equations  in  gas  dynamics  as  consequences  of  integral  laws  of  conser¬ 
vation. 

Suppose  x  =  x(t)  is  the  equation  of  one  of  discontinuity  lines  of  the 
hydrodynamic  -variables,  which  we  will  assume  over  the  segment  t1  t  ^  under 
consideration  as  possessing  a  continuous  tangent  (figure  2.24).  suppose  f(x,  t) 
suffers  a  discontinuity  at  the  line  x  -  x(t).  Let  us  denote 


I  ft  /2(0  =  /(*(/) +0,  0;  [/I— /a(Q— /i(0*  (1) 

integral  laws  of  conservation  in  Eulerian  coordinates  (2.3.13)  -  (2.3*15)  are  of 
the  form 


pxv  dx  —  paxv  dt  =  0, 
c 

<£ paxydx--(p pu't)xvdt  =  —  f  j  ypxv~l  dxdt, 

C  ,  a!, 

f  t 

$p(e  +  -y)*vd*  —  Pa(e+f"r  = 


(2) 
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Let  ue  write  the  laws  of  conservation  (2)  for  the  path  AA'BB1 >  assuming 
that  the  lines  a'B  and  b'A  adjoin  infinitely  close  to  the  discontinuity  line 
x(t),  respectively,  to  the  right  and  to  the  left  of  it. 

In  view  of  the  Boundedness  of  all  hydrodynamic  variables,  integrals  vanishh 
over  the  parts  AA1  and  BB'  of  the  path  C>  as  does  the  ff  v  pxv'_/  dx  dt. 

<Sr  C 

Along  the  line  x  »  x(t)  we  have  dx  «  p  dt,  where  p  »  p(t)  ■  x'(t).  Therefore, 
for  example,  from  the  first  equation  in  (2)  we  get 


J  *v  (o  {(ft  (0— pi  (0)D(0-(p3(08j(0-p,(0 


(3) 


In  view  of  the  arbitrariness  of  the  limits  of  integration  in  (J),  we  must  equate 
the  integrand  to  zero,  i.e.,  x*  (t)  .[  p(t)  [/°  j  -  [/’a]}-  0. 

Cancelling  from  this  equality,  we  see  that  the  conditions  at  the  dis¬ 
continuity  line  are  identical  for  three  symmetry  cases  y  ■  0,  1,  2.  proceeding 
in  similar  fashion  with  all  laws  of  conservation  (2),  we  get  conditions  at  dis¬ 
continuity  line  x  *  x(t); 

diphm.  *  ;,r 

j  _  D[p«j  =  [p-f-(w?].  _  _  .W 

-  °  [p  (e + -y)] = h  (e + ■£■ + V)J ?  - 't .  y 


which  associate  discontinuities  in  hydrodynamic  variables  at  the  discontinuity 
line  x  ■  x(t)  and  the  velocity  p  =  x' (t)  of  the  discontinuity  line. 

Relations  (4)”(6)  are  called  conditions  for  hydrodynamic  consistency  of 
a  discontinuity,  or  Hugoniot’s  conditions,  after  the  French  scientist  who  first 
derived  them*). 

According  to  the  notation  for  the  quantity  p  -  J)(t),  p[f]  =  [pfj.  This 
means  that  equation  (4)  can  be  rewritten  as  [/’(u  -  p)]  -  0.  (7) 

Multiplying  equation  (7)  by  p  and  subtracting  from  (5),  ws  get 


*)  in  American  literature  this  condition  is  often  called  Rankine's  or  Rankine- 
Hugoniot  conditions. 
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(P+P^-O)2!^.  '  ' 

Finally,  multiplying  (8)  by  p,  subtracting  the  results  from  (6),  and  considering 
that  D>3  -  [u2J  ■  0,  we  get 

itPyr^(7+|.‘+fi^)]-°. '  (9) 

Taking  the  notation  (1)  into  account,  we  can  rewrite  nugoniot's  conditions  (7)- 
(9)  in  the  form  of  the  equalities* 


PjCoj  —  £>)(e 


Pj^  —  D)  =  p,  (a,  —  D)  =-.  m. 

Pi + P?  («j —  D?  =  Pi  +  Pi  («i  —  Df  =  J. 
2i  DY  \ 


Pi 


=p,(«,-D)(e, 


4-  ——  - 

.  (»,  —  />)*  \ 

'  £1 

2  ) 

=  /• 


(10) 

(I!) 

(12) 


According  to  subsection  2  of  section  II,  the  quantities  m,  j,  f  denote,  respec¬ 
tively,  flows  of  mass,  momentum,  and  energy  calculated  in  a  coordinate  system 
that  travels  at  the  velocity  D  relative  to  the  system  in  which  the  flow  velocity 
u  is  measured.  So  Hugoniot's  conditions  (10)-(12)  require  continuities  of  the 
flows  of  mass,  momentum,  and  energy  at  the  discontinuity  line  of  the  hydrodynamic 
variables. 

Note,  finally,  that  integral  laws  of  conservation  written  in  Lagrangian 
coordinates  lead  to  the  same  Hugoniot's  conditions  (4)-(6),  if  we  take  into 
account  the  relationship  between  iagrangian  and  gulerian  coordinates. 

2.  Different  kinds  of  discontinuities*  shock  waves,  contact  discontinuities. 
Different  forms  of  Hugoniot's  conditions,  Hugoniou's  adiabat.  foe  will  distinguish 
solution  to  continuities  as  a  function  of  the  satisfaction  of  the  conditions  m  - 

0,  m  /  0. 
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If  m(t)  »  m  »  0,  then  this  kind  of  discontinuity  will  be  called  a  contact 
discontinuity;  if  m(t)  0,  we  will  call  the  discontinuity  a  shock  wave. 

For  the  case  of  a  contact  discontinuity,  from  (4. 1.10)  it  follows  tnat 

D  "  U1  “  u2  “  x'(t)»  (1) 
i.e.,  the  discontinuity  line  coincides  with  the  particle  trajectory  (the  contact 
discontinuity  is  represented  in  L&grangian  coordinates,  therefore  the  straight 
line  q  *>  constant). 


putting  u1  m  d,  u2  -  D,  we  get  from  (4. 1.11) 


P,  -  P2  -  J- 


(2) 


and  condition  (4 • 1 • 1 2 )  when  u^  »  u^  »  D  is  satisfied  by  identity.  And  so,  the 
following  two  conditions  are  satisfied  that  the  contact  discontinuity: 

U1  -  V  Pi  -  V  (?) 

i.e.,  flow  pressure  and  velocity  are  continuous,  we  can  readily  show  the  converse: 
if  conditions  (3)  are  satisfied  at  the  discontinuity,  then  the  discontinuity  is 
of  the  contact  type. 

The  quantities  f  ,  8  ,  S  can  experience  a  longitudinal  shock  at  a  contact 
discontinuity,  however  satisfying  in  the  process  the  condition  of  pressure  conti¬ 
nuity  (2).  a  contact  discontinuity,  i.i  particular,  can  be  the  interface  between 
two  different  gases  satisfying  different  equations  of  state.  The  conditions  for 
velocity  ar.d  picaocxc  continuity  (3)  in  this  instance  can  be  regarded  as  internal 
boundary  conditions  at  the  interface  of  the  distinct  gases. 

For  the  case  of  a  shock  wave  in  -f  0,  the  substance  flows  across  the  disconti¬ 
nuity  line  x  «  x(t).  For  the  case  m  >  0,  the  substance  flows  across  the  disconti¬ 
nuity  line  from  left  to  right;  therefore  we  will  state  that  when  m  >  0  the  shock 
wave  will  travel  from  right  to  left  relative  to  the  substance;  conversely,  when 
m  <  0  we  will  state  that  tne  shock  wave  will  travel  to  the  right. 

Let  us  consider  different  representations  of  Hugoniot's  conditions  (4. 1.10)- 
(4.1.12)  for  the  case  of  a  shock  wave. 

The  condition  of  momentum  flow  continuity  (4 .1.11)  can  be  written  in  the 
form  of  the  following  equivalent  equalities* 
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fr-v'sn-a!' *W4s*-..-<i->*«**-»*  ■^-^-y> 


p3  4-  m  (a,  —  0)  =  />,  -J-  m  (a,  —  D), 
p,-f  Vtm*  =  p1-fV1m*. 


“•-vP^ 


(4) 


where  v  “  l/^»  Condition  (1.12)  after  being  divided  by  m  becomes 

^+P^H-(j^^==eI  +  p1V1+i5L^.  (5) 


If  we  let  the  lette"  stand  for  the  quantity  £  +  ^>y,  called  enthalpy,  then  (5) 
can  be  written  as 


gt+<ex^£-g,+to^tj 


(t) 


From  (4.1.10)  we  have 


(7) 


Substituting  here  the  third  formula  (4),  we  get 


(6) 


According  to  (4. 1.10) 

(u,  — D)  =  mV,;  (o2  —  £>)===  mV*  (B, —D)1  =  mV?;  (a2-D)J  =  mV]- 


(9) 


Substituting  here  the  third  fprmula  in  (4)»  we  obtain 


(io; 


Let  us  note  several  other  useful  formulas,  prom  (9)  we  have 
A  —  tti  =  K'h—P) -^“1  —  0)1  =  m (V,  —  V,). 
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Therefore 


n»}»  i  -n  -^-v 


a^^aWi-IJwfc  ■*■*»*  l< 


and,  finally, 


'"  '-R-i7=7S  “»<v,  -  v',).  v 

1£M3M§M3*‘tM!+?±  | 


prom  the  resulting  formulas  we  can  draw  several  conclusions*  1)  from  formu¬ 
las  (4)  it  follows  that  during  a  transition  across  a  shock  front  pressure  increases 
or  decreases  simultaneously  with  density. 


2)  prom  formula  (7)  it  follows  that  the  differences  (u2  -  p)  and  (u^  -  p) 
have  the  same  sign. 


5)  For  a  finite  m,  the  differences  (v2  ”  )  and  (p2  -  p  )  are  of  the  same 

order,  so  that  as  v2  **  V1  Q»  p2  -  p^  -«■»  0. 

Equalities  (10)  express  the  relative  velocities  u2  -  p  and  u1  -  p  in  terms 
of  thermodynamic  quantities.  Therefore  substituting  tnese  formulas  into  equalities 
(5)  and  (6),  we  obtain  relations  containing  only  thermodynamic  variables t 


(13) 

.’7.  •  7  .  .  j 

&2  "7"  8\  —  "j  (.Ptf — Pi)  (Vi  +  _  (14) 


Equality  (15)  or  (14)  is  called  the  condition  of  a  Hugoniot's  adiabat. 


Let  us  introduce  into  consideration  the  function 


H<'p,h  p°-^y=e(P’  w—hp*  VJ+<y—Vj-£^EL,i 


which  we  will  consider  as  a  function  of  two  variables  p,  v  that  depend  para¬ 


metrically  on  p  ,  VQ* 


Suppose  Rj  -  {P-j>  V.,)  ,  Mg  -  { P2>  V2}  are  points  on  the  p,  v  plane 
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71 '  ■: 


r 


S ' 


characterizing  the  thermodynamic  state  of  substance  on  different  size  of  disconti¬ 
nuity  line.  Then  by  virtue  of  (13)  the  following  relation  is  valid: 


H  (Afj,  MJ  =  H(p3,  V2;  pv  Vt)  =  -  H(MV  AfJ  = 

=  -n<J>v  Vv  ft. 


(16) 


The  points  and  M2  associated  by  relation  (16)  will  be  referred  to  as  conjugate. 
The  property  of  conjugateness  is  not  transitive,  since  from  the  relations  h(Mq>  M^) 
-  0,  h(M1 ,  Mg)  -  0,  h(Md,  f^)  -  0  does  not  follow. 

Let  us  fix  the  point  MQ(P0»  VQ)  of  the  p,  y  plane  and  considering  a  set  of 
points  m(p>  7)  conjugate  to  Mq«  They  must  lie  on  the  curve 

H(M,  M0)  -  H(P,  V,  PQ,  V0)  =■  0.  (17) 

The  curve  given  by  equality  (17)  will  be  called  Hugoniot's  adiabat  with  a 
set  of  points  M0(P0»  VQ).  According  to  equality  (13),  Hugoniot's  adiabat  is  a 
geometrical  locus  of  points  (p,  y)  characterizing  the  thermodynamic  state  of  the 
substance  on  one  side  of  the  discontinuity  (3hock  wave)  front  if  the  state  pQ,  Vq 
on  the  other  side  of  the  front  is  assigned. 

Suppose  Hugoniot's  adiabat  h(M>  Mq)  parses  through  the  point  M1 •  Then 
Hugoniot's  adiabat  h(M»  M^ )  passes  through  the  point  MQ»  but  does  not  coincide 
with  the  adiabat  h(M»  M0)  (Figure  2.25).  This  situation  reflects  that  Hugoniot's 
adiabat  is  not  a  line  of  constancy  of  the  function  of  two  variables,  but  is  the 
line  of  constancy  of  a  function  of  two  variables  dependent  also  on  two  parameters. 
Therefore,  if  we  select  the  points  (p,  y)  that  are  conjugate  to  the  point  (pQ,  Yq) 
as  the  new  centers  of  Hugoniot's  adiabats,  then  we  obtain  a  one-parametric  family 
of  Hugoniot's  adiabats  passing  through  the  point  (pQ,  yq)  (bundle  of  adiabats). 

3.  Hugoniot's  adiabat  for  a  normal  gas.  our  preceding  remarks  on  Hugoniot's 
adiabats  apply  to  a  substance  with  an  arbitrary  equation  of  state. 

For  a  more  detailed  study  of  Hugoniot's  adiabat,  we  will  assume  that  the 
equations  of  state  of  the  substance  p  »=  p(y,  s),  £  =>  £  (y,  t)  satisfy  the  require¬ 
ments  that  were  formulated  in  subsection  4  of  section  I  for  a  normal  gas: 


dp(V, 

dV 

Is 

A 

0 

(I).5 

i 

d’p(V,  S) 
dV1 

>0 

(H). 

P<y. 

S)-+  00 

when  V 

-+0 

(HI). 

(1) 

dp(V, 

di 

—  >  0 

(IV). 

dt(V,  T) 
cv—  dT 

>0 

(V). 

-  2.14  ■ 


Condition  vi  is  the  requirement  of  convexity  of  the  domain  of  variables  p,  y  in 
which  requirements  i-y  are  satisfied. 


m 


’  /  •  -KIM*  J 

■  -  :i  * 


if 


•  V, 


Figure  2.25 

Cur  entire  Subsequent  consideration,  with  the  exception  of  cases  that 
will  be  given  special  reservations,  will  apply  to  a  normal  gas*). 

Let  us  examine,  following  /Z_7,  the  total  differential  dH  of  the  func¬ 
tion  H(p,  V,  pQ,  VQ)  of  two  variables  p,  V,  assuming  Pq,  Vq  to  be  fixed: 


r^dz+J^jv+y-v,^- 


using  the  fundamental 


relation  d£  TdS  -  pdV,  we  obtain  the 


following  expression  for  dH: 


dH=*T  dS+^^i-dp-^S-jEi-dV. 


equation  (3)  can  also  be  written  as 

Jti~TdS+^Y£dK'  /  ( 

*]  Properties  of  the  adiabat  for  gas  with  arbitrary  equation  of  state 
studied  in  the  work  of  G.  Ya.  Galin  /If/. 
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where 


i 

*  •  -  •■  w  -  i 


(5) 


is  the  slope  of  the  ray  passing  through  the  center  M^p^,  V  ).  According  to 
equality  (4.2.4),  K  =  -  m2,  (6) 

where  m  is  e  mass  flow  across  the  shock  front  separating  the  states  p  ,  VQ  and 
P,  V  (here  H(p,  V,  p  ,  V  )  =  0) . 

w  O 

Let  us  consider  the  mutual  arrangement  of  the  following  curves: 

a)  Poisson's  adiabat.  given  by  the  equation  dS  =  0  and  passing  through  the 
point  Mo(po,  V0) ;  we  will  denote  this  curve  with  the  letter  A;  b)  the  Hugonict's 
adiabat  dH  =  0  passing  through  the  point  Mo(po,  VQ) ;  let  H  stand  for  this  curve. 

By  formulas  (3)  and  (4),  when  V  -  Vq,  p  =  p  ,  and  dH  =  TdS.  Thus,  the 
curves  A  and  H  at  the  point  of  their  intersection  ^0(p0»  V  )  have  a  common  tangent. 

Let  us  consider  the  behavior  of  the  differentials  dH,  dS,  dK  at  .?*;h  of 
these  indicated  curves. 

a)  at  the  adiabat  A,  dS  =  0.  According  to  (4), 


dH=<y^tdK. 


(7) 


According  to  properties  I  and  II,  along  A  (i.e.,  when  S=  constant)  dK/dV  0,(8) 
therefore  at  the  adiabat  A  dH/dV^)>  0.  (9) 


Consequently,  H  <C  in  the  upper  part  of  the  adiabat  A  (Y<  V  ) , 
H  >  0  in  the  lower  section  of  adiabat  A  (V  >  V  ) . 


(10) 


b)  At  the  ray  dK  =0,  dH  =  TdS.  (11) 

This  equality  signifies  that  along  the  ray  K  the  signs  of  dH  and  dS  coincide  and, 
in  particular,  the  stationery  points  of  the  functions  H  and  S  coincide. 
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As  will  be  shown  in  subsection  4  of  section  I,  entropy  S  has  no  stationed 

points  at  the  ray  K  =  constant  >  0  and  increases  monotonicelly  with  p;  at  the  ray 

K  <  C  entropy  S  has  a  single  stationary  point  at  which  S  reaches  the  maximum. 

The  same  is  valid,  therefoxe,  for  the  function  H,  so  that  H  along  the  ray  K=  const 

<  0  has  no  stationary  points;  H  has  a  single  maximum  at  the  ray  K  =  constant > 

0,  and  this  at  the  same  point  as  does  S.  Hence  it  follows  that  at  each  ray,  K  = 

const<0  there  exists  a  single  point  Mj  of  Hugoniot's  adiabat  H  lying  between  the 

point  M  of  Poisson's  adiabat  and  the  center  M 

o‘ 

Thus,  there  exists  a  curve  H  —  Hugoniot's  adiabat  passing  through  point  Mo. 
The  smoothness  of  Hugoniot's  curve  fellows  from  the  fact  that  it  is  an  integral 
curve  of  the  ordinary  differential  equation  (2)  passing  through  the  center  Mc. 
c)  At  the  adiabat  H,  from  relation  (4)  follows 

rds^~sy.~y^.d/c  ,  , 

2  flA\  (12) 

Hence  it  follows  that  if  the  point  M(p,  V)  travels  along  the  adiabat  H  such  that 
the  ray  K(M,  M 0)  travels  clockwise  UK<0),  entropy  S  increases  mcnctonically. 


Figure  2.26 
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Summing  tip  our  conclusions  on  the  behavior  of  differentials  dH,  dS,  dK  at 


the  curves  a,  K,  H,  we  conclude  that  in  the  neighborhood  of  the  point  Mj.  where 
the  adiabats  intersect  tangentially,  the  curves  A  and  H  lie  as  shewn  In  Figures 
2.26. 

The  mutual  disposition  of  adiabats  A  and  H  in  the  neighborhood  of  the  center 

M  indicates  that  the  tangency  of  the  adiabats  A  and  H  must  be  of  an  order  not  less 
o 

then  two.  Let  us  confirm  this  by  computation. 

From  (3)  we  have  along  H 

TdS  «  -  y  V-%-  dp  +  -Z^-dV.  (">3) 

Differentiating  equality  (13)  relative  to  variable  V,  we  find 


dT  26  -f- 1  —  —  -5  dV  dp  —  — -  <Pp  4- 

-j-S.(Pp,  (-14) 

i.e.,  d%  =  0  at  the  point  (p^,  V  )  and  the  tangency  of  the  curves  A  and  H  is 
of  the  second  order,  finally,  differentiating  (14)  once  more  relative  to  V,  we  find 

(PT  dS  +  2  dT  (PSrt-T  <PS  =  —  ~dV(Pp~~^  tPp. 

>  'n 

Since  at  the  point  M  ,  dS  =  d^S  =  0,  from  this  we  find 

l<PS=-±dV<Pp  and  =  ~ I 

at  the  point  M  according  to  property  II  of  the  equation  of  state. 

Thus,  only  the  third  derivative  d3s/dv3  is  distinct  from  C  at  the  point  Mp 


of  the  curve  H. 
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It  is  not  difficult  to  see  that  in  the  neighborhood  of  the  center  M^p^, 
VD)  the  following  properties  of  adiabet  H  hold: 

1)  For  any  point  M  on  the  curve  H 


2)  «o  ray  MjjM^  touches  the  adiabat  H  when  ^  Mq. 

3)  Each  ray  intersects  the  adiabat  H  at  no  more  than  a  single  point 

%5'K0. 

4)  Each  ray  intersecting  the  upper  branch  of  adiabat  A  intersects  also  the 
upper  branch  of  adiabat  H.  Here,  the  functions  H  and  S  at  the  ray  have  pro¬ 
files  of  the  form  shown  in  Figure  2.27. 

Observe  that  from  properties  2)  and  3)  does  not  follow  the  convexity  of  the 
curve  H,  since  these  properties  are  valid  for  rays  departing  only  from  a  certain 
point  on  an  adiabat,  namely  from  its  center. 


I'.  •  -  Kl 
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"m  *.  "t 


Figure  2.27 


Let  us  prove  that  these  properties  c.f  adiabat  I  obtain  not  only  locally, 
but  also  globally.  Let  be  an  arbitrary  point  on  adiabat  H.  Since 

H  (Mh,  Mo)  =  H(M0,  Mo)  =  0, 

therefore  at  the  ray  MqM^  there  exists  the  stationary  point  of  the  function  H  (and 
also  by  virtue  of  (11),  the  stationary  point  of  the  function  S) .  Therefore,  K<)o 

-  249  - 


and  property  1)  of  adiabat  H  has  bee-.  proven. 

Let  us  prove  property  2) .  The  stationary  point  Mct/ct  =  stationary/  lies 
strictly  within  the  segment  and  is  the  sole  stationary  point.  The  tangency 

of  adiabat  H  with  ray  K  would  signify  the  existence  at  the  ray  K  of  two  stationary 
points  of  function  H  and,  consequently,  two  stationary  points  of  S,  which  is 
impossible.  Property  2)  stands  proven. 

From  the  existence  of  a  ray  intersecting  curve  H  at  two  points  distinct  from 
Mq  there  necessarily  follows  the  existence  of  a  ray  tangent  to  H  at  the  point 
distinct  from  Mq.  This  is  impossible  by  virtue  of  property  2)  and  therefore  proper¬ 
ty  3)  is  also  proven. 

Finally,  since  S(M  )  >S(M  )  when  pH  >  p  ,  then  any  ray  intersecting  the 
H  o  ii  o 

upper  part  of  adiabat  H  intersects  at  first  adiabat  H  at  point  M^,  and  then  adiabat 
A  at  point  M^.  Property  4)  stands  proven. 

In  particular,  from  this  it  follows  that  the  slope  of  the  ray  K  intersecting 
adiabat  H  at  the  point  lies  within  the  limits 


•  P^Pt 

—  oo  <  a  = 


w*  s.) 

<  — w 


(16) 


Now  let  us  consider  the  following  problem: 

The  state  is  given  along  one  side  of  the  discontinuity  line  (shock  wave). 
Suppose  it  is  characterized  by  the  parameter  u  =  u  ,  p  -  p  ,  and  t-  t -  f(p  , 

V  ).  The  flow  of  mass  m  across  the  discontinuity  front  is  also  given.  It  is 
required  to  define  the  state  (u,  V,  p,  £  )  along  the  other  side  of  this  disconti¬ 
nuity  line  based  on  Hugoniot's  conditions. 

2 

We  assume  that  K  =  -m  satisfies  condition  (16).  Let  us  shew  that  for  a 
normal  gas  this  problem  always  has  a  solution,  and  one  that  is  unique  at  that. 

Thermodyanmic  parameters  of  the  gas  p,  V  are  defined  by  the  point  of 
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intersection  of  Hugoniot's  adiabat  H(p,  V,  p0,  V  )*  -  0  with  the  ray  K 
-  Since  K  satisfies  condition  ( 1 6) ,  then  by  properties  1)  -  4)  of  adiabat 

H,  the  point  (p,  V)  exists  and  is  uniquely  defined. 

So,  thermodynamic  parameters  p,  V,  t  are  defined  uniquely.  Next,  all  the 
remaining  shock  wave  parameters  are  uniquely  defined.  The  differences  uQ  -  D  = 
mVo  and  u  -  D  =  mV  are  defined  by  formulas  (4.2.9).  Since  u^  is  known,  from  this 
the  velocity  D  of  the  shock  wave  is  determined. 

This  means  that  the  formulated  problem  has  a  unique  solution  provided  condi¬ 
tion  (16)  is  satisfied. 

Let  us  consider  the  limiting  case  when  K  =  -  m^  =  ,  At  this 

K  value  the  ray  is  tangent  to  Hugoniot's  adiabat  (and  simultaneously,  to  Poisson's 

adiabat)  at  the  point  r^(po>  V  ) .  The  conjugate  point  M(p,  V)  characterizing  the 

state  of  the  substance  along  the  ether  side  of  the  front  coincide  to  M  (p  ,  V  ) , 

0*0  o 

i.e.,  the  shock  wave  is  infinitely  weak. 

In  this  case  u  =  uQ  and  by  formula  (4.2.8)  we  have 

i.e., 

Thus,  an  infinitely  shock  wave  will  travel  at  the  speed  of  sound  relative 
to  the  substance,  i.e.,  it  is  a  weak  discontinuity. 

When  K  -  -  o° ,  the  shock  wave  is  called  infinitely  strong. 

4.  Stable  and  unstable  discontinuities.  Stability  conditions  and  Champlin's 

theorem.  Suppose  the  variables  u^ ,  p  ,  V  ,  u  ,  p  ,  V  ,  £  ,  and  the  velocity 

11  2  2  2 

of  the  shock  wave  D  satisfy  Hugoniot's  conditions  (4.1.10)  -  (4.1.12).  We  can 
easily  note  ''hat  Hugoniot's  conditions  do  not  change,  whether  or  not  we  assume 
the  state  u. ,  ,  V  ,  t  as  the  state  of  the  ges  left  of  the  sbrck  wave  front, 

*  l  \  1 

and  the  state  u^,  P2,  V^,  as  the  right  side  state,  or,  vice  versa,  u^ ,  p^ ,  , 
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as  the  right,  and  Uj,  P2»  ^  8S  ^owever>  8S  we  now  see>  85  to 

their  physical  meaning  these  cases  differ  widely  so  thst  one  of  them  must  even 
be  regarded  as  impossible. 

Let  us  begin  with  our  assumption  of  some  definite  sign  for  the  mass  flow 
m=  ^(u^  -  D)  ~  f  2^2  ~  ^  *  Suppose,  for  example,  m  <  0.  In  this  case  the  wave 
relative  to  the  substance  travels  to  the  right  and,  thus,  in  its  motion  the 
substance  cut  across  the  shock  wave  front,  moving  from  right  to  left  relative  to 
the  front. 

As  we  state  in  section  I  of  this  chapter,  we  represent  the  discontinuity 
surface  of  the  flow  at  the  narrow  zone  of  large  gradients  in  which  the  action  of 
dissipative  forces  —  viscosity  and  thermal  conductivity  —  is  substantial.  The 
action  of  these  processes  lesds,  ss  we  know  from  thermodynamics,  to  entropy  gain, 
which  characterizes  the  irreversibility  of  processes  with  viscosity  and  thermal 
conductivity.  Since  when  m  <  0  gas  particles  in  the  course  of  motion  move  from 
a  right  position  relative  to  the  shock  wsve  front  to  a  left  position,  then  obvious¬ 
ly,  due  to  the  irreversibility  of  the  processes  occurring  in  the  narrow  zone 
which  we  associate  with  the  shock  wave  we  must  require  that  <  ^Aes 

7%pat  -  Tight;  ./lea  -  left7,  where  S^g  snd  are  the  entropy  of  the 

gas  to  the  right  and  to  the  left,  respectively,  of  the  wave  front. 

The  inequality  SnpA8  ^  SAei?  (*n  <  0)  (l) 

no  longer  allows  us  to  interchange  the  states  u^ ,  p^ ,  ;  u2,  p2,  V^,  but 

rather  indicates  the  specific  position  of  these  states  relative  to  the  front. 

We  will  call  the  shock  wove  when  m  <  0  for  which  rendition  (1)  is  satis¬ 
fied  a  stable  discontinuity;  if  condition  (1)  is  violated,  then  we  will  call  this 
discontinuity  unstable. 
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Wholly  analogous  arguments  lead  us  to  the  conclusion  that  when  m  C 

<  Vs  (”  >ci-  <2) 

We  will  call  conditions  (l)  -  (2)  shock  wave  stability  conditions. 

If  we  agree  to  label  the  state  ahead  of  the  shock  wave  front  the  state  to 

the  right  of  it  when  m  •<  0  and  to  the  left  of  it  when  tn  >C,  end  label  the  second 

state  as  the  state  behind  the  shock  wave  front,  then  inequalities  (1)  and  (2) 

require  that  the  entropy  cf  the  gas  present  behind  the  front  will  be  greeter 

than  the  entropy  of  the  gas  ahead  of  the  wave  front. 

We  will  denote  the  state  ahead  of  the  front  by  the  letters  u  ,  p  ,  V  ,  £  , 

C 7  O  O 

and  the  state  behind  the  front  by  u,  p,  V,  £;  then  the  stability  conditions  (1) 
and  (2)  can  be  written  in  a  single  inequality:  S  (3) 

In  the  following,  we  will  understand  shock  wave  to  refer  only  to  a  stable  shock 
wave,  i.e.,  a  discontinuity  satisfying  Hugoniot's  conditions  and  condition  (3). 

Let  us  turn  to  the  problem  of  determining  the  state  along  one  side  of  the 
front,  if  the  state  on  the  ether  side  is  given  along  with  the  mess  flow  m  consi¬ 
dered  in  the  preceding  subsection.  If  uQ,  po,  Vq,  is  the  state  ahead  of  the 
shock  wave  front,  the  problem  cf  defining  the  state  behind  the  front  satisfying 
stability  condition  (3)  is  solved,  end  dore  so  uniquely,  providing  the  condition 

;  u) 

is  satisfied.  For  a  normal  gas  stability  condition  (3)  leads  to  the  following 
consequences: 

1 )  To  each  0  value  and  to  each  state  ahead  of  the  c’ront  u  ,  p  ,  V  ,  £ 

o’  *0*  0’  o 

there  corresponds  one  and  only  one  state  behind  the  front  u,  p,  V,  £,  if  fi)  -  uQ| 

>v 
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Actually,  m  -  ^  (uq  -  D)  and  m^  f*9  -= - - — ~&V  ~  *  ^ence 

follows  (4.3.16)  and  the  validity  of  the  assertion. 

2)  With  increase  in  |  D  -  u  /  from  c  to  oo  ,  entropy  behind  the  front 

'  O'  o 

increases  mcnotcnically. 

3)  Shcck  waves  lead  only  to  compression  of  the  sib  stance  and  to  a  pressure 

rise. 

Actually,  at  the  upper  branch  of  adiabet  H,  which  corresponds  to  states 
behind  the  front,  we  have  S  >S0,  p  p0,  V <  V  ,  i.e.,  p  > /°0. 

4)  The  shock  wave  travels  at  supersonic  velocity  with  respect  to  the  gas 
ahead  of  the  front  and  with  subsonic  velocity  in  the  medium  behind  the  front. 

This  assertion  (Champlin's  theorem)  is  written  as  the  inequalities 

K  -  D  |  >  co>  |u  -  D|  <  c.  (5) 

The  first  inequality,  as  we  saw,  is  equivalent  to  the  condition  S  >  So.  In  sub¬ 
section  3  it  was  shewn  that 

P  —  P»  ^  '  ^P _ 7,1 

—  v=v;<  w~^c  K  1 

with  p  and  V  lying  to  the  right  of  Poisson's  adiabat  A.  Since  in  accordance  with 
subsection  3,  Mu  lies  to  the  right  of  adiabat  A,  inequality  (6)  has  been  satisfied. 
Therefore 

i.  ~TZr7l  —  —  m*  =  —  fP(M  —  Df  >  —  pV». 

Hence  Ju  -  D|  <  c,  which  was  required  to  be  proved. 

New  let  us  note  that  we  can  consider  also  the  problem  of  defining  the  state 
u0,  p^,  VQ,  ahead  of  the  front  with  respect  to  the  given  state  u,  V,  p,  £. 
behind  the  front  end  the  mass  flow  m  (or  velocity  D)  across  the  discontinuity 
front.  Stability  condition  (3)  in  this  case  can  be  replaced  by  the  equivalent 
inequality: 
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and  the  point  (p,  V)  (if  it  exists)  is  unique  and  lies  on  the  lower  branch  of 

the  Hugoniot’s  adiabat  with  its  center  at  the  point  M(p,  V) .  Recalling  that 

the  velocities  of  the  characteristics  J5..,  if  ,  are  equal  to 

1  ^  3 

£l  ~  u  -  c,  -  u,  £  =  u  f  c,  (7) 

we  can  write  inequality  (5)  also  in  the  form 

S,/toB  >D  >  when  D  <  u/y>A8  (8) 

>D>^«p  as  when  D>uJiea  (9) 

where  and  are  Vel°cikies  the  characteristics,  resnectively, 

to  the  left  and  to  the  right  of  the  discontinuity. 


a)  m  <0 


if-l ,  &  :i  'H 

'•  f  i'  Szrtf  /'■* 


dx 


b)  m  >  0 


Figure  2.28 

Finally,  let  us  note  further  that  the  stability  conditions  of  disconti¬ 
nuity  (1),  (2),  or  (3)  are  equivalent  to  the  inequality  u^  >  u^g  (10) 
Actually,  suppose,  for  example,  m  <  0.  Then  by  (4,2,10) 

.  «w-  •  ~<hx= 
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Since  V  >VQ,  from  this  follows  (1C).  The  case  m  >0  is  similarly  proven. 

Inequalities  (8)  -  (10)  enables  us  to  schematically  represent  the  behavior 
of  characteristics  and  streamlines  in  the  vicinity  of  the  discontinuity  line. 

Figures  2.28,  a  and  2.28,  b  show  the  mutual  disposition  of  discontinuity 
line  x  -  x(t),  streamlines  dx/dt  =  u  and  characteristics  dx/dt  -  2^  =  u  -  c, 
dx/dt  -  ^  -  u  +  c  in  the  regions  to  the  left  and  to  the  right  of  the  shock  front 
in  Eulerian  coordinates  for  the  case  of  a  shock  wave  that  travels  to  the  right 
(m<0)  and  to  the  left  (m  >0)  relative  to  the  gas. 

Figure  2.29  gives  the  disposition  of  the  corresponding  curves  in  the  plane 
of  Lagrangian  coordinates  q,  t  for  the  case  m<0.  In  this  figure  q  -  q(t)  is  the 
discontinuity  line,  q  =  constant  is  the  streamline,  and  dq/dt  =  ±fc  are  the  charac 
teristics  of  the  first  and  third  families. 


Let  us  note  one  typical  feature  that  follows  from  the  pattern  of  the  disposi 
tion  of  the  discontinuity  line  and  the  characteristics  shown  in  Figures  2.28  and 
2.29.  Four  characteristics  arrive  at  each  of  the  points  on  the  discontinuity  line 
x  -  x(t)  from  below  (from  the  region  of  lower  time  values  t);  only  two  characteris¬ 
tics  depart  (defined  at  large  t  values),  and  one  of  these  is  the  streamline.  For 
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the  case  m  <0,  two  arriving  characteristics  of  the  third  family  intersect  at  the 
discontinuity  line,  and  when  m _>  0  —  two  incoming  characteristics  of  the  first 
family.  We  state  that  when  m  <  0  the  characteristics  of  the  third  family  form  a 
"herringbone  pattern",  and  when  m  >0  characteristics  of  the  first  family  form 
the  "herringbone." 

This  situation  is  strongly  related  to  shock  wave  stability.  In  particular, 
it  indicates  that  the  solution  in  this  case  is  necessarily  discontinuous,  since 
arriving  characteristics  of  the  same  family  intersect  at  the  discontinuity  line. 
These  considerations  enable  us  to  formally  define  these  stabilities  of  a  disconti¬ 
nuous  solution  to  a  hyperbolic  system  of  equations  as  the  satisfaction  of  the 
"herringbone  condition"  at  discontinuity  lines.  This  approach  to  discontinuous 
solutions  is  employed,  and  extensively  discussed  in  Chapter  Four. 

5.  Hugoniot'r.  conditions  for  a  polytropic  gas.  For  the  case  of  polytropic 
gas  the  equation  of  state  is  of  the  form 


(D 


For  enthalpy  we  have  the  expression 


(2) 


and  the  equation  of  Hugoniot's  adiabat  with  its  center  at  the  point  (pQ,  V  )  is  of 
the  form 


or 


pV  h  (PQV  —  P<yQ  —  0 

*  (p + ftpo>  <y- -  wj = o  -  *)*  povo- 


<3) 

(4) 
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In  Figure  2.30  we  give  the  plots  of  Hugoniot's  adiabat  and  Poisson's  adiabat 
for  the  case  of  a  polytropic  gas.  Hugoniot's  adiabat  H,  according  to  (4),  is  a 
hyperbola  with  the  asymptotes 


V  =  hVo,  p  =  -hpo, 


(5) 


2 

and  Poisson's  adiabat  is  given  by  the  equation  pV  =  a'HS^)  =  constant  •  (6) 
and  has  its  asymptotes,  axis  p  =  0,  V  =  0. 


Figure  2.30 

The  following  properties  are  valid  for  a  polytropic  gas. 

1)  Pressure  p  varies  along  Hugoniot's  adiabat  from  0  to  no  when  V  is  varied 
from  V  /h  to  hV  ;  p  =  oo,  V  =  hV  corresponds  to  an  infinitely  strong  shock  wave 

O’  O  0 

at  p0,  Vq  values  ahead  of  the  front:  p  =  0,  ¥  =  V^h  corresponds  to  an  infinitely 
strong  shock  wave  for  the  given  state  p0,  behind  the  front.  From  Figure  2.30 
we  conclude  that  the  limiting  compression  of  a  polytropic  gas  by  a  shock  wave  is 
equal  to 


2)  Along  Hugoniot's  adiabat  dp/dV  <  0 


(7) 

(8) 
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This  means  that  with  an  increase  in  the  quantity  | D  -  u  f  pressure  p  and  density 
^  behind  the  wave  front  increases  mcnctonically. 

In  subsections  3  and  4  we  shewed  that  for  a  normal  gas,  the  state  behind  the 
shock  wave  front  is  uniquely  determined  from  Hugonict's  conditions  if  the  state  in 
front  of  the  front  (u^,  p^,  ,  £q)  and  the  qusntity  characterizing  the  strength 

of  the  shock  wave  (mass  flow  m  or  velocity  of  shock  wave  D)  are  given. 

Let  us  here  present  the  corresponding  working  formulas  for  the  case  of  a  poly- 
tropic  gas.  We  will  characterize  the  strength  of  the  shock  wave  by  the  dimension¬ 
less  quantity 

|U,~D|  ’  (9) 


which,  by  virtue  of  Champlin's  theorem,  is  greater  than  or  equal  to  1. 

If  we  knew  M  ,  then  we  find  the  modulus  of  the  msass  flow  M  across  the  wave 
front:  /  m  /  =  /°0C0^0*  (10) 

Now  let  us  express  explicitly  the  quantities  p,  V,  c,  u  in  terms  of  pQ,  VQ, 


c  ,  u  ,  M  ,  Rewriting  the  equation  ^or  the  adiebat  (4)  in  the  form 


p+hpt  _  po  +  kP  __  (}—h)lP  Pol  =(l  —  A) m7. 


■% - v 


(ii) 


where  we  use  (4.2.4),  we  find 


P  +  hpQ=--(\  —h)  p0  («0  —  Df  =  {l+h)  P0Mq. 


(12) 


since  p  =  J  ~  — .  Hence 
o  c'°  /  +h 
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p  =  p0p  +  h)M*-kf''  r 


v0  P  +  kPt> 


Po  V  Po  +  kP  (l-k)+hMl 
<?  [(!+/>)  [(!-*)  + 
<o  ~  P<P  Ml 


( 1 3)  -  (15)  express  thermodynamic  quantities  behind  the  wave  front  in 
terms  of  those  known  ahead  of  the  front,  and  in  terms  of  M^.  To  determine  velocity 
u  behind  the  front,  let  us  enploy  formula  (4.2.10),  according  to  which 


u  =  u<  +  m(V-Vj  =  a0±w0M0V0(~-  l)  = 

=  3o  —  l)  ~uo  —  (1  —  A)c0(Af0 - 


(the  symbol  +  sign  in  formula  (16)  as  taken  for  the  case  of  a  wave  traveling  toward 
the  right,  i.e.,  when  m<  C;  if  the  wave  moves  to  the  left  relative  to  the  gas 
(m  >0),  then  the  -  sign  is  taken). 

equalities  (13)  -  (16)  explicitly  express  the  state  behind  the  front  in  the 
form  of  rational  functions  of  M  .  The  quantities 


II— Up 


are,  as  we  can  readily  see,  rronotorieelly  increasing  functions  of  the  parameter  M0. 

By  virtue  of  the  symmetry  1?  Hugonict's  conditions,  the  state  ahead  of  a 
shock  wave  front  u^,  pQ,  Vo,  £  with  respect  to  the  given  state  u,  p,  V,  £  behind 
tne  front  is  defined  by  the  very  same  formulas,  if  instead  of  we  introduce  the 


&*r?TW  g-jy-  f^GJi 


i.e., 


■ynrx^-^TWV  '  *TT-.^'1T-^rj*iF  wc  (i»  .7 

A =04.*)^-^  £  = 

*  •*£»  •  •-  -t  ^v--5.,  ?n, 

#  •■,  '■  "/.<>  ->4  .;'  *•  ':  :• 

$££?■  t. &f %)e  [*'“41;. 


"Jg 


*  j 
1 


(1°) 


where  from  Champlin's  theorem  it  follows  that  1 . 

6.  Hugoniot's  conditions  for  an  isothermal  gas.  An  isothermal  gas  is  the 
limiting  case  of  a  thermally  conducted  gas  when  the  thermal  conductivity  coeffi¬ 
cient  tends  to  infinity,  and  the  temperature  of  the  gas  is  kept  constant  due  to 
external  heat  sources.  From  integral  of  laws  of  conservation  in  this  case  follow 
only  two  laws  of  conservation  at  the  discontinuity  front  —  those  of  mass  and  momen¬ 
tum: 


I...  pl(Kl~D)*Jptfc—b)*~m, 

Pi+Pi(«i‘—  0>*^=Pa +&»(«?  —  °)  —  l 


r  tiO' 


and  pressure  p  is  given  by  the  formula  p  =  p(V,  To)  =  F(V). 


(3) 


Since  in  an  isothermal  gas  the  temperatures  identical  ahead  of  and  behind 
the  shock  wave  front,  the  role  of  Hugoniot's  adiabat  H  in  this  case  is  played  by 
isotherm  (3),  whose  equation  can  be  written  as 


p  .  F( V)  -  p^  -  F( V  )  =  0. 


(4) 


In  this  case,  i.e.  two  points  (pQ,  V  )  and  (p,  V)  lying  on  isotherm  (3)  will  be 
conjugate. 

On  the  assumption  that  the  gas  exhibits  properties  I  -  V  of  subsection  3, 
the  isotherm  satisfies  the  conditions  (cf  section  I,  subsection  4) 
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W~MWiWMM£  uh“ v  ■* 0  (5) 

Consequently,  isotherm  (3)  is  a  convex  curve,  and  any  ray  drawn  from  the 

point  (p  ,  V  )  intersects  it  at  not  more  than  one  point, 
o  o 

p  -  p 

Therefore,  the  ray  K  = - 7T7“  intersects  the  upper  part  of  isotherm  (3) 

V  V0 

only  at  a  single  point  (Figure  2.32)  if 


— qo  <  K«= 


4\ 


(6) 


where  c^  is  the  isothermal  speed  of  sound.  Providing  K  =  -  oo  (en  infinitely 
strong  shock  wave),  compression  will  also  be  infinite.  To  the  same  conclusion 

formally  derived  from  the  compression  formulas  for  a  polytropic  gas  as  V -  1 , 

■>  0  at  V  —+~  1 . 


since  h 


V  -  j 

V  +  I 


Figure  2.31 

Let  us  present  working  formulas  for  a  shock  wave  in  an  isothermal  gas,  again 

taking  as  the  parameter  defining  the  strength  of  the  wave  the  quantity 
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%  Y '  *5,2.  JSsSfr? 

From  (2)  follows  :  ,,  •.  7W  V  k/4  -4  -  -  *;:.U  J 


Hence  we  can  determine  V,  after  which  u  is  found  from  the  formula 


£?%±m<y  _  VJ~Z 


(8) 


where  for  definiteness  we  put  m<C  (shock  wave  travels  from  left  to  right  relative 
to  the  gas).  In  the  case  of  an  ideal  gas 


P-PI, yyf.%Li.$.±fri- 


(9) 


the  isothermal  spaed  of  sound  c.j>  =  is  constant  and  formulas  (7)  and  (8) 

become 


•  -■*  •  ^  yf*.  y<  :  '  u  /,  1  y-  V  7; ;'7rr~-  l*  <7 .  \  ff  '  t- 

y  .;<••  C.  '•  •?-.  '^'V*  ^  -V  •  ,.  '  't 

•^1=  cr^o/l  ~  -jjr]  =r  cr  (jWc~r,s)jr’] " 


Converting  to  Riemann  invariants  (section  2,  subsection  9) 

?  =  u  —  er  Inp,  r  =  u-)-cr  Inp.  (12) 

let  us  give  Hugonict's  conditions  (10)  and  (11 )  a  symmetric  form: 
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r-^ro^Cr  [in  *=«p(Afo).  (14) 


(14) 

..  ..  4*U_. 


where  s  ,  r  are  values  of  Riemann  invariants  calculated  at  the  points  u  ,  p  ,  V  . 

0  q  O  o  ^ 

To  solve  the  problem  of  these  stabilities  of  shock  wave  in  an  isothermal 
gas,  it  is  sufficient  to  involve  the  requirement  of  the  second  law  of  thermodynamic 
for  a  non equilibrium  isothermal  process  (formula(l .2.29)) : 


1  dQ 

W>T'1T‘ 


Let  us  use  this  inequality  for  a  gas  particle  intersecting  a  shock  wave  in  its 
motion.  Since  per  unit  time  the  gas  mass  j  ^(u^  -  D) j  =  J /°  (u  -  D)  )  —  /  m  J  inter¬ 
sects  the  shock  wave,  then,  taking  this  quantity  as  the  mass  of  this  particle,  wr. 
set  equal  to  1  the  time  of  its  transition  from  the  state  ahead  of  the  wave  (u0,p  , 

V  ,  £  )  to  its  state  behind  the  wave  (u,  p,  V,  t  ).  By  the  law  of  conservation 
of  energy  (formula  (1.1.2)),  A  Q  =  A  E  +  AA, where  AE  is  the  increment  in  total 
energy  of  the  particle,  and  A  A  is  the  work  performed  by  it  per  unit  of  time  on 
the  surrounding  gas.  Since 


I  :  •  •  y»  •  •  "  •  -  • -was  .  ■! 

—  epH - j^-J.  A, !  =  (;»«  — 


inequality  (15)  gives 


— +«b  - «- 


264  ~ 


(where  m  yc  if  the  wave  moves  from  right  to  left  relative  to  the  ges,  m  <  0 
otherwise).  Taking  relations  (1)  and  (2)  into  account,  we  get 


tq  0s — 5o) + ^ — y  4-  V — e 


(Ua-D)*  (u-D)' 

2  2 


>0. 


(16) 


Substituting  here  formulas  (4<2.10): 


we  give  inequality  (16)  the  form 


T0  (S — SJ - [(«■ — g +  (V - VJ -'4^]  = 

=  T0(S  —  Sq)—H(p,  V.  pQ,  VJ>  >  0.  ( 1?) 


Let  us  compute  the  quantity  To(S  -  Sq) .  To  do  this,  we  integrate  the  thermodynamic 

equality  TdS  =  dt  +  pdV  along  isotherm  T  from  the  point  (p  ,  V  )  to  the  point  (p,  V) 

o  o 

(Figure  2.32)  (we  assume  the  gas  to  be  normal,  so  that  F  =  F(V)  is  a  curve  with 
convexity  facing  downward).  Along  isotherm  p  •-  F(V),  T  =  Tq  =  constant,  therefore 

■  i  v 

T0($-Sj  =  t-z0+j  F(V)M.  (18) 

.  •  *  v* 

Substituting  this  into  inequality  (17),  we  get  it  the  final  form: 

v. 

£±£°-(V0-V)-j  F(V)dV>0.  (i9) 


Obviously,  ft  r  a  normal  gas  this  requirement  is  tantamount  to  the  condition  V<  VQ 
i.e.,  only  the  upper  half  of  isotherm  T  corresponds  tc  the  scete  behind  the  front. 
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Figure  2.32 

Hence,  as  earlier,  it  follows  that  the  shock  wave  in  the  case  of  an  isother¬ 
mal  gas  leads  to  an  increment  in  pressure  and  in  density;  motion  ahead  of  the  wave 
front  is  supersonic,  and  subsonic  behind  the  front  (the  isothermal  speed  of  sound 
cT  =  V  •/  -2>F/2>  V  is  taken  as  the  speed  of  sound  her  ) . 

Stability  condition  (19)  can  be  given  a  different  form.  Let  us  consider  in 
the  plane  of  Lagrangian  invariables  (q,  t)  tne  gas  element  situated  between  the 
straight  lines  q  =  q1  and  q  =  q^  (q^  <  q^) .  For  any  successive  time  instants  t^ , 
tjj  (t1  <  t  ),  inequality  ( 1 5)  applied  to  this  gas1  element,  gi/es: 


J"  (e  +  T  ~  d<I-~  f  (e+T~ T°S)I.I, dq > 


where  fa  S.  is  the  work  done  by  this  element  cn  the  ambient  gas  in  the  time  t^  -  t  : 


•«  *1 

A^=  J  j  (pux^^c 


-  266  - 


.wwwnwmi rjpw^JWWST  ''’ORIPPV'WSP 


(the  equality  sign  in  (20)  corresponds  to  the  case  of  a  smooth,  i.e.,  quasi- 
equilibrium,  flow).  From  (20)  and  (21)  we  readily  obtain  the  following  integral 
condition  equivalent  to  condition  (I9)s 


(C  is  an  arbitrary  piecewise-smcoth  contour  drawn  in  the  positive  direction). 

The  quantity  <£  +  u  /2  +  TqS  =  E  -  T_S  is  celled  free  energy  (per  ’unit  mass) 
in  thermodynamics,  and  inequality  (22)  expresses  the  familiar  thermodynamic  law: 
in  an  isothermal  process  the  work  done  by  a  system  is  smaller  than  the  loss  inter¬ 
nal  energy  and  is  equal  to  it  only  for  the  case  of  a  quasiequilibrium  process. 

In  this  latter  case  the  flow  is  smooth,  and  from  (22)  there  derives  the 
differential  relation 


It  must  be  satisfied  by  identity  in  the  smooth  portion  of  the  flow,  i.e., 
it  must  be  a  consequence  of  differential  equations  of  motion  (2.5.4)  and  (2.5.5). 
This  actually  does  held:  from  equations  (2.5.4)  and  (2.5.5)  we  readily  obtain  the 
relation 


which,  by  virtue  of  (18),  coincides  with  (23). 

Note  that  conditions  (19)  and  (22),  as  explained  in  section  1,  can  be 
understood  as  the  requirement  for  an  increment  in  the  energy  of  t.ie  total  system 
consisting  of  a  gas  particle  and  the  external  heat  sources  (thermostat).  Equality 
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(23)  then  denotes  the  constancy  of  entropy  cf  this  system  for  the  case  of  smooth 
flow. 

7,  Strbng  and  weak  shock  waves.  A  comparison  of  shock  wave  and  Riemenn 

compression  wa.’o.  For  simplicity  we  will  assume  that  the  gas  ahead  of  the  shock 

wave  front  is  at  rest,  i.e.,  u0  =  0.  For  an  infinitely  strong  shock  wave  p/pc  = 

00  .  We  would  assume  p  to  be  finite,  and  p  =0. 

o 

Passing  in  equations  (4.5.13)  -  (4.5.16)  to  the  limit  as  M0  — >  co,  pQ  — * 
C,  and  cq  — >  0,  we  obtain  Hugoniot's  conditions  for  an  infinitely  long  shock  wave 
in  a  polytropic  gas: 


ti  .  ..  e«V*(l+4*)|D{. 

v  y-  «  =  (1  -h)D.  f 


.V*  (0 

(2) 

*  (3) 
(4) 


We  see  that  the  kinetic  energy  cf  a  gas  behind  the  front  of  the  shock  wave  is 
equal  to  the  internal  energy,  since 


*e~  2A(1  + A) 


:T' 


For  weak  shock  waves  we  will  take  the  quantity  M  -  J a°  ~J31_  as  teen 

0  <-0 

close  to  unity.  Putting  M,  =  1  +  J  ,  C  <-  £  «  1 , 

c 

we  perform  an  expansion  in  formulas  (4.5.13)  -  (4.5.16)  with  respect  to  parameter 
&  with  an  accuracy  up  to  members  of  the  order  £?i 


-  268  - 


Let  us  compute  the  discontinuities  in  Piemann  invariants  r,  s  at  the  front  of  a 
week  shock  wave: 


:B  — 


“o- 


g  -  h) 


'  «  V‘j*  otcfl 


S~SD 


.=  0  —  A)c0[(2e  — e*)-f  (2e  — e*)H-0(e*)> 

=z4(l-h)w-2(l~-h)Cde*+0(t»)  («<  0).  (»X) 

_  iLl*L(C  _  Co)=l(1  _  A)to(2e  -  e»,  -  'Tj 

j _ l  '  J 

0-lr-l2ht  —  ht't]~\~O(t»)F!=O(^)  (m  <  0),  (10)  ; 


V 


—  e. 


From  the  general  properties  of  Hugoniot's  adisbat  H,  as  we  saw  in  subsection  3, 

there  follows  S  -  E  -  C(h3).  (11) 

o 

Thus,  in  a  weak  shock  wave  propagating  to  the  right  relative  to  a  gas, 
invariant  r  has  a  first-order  discontinuity  relative  to  £.  ,  and  invariant  s  and 
entropy  S  have  tnird-order  discontinuities.  Just  as  for  a  wave  traveling  to  the 
left,  in  variant  s  and  entropy  S  have  third-order  discontinuities. 
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Formulas  (10)  and  (11)  shew  that  a  weak  shock  wave  fceheves  as  a  "short" 
travelling  compression  wave.  Actually,  as  we  saw  in  section  III,  constancy  of 
entropy  S  and  one  Riemann  invariant  characterizes  a  Riemann  compression  wave. 

This  is  violated  for  weak  shock  waves  only  in  the  third  order,  and  therefore  in 
approximate  terms  functions  in  a  weak  shock  wave  can  be  regarded  just  as  func¬ 
tions  in  a  travelling  compression  wave.  This  enables  us  to  approximately  replace 
a  weak  shock  wave  with  a  travelling  wave.  In  several  cases,  this  proves  useful, 
especially  when  analyzing  the  interactions  of  shock  waves  with  Riemann  waves. 
Since  in  cur  approximation 

D=  c0(l  +  £  )  ( m  <  0 ) , 

we  see  that  the  velocity  of  a  weak  shock  wave  is  the  arithmetic  mean  of  the 
velocities  of  r-characteristics,  since  the  equality 

u  +  c  +  u  +  c 

D=  -2 - - - 

2 


is  satisfied  with  an  accuracy  up  to  third-order  terms. 
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3.  Examples.  Let  us  consider  now  two  of  the  simplest  problems  on  flow 

* 

*  containing  shock  waves: 

1)  Moticn  cf  a  piston  in  a  quiescent  gas. 

In  a  quiescent  polytropic  gas  located  to  the  right  of  the  piston'  and  charac¬ 
terised  by  the  parameters  uQ  -  C,  p  ,  V'o,  cc,  a  piston  advances  with  a  velocity 
U  >  0  when  t  >  0  and  U  -  0  when  t  -  0. 

A  shock  wave  will  be  propagated  relative  to  the  gas  with  a  constant  velocity 

D,  leaving  behinu  the  front  a  state  with  parameters  u,  p,  V,  c.  Clearly,  u  =  U. 

From  relation  (4.5.16)  therefore  we  determine  M  as  a  ocsitive  roct  cf  the  equation 

c 


Mi¬ 


ll 


(1 


—1=0. 


V 


M - 

^o—  2(1  -A)  ct 


^  4(1  -  A)2  tg 


+  1 


(1) 


Next,  the  quantities  p,  V  are  defined  frcm  formulas  (4.5.13)  and  (4.5.14),  and 
D  -  c0Mo>  Note  that  provided  U  >0  V<  Vq,  and  the  stability  condition  for  the 
shock  wave  is  satisfied. 

2)  Reflection  ofa  shock  wave  from  a  rigid  wall. 

A  shock  wave  moves  toward  the  right  with  a  velocity  U  )>  0  in  a  gas  at  rest 
(u0  -  C,  p0,  V0,  c  ) ,  leaving  behind  the  front  the  state  u,  p,  V,  c  calculated 
above  (Figure  2.33,  a).  At  the  instant  t  -  C  the  shock  wave  approaches  the  rigid 
wall  x  -  xc  bounding  the  gas  on  the  right.  The  rendition  u(x  ,  t)  -  C  is  assigned 
at  the  rigid  wall.  Therefore  the  shock  wave  is  reflected  from  the  wall  in  the  form 
cf  a  shock  wave  propagating  tc  the  left  with  a  velocity  <  C.  Let  us  denote  the 
state  behind  the  front  of  the  reflected  shcck  wave  as  =  0,  p^ ,  V  ,  (Figure 
2.33,  b). 
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From  equations  (5)  and  (6)  it  follows  that  the  quantities  and  l/M  satisfy  the 
same  quadratic  equation 


Since  M  >  1,  l/M  >  1,  then  M1  =  l/M,  i.e.,  MM,  =  1.  (8) 

Let  us  calculate  the  pressure  rise  in  the  reflection  of  a  shock  wave.  Using 
(8) ,  we  get: 


Sf-o+o$ 


Pi  — P» 
P—P, 


(<+.*) 


For  the  case  of  a  week  wave  p/p  ->  1 ,  f-i  ~ -ftb  2,  which  corresponds  to 

0  F  ~  P0 

the  acoustic  law  of  reflection. 

For  the  case  of  strong  wave,  when  — ►  o  —  -  — -  o  t-  .L.  — 

P  P  -  Pc  d  *  ~ 

2,  f  -V  —L  .  For  gases  with  index  close  to  1,  we  obtain  a  strong  pressure  rise. 
However,  it  must  net  be  assumed  that  for  an  isothermal  gas  the  pressure  rise  will 
be  infinite,  since  the  analogy  t?  an  isothermal  gas  and  a  polytropic  gas  with  V  =  1 
is  inapplicable  here.  Actually,  if  for  an  isothermal  gas  pQ  — ►  0,  then  /°c  — ►  0, 
since  =  RT  =  constant,,  Therefore  no  isothermal  shock  wave  traveling  with  finite 
velocity  relative  to  the  background  pQ  =  0  (vacuum)  exists. 
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Section  V.  Study  of  Shock  Transition.  Width  of  Shock  Wave 

1.  Formulsticn  of  the  problem  for  a  normal  gas.  We  will  assume  that  the 
equations  of  state  of  a  gas  satisfy  conditions  I  -  VI  formulated  in  subsection  4 
of  section  I,  i.e.,  that  the  gas  is  normal. 

As  we  already  stated,  we  considered  discontinuous  flows  as  limiting  flows 
of  a  viscid  and  thermally  conductive  fluid  as  the  coefficients  of  viscosity  snd 
thermal  conductivity  tend  to  zero.  Therefore  we  will  now  study  several  of  the 
simplest  solutions  to  equations  in  gas  dynem.i-s  for  a  gas  exhibiting  viscosity  and 
thermal  conductivity,  and  then  we  will  obtain  discontinuous  flows  by  means  of 
passage  to  the  limit.  Here  we  can  estimate  the  width  of  the  shock  wave  zone  for 
g8ses  exhibiting  finite  viscosity  and  tnermal  conductivity*) . 

We  will  consider  only  the  case  of  plane  symmetry  (v=  C)  since  as  suffi¬ 
ciently  small  sections  snd  sufficiently  small  time  intervals,  any  shock  wave, 
when  V  /  0,  can  be  considered  approximately  as  planar. 

Let  us  write  differential  equations  for  a  viscid  thermally  conductive  liquid 
(2.5.11)  -  (2.5.13): 


*>.  V,  j 


CD 

(2) 


-|-(pe+p-y)+4-[p«  («  +  £  +  t)“‘u‘ °-  ,.  r'(Z)k 


To  equations  (l)  -  (3)  are  added  equations  of  state 
*)  Our  presentation  in  subsections  1-4  follows  /5_/. 


lr 

P 

P  =  P  (/>,  T),  £  =  £(/*,  T),  (4) 

which  we  assume  to  satisfy  requirements  I -VI.  Multiply  (l)  by  u^/2  ~B  ,  (2)  by 
-u,  and  summing  the  results  with  equation  (3),  we  get 


expressing  2\i/3x  from  (1)  and  substituting  into  (5),  we  give  it  the  form 


Since  TdS  d  -+  pdV,  from  (6)  follows 


w + 8  sr = {wf + w  :sf  (*  •:$r) 


,-:U 


„  r*r  rwirr. 

}*■  J?<$ 


= p'  (St* + p*  .(£?  ofotS® 


Equation  (7)  shows  that  entropy  S  of  a  thermally  insulated  mass  of  gas 
increases.  Actually,  by  integrating  equation  (7),  we  obtain 


-i-  KSTflU  "I 


ft*  e&rtn(si%« 

-i-  ..  -  ■  Jh_  i  *  ..  >  vii  .'i.,.*  tt- 


where  q  is  the  Legrangian  coordinate  (dq  =  ^  dx) ,  q^  and  q^  are  the  bounds  of  the 
isolated  gss  volume. 

A  y  i 

If  the  gas  volume  under  consideration  is  thermally  Insulated,  then  X-r —  /  1 

J 

*  / 

-  C,  ana  from  (8)  follows  the  increment  in  total  gas  entropy.  In  particular, 
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from  equation  (7 )  it  fcllcv;s  that  in  a  viscid,  but  non thermally  conductive  gas, 
the  entropy  of  each  particle  does  not  decrease  with  time. 

Let  us  consider  the  simplest  solutions  to  the  system  of  equations  (l)-(3), 
specifically,  stationary  solution.  Since  system  (l)-(3)  is  invariant  relative 
to  Galileo's  transformation  x'  =  x  -  Ut,  u'  -  u  -  U,  we  will  consider 
steady  flows  in  this  system  of  coordinates  in  which  flow  has  fixed  profiles  of 
all  quantities  u,  p,  /°  ,  g .  Omitting  the  strokes  at  the  variable  x'  ana  u'  and 
putting  =  0,  we  get  equations  for  the  determination  of  steady 

flows: 


These  equations  have  first  integrals: 

fu -=Clt  Ci(e+f  +  T)  — 

k  .  '  .  -r-g-Hg  =  C4,  (12) 

The  first  integral  obviously  expresses  the  constancy  of  the  mass  flow,  the  second 
—  momentum  flow,  and  the  third  —  the  constancy  cf  the  energy  flow  ecross  and 
arbitrary  cro^s  section  x~  constant.  Transform  equations  (12)  into  a  form  suitable 
for  the  following  treatment.  Simple  transformations  lead  to  two  ordinary  differ¬ 
ential  equations: 
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*  * 


Which  relate  to  functions  V  and  T.  As  a 
we  get  an  equation  in  the  V,  T  plane: 


consequence  of  equations  (13)  and 


(14), 


x  dT  j?( V ,  T) 

H  dV  ~  *(V,  T)  * 


(15) 


which  plays  an  inportent  role  in  the  analysis 
tions  for  their  existence. 


oi  stationary  solutions  and 


condi- 


Let  UE  intr°huce  the  dimensionless  variables: 


P 


—  c2 

T=R~4T- 


(16) 


Converting  to  dimensionless  variables  V,  p t  £ 
(14)  as 


T,  we  rewrite  equations  (l 3)  and 


-  d\r  —  —  _ 

*-7x**v+p<y.  D- 1  «=•*<?.  f>, 

x‘£’==e(^  *)— 4o7-l)»-p=  ^(F,  7),  (is) 
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where  we  denote: 


-  ii  -  x  r _ C,C|  l  v  -  . 

p<y,  T)=p(y.  T),  e<vVf)«=t(V,.7V  \ 


(19) 


To  simplify  notation,  in  the  following  we  will  omit  the  bar  over  all  quan¬ 
tities  and  rewrite  system  (17)  and  (18)  in  its  final  form: 


*inr=p<y>  t)+v-i~«k(v.  , 

**■*  x.flk/1  1 


<») ■ 


H-g -=*z(y.  n-4-(i'-i)»-p^^(V.  1).  ■■  ■  <&) 


However,  we  must  remember  that  the  functions  p(V,  T)  and  (V,  T)  in  (20) 
and  (21)  are  obtained  from  the  equations  of  state  with  allowance  for  ( 1 6) . 

Dimensionless  variables  p(V.  T)  and  £ (V,  T)  appear  in  equations  (2C)  and 
(21),  where  V  end  T  are  also  dimensionless.  We  can  easily  verify  that  these  func 
tions  are  such  that  conditions  I-VI  are  satisfied,  if  we  satisfy  the  initial  equa 

tions  of  state.  (Here  we  must  beer  in  mind  that  C  >0,  C  C  >0.) 

2  3  1 

We  set  up  the  following  boundary  problem  for  the  system  (20)  and  (21): 

Find  the  solution  V(x),  T(x)  of  system  (20;  and  (21),  which  at  infinity 
tends  to  constant  values,  i.e., 

when  x  — ►  +  ©o  ,  V(x)  — V.] ,  T(x)  -*»  ^ ,  (2?) 

but  when  x  — ►  -  oo  ,  V(x)  -*■  V^,  T(x)  — *■  (23) 

i.  necessary  condition  for  the  existence  of  the  solution  is  obviously  the  require¬ 
ment  that  the  point  (V^,  T-j),  (V^,  T2)  be  stationery  points  of  the  system  (20) 
end  (21)  ,  i.e. , 
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(24) 


In  other  words,  the  points  (V-,,  T  )  end  (V0,  TO  must  be  points  of  intersection 
of  the  curves  X  (V,  T)  =  0,  ^(V,  T)  =  0  (25) 

Suppose  such  points  (V  ,  and  (V^,  T^)  exist.  Then  at  these  points,  according 
to  (20)  and  (21),  JLk  dV/dx  =  >t  dT/dx  =  0;  therefore  from  integrals  (12)  it 
follows  that:  =  /^u  =  C^.  (26) 


^  ^  -  (  27 

^  ^^+T)teft8j(es+:^**‘T')3*C»  (28) 


(here  all  functions  u,/9,  p,  £  are  initial  functions,  without  transformation  to 
dimensionless  variables) . 

Hence  it  follows  that  the  states  u^,  f> p1 ,  ^  ;  u^,  p^,  must  satis¬ 

fy  Hugoniot's  conditions.  Actually,  since  we  are  considering  the  stationery  solu¬ 
tion  of  system  (l)-(3)  in  a  moving  system  of  coordinates,  then  by  denotj  7  the  rate 
of  displacement  U  of  the  coordinate  system  by  D,  we  obtain  the  results  that  in 
conditions  (26)-(28)  the  quantities  u-j ,  u^,,  in  the  transformation  to  the  fixed 
coordinate  system,  are  replaced  by  u^  -  1),  u^  -  D,  after  which  conditions  (26)- 
(28)  take  on  the  usual  form  of  Hugoniot's  conditions  (4.1 .10)— (4.1 .12) .  hence,  in 
particular,  it  follows  that  the  points  (p^  V  )  end  (p2,  V2)  in  the  plane  of  vari¬ 
ables  p,  V  must  lie  on  the  Hugoniot's  ediabet. 

Thus,  all  points  of  intersection  of  the  curves  (25)  lie  on  Hugoniot's  ediabeu 


passing  through  one  of  them. 


2.  Properties  of  the  curve  cM^.—  C,  <££-  0  for  a  normal  gas.  Let  us  show 
that  for  a  normal  gas  functions  %£  and cM*  exhibit  the  following  properties: 

2)  The  curves  cM.-  C  ana  C  either  have  no  intersection  points,  or  have 

two  and  only  two  common  points  (V^,  T^)  and  (V  ,  T^) .  We  will  denote  them  by 
(V0,  Tq)  and  (V^,  T^),  assuming  that  Vq  >  . 

3)  £ y.i..72  >  0  at  the  curve  <§£  =  C  while  V  <  V  <  V  . 

3  V  I  o 

4)  <  £^yat  the  point  (Vrt,  T  )  and  at  the  point  (V  ,  T  ). 

<Xt  °  0  dor  0^X7-  1  1 

From  property  1  it  follows  that  temperature  T  is  a  unique  function  of  vari¬ 
able  V  along  the  curves  c£f=  C  and  0.  Let  us  denote: 

T  =  1(V)  along  the  curve  0.  1 

y  0) 

T  =  m(V)  along  the  curve  Jt=  0.  J 

From  properties  1  and  3  it  follows  that  the  curve  C  at  the  section 
Vo_7  diminishes  mcnctcnically,  i.e.,  the  function  l(V)  decreases  monotonically. 
Actually,  along  the  curve  G  we  have 


-r  »■ 

dl(V)  AT 

-w~=ir 


(2) 


Finally,  property  4  means  that  the  slope  of  the  curve  <M_=  C,  at  the  point 


(V  ,  T  )  is  less  than  the  slope  of  the  curve C,  but  is  greater  at  the  point 


Figure  2.34. 
-  280  - 


Thus,  properties  1-4  are  functions  J£  and  denote  that  the  curves  C 
and,jt(  =  C  at  the  V,  T  plane  lie  approximately  thusly  (Figure  2.34). 

Let  us  prove  that  the  properties  1-4  of  functions  andj(  follow  from 
the  properties  I-V  of  the  equations  of  state. 

Property  1  for  and  JK.  is  written  thusly: 


(3) 


and  since  dimensionless  variables  (5.1.16)  differ  from  the  dimensional  variable 
only  by  their  positive  cofactors,  inequalities  (3)  follow  from  properties  IV  and 
V  (cf  also  formula  (1.4.23)). 

Let  us  now  prove  property  2.  All  points  of  intersection  cf  the  curves 
<£  =  0  and  cK-  0  must  lie  in  the  plane  V,  T  at  Hugonict's  adiabat  H  passing 
through  one  cf  them.  The  line  =  0  obviously  is  the  straight  line 

p  =  1  -  V  (4) 


with  negative  slope  in  the  plane  of  the  dimensionless  variables  p,  V.  Thus  we 
have  seen  in  subsection  3  of  section  IV,  any  straight  line  with  negative  slope 
intersects  Hugoniot's  ediabat  H  exactly  at  two  points.  Thus,  if  the  curves  0 
ando^^  0  have  even  one  point  in  common,  then  they  have  also  the  second  point  in 
common,  but  nc  more.  Property  2  stands  proven. 

Now  let  us  demonstrate  properties  3  and  4.  Using  the  relation  d  =  TdS  - 
pdV  in  expressions  (5-1.13)and  (5.1.14)  for  £  (V,  T))£K(V,'  T)  (in  dimensionless 
variables) ,  we  get 


[ _ dJ’^C^TdS-C^dV]. 


(5) 


Whence 


d&(V,  f) 

— W~ 


•Cjo#. 


(6) 
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Let  us  consider  the  intersection  cf  the  curves  ^=0  and  oK.-  0  in  the  plane  of 
dimensional  variables  V,  p  (Figure  2.35).  From  (5)  it  follows  that  at  the  curve 
JC  =  o  dS/dV  =  C^/T  M.  (*») 

Hence  it  follows  that  dS/dtf  =  0  at  the  points  of  intersection  of  the  curve  =  0 
with  the  straight  line ££=  0.  i.e.,  the  curve  JA^  =  0  is  tangent  to  Poisson's 
adiabat  A  passing  through  the  point  of  intersection,  and  consequently  also  the 
adiabat  H.  Since  the  slope  of  adiabat  A  for  a  normal  gas  is  greeter  at  the 
point  (p^,  V^)  then  the  slope  of  the  ray  (M.  -  0,  but  at  the  point  (pQ,  V  )  is 
less  than  the  slope  of  oti=  0,  hence  it  follows  that  the  inclination  cf  the  curve 
=  0  at  the  point  (p^,  V  )  is  greeter  than  the  inclination  of  the  straight 
line  *=  0,  but  is  less  than  the  point  (po,  V^)  . 

In  mapping  the  plane  V,  p  on  the  plane  V,  T,  corresponding  to  the  lower 
half-plane  Ji  (V,  p)  <  0  is  the  domain  T)  <  0,  which  lies  beneath  the 

curve  »l(  =  0  by  virtue  of  the  relation  2  't  ^  for  the 

normal  gas.  Hence  it  follows  that  the  pattern  of  the  intersection  of  the  curves 
oK  =  0  and  ££  -  0  in  the  V,  p  plane  is  qualitatively  the  same  as  in  the  V,  T 
plane  (Figure  2.34). 

Thus,  properties  3  and  4  have  been  proven*). 

3.  Qualitative  investigation  of  integral  curves  of  tne  shock  transition. 
The  solution  of  systems  (5.1.20)  and  (5. 1.21)  satisfying  the  boundary  conditions 
(5.1.22)  end  (5.1.23)  describes  a  stationary  shock  wave  in  a  viscid  thermally 
conductive  gas.  We  will  let  VOJ  T  stand  for  the  state  shetd  of  the  wave  front, 

*)  Let  us  note  that  study  cf  the  curves  C  and 0  in  the  V,  p  plane  is 

much  simpler  then  in  the  V,  T  plane.  However,  in  investigating  isothermal  dis¬ 
continuity  it  is  mere  convenient  to  employ  the  variables  V,  T. 
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end  V.j,  T  represent  the  state  ahead  of  the  front,  and  for  definiteness  we  will 
assume  that  m  -  C  >  0,  i.e.,  the  shock  wave  propagates  to  the  left  with  respect 
to  the  gas.  Then  dimensionless  variables  /t>0,}i>0. 


\ 


Figure  2.35  Figure  2.36 

The  solution  V=  V(x),  T=  T(x)  of  system  (5.1.20),  (5.1.21)  can  be  consi¬ 
dered  as  a  parametric  assignment  of  the  integral  curve  of  the  equation 


x  dr  jg’iv,  T) 

(I  dV  —  4  (V,  D  ; 

* 


(1) 


Conversely,  to  each  solution  T  -  T(V)  of  equation  (l)  there  corresponds  the  solu¬ 
tion  T  =  T(x) ,  V  =  V(x)  of  system  (5.1.20),  (5.1.21)  defined  with  an  accuracy  up 
to  the  displacement. 

To  the  shock  transition  will  correspond  the  solution  T  =  T(V)  of  equation 
(1)  passing  through  the  points  (VQ,  T^) ,  (V  ,  )  of  the  intersection  of  the  curve; 

-  0 ,cM.~  Cleaily,  these  points  are  singular  points  of  equation  (1),  and 
this  makes  the  present  formulation  of  the  problem  possible. 

Let  us  consider  in  the  plane  of  variables  V,  T  the  field  of  vector  direc¬ 
tions  .  The  curves  J(=  Q,j£  -  0  divide  up  the  quadrant  V  >0  into  four 
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regions  I-IV.  The  number  of  the  regions  corresponds  to  the  number  of  the  qua¬ 
drant  in  which  the  vector  £jtj£j  lies  (Figure  2.36). 

From  the  graph  cf  the  direction  field  given  in  Figure  2.36  for  equation 

(1)  it  follows  that  in  each  of  the  regions  the  function  T  =  T(V)  is  monotonic  at 

I 

the  integral  curve.  Here  the  integral  curves  can  pess  from  one  region  into  anoth- 

! 

er  in  the  following  order:  from  region  IV  to  regions  I  and  III,  from  region  II  to 

regions  I  and  III.  The  following  transitions  ere  impossible:  from  regional  and 

l 

$ 

III  to  regions  II  and  IV,  ^rom  region  IV  to  II  and  conversely  from  region  II  to 
region  IV. 

Hence  it  follows  that  the  integral  curve  connecting  the  points  (VQ,  T  ) , 

(V  ,  T^  must  lie  entirely  in  the  region  II.  Thus,  the  following  relations  must 
obtain  for  the  sharp  transit: ,n: 


(2) 


Let  us  prove  the  existence  and  uniqueness  of  the  integral  curve  of  the 
shock  transition.  To  do  this,  we  establish  the  type  of  singular  points  (V0,  T  ), 
(V^,  T  )  of  equation  (1).  Thus  we  knew,  the  type  of  the  singular  point  is  deter¬ 
mined  by  the  characteristic  equation,  which  is  of  the  form 


M 


da 


da 

~sr 


tv-' 


(3) 


We  have  for  the  roots  X 


1* 


of  the 


:narac teristic  equation  the  expression 
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We  can  readily  see  that  by  virtue  of  properties  1  and  3  of  functions  and  aH, 

the  characteristic  roots  X  and  A  are  real  and  distinct.  They  are  of  the  same 

1  2 


sign,  if 

r 


1 

r 


and  are  of  different  signs  if  A  <  0.  Therefore  in  view  of  property  4  of  functions 

and  we  conclude  that  at  the  point  (V  ,  T  )  A  ,  A  are  of  the  same  sign 

0  o  1  2 

(positive),  but  of  dissimilar  signs  at  the  point  (V^,  T^).  Thus,  the  point  (VQ, 

T  )  is  a  node,  and  the  point  (V^,  T^  is  a  saddle  point  for  the  equation  (l).  Let 
us  show  that  there  exists  ar  integral  curve  of  equeticn  (l)  connecting  the  points 
(V  ,  T  )  and  (V.,  T  ).  According  to  Figure  2.36,  for  the  field  of  directions  of 
equation  (l),  through  any  point  M  on  curve  <M.  -  0  passes  an  integral  curve  of  equa¬ 
tion  (l),  passing  simultaneously  through  the  point  (VQ,  Tq) .  Shifting  the  point  M 
along  the  curve<*({  =  0  to  the  point  (V^,  T^ ) ,  we  obtain  by  a  continuity  considera¬ 
tion  the  result  that  the  points  (V^,  T^)  and  ( VQ,  T  )  are  connected  by  the  integral 
curve  of  equation  (l). 

Similarly,  through  any  point  L  on  curve  Jjf  -  C  there  passes  the  integral 


curve  (1)  passing  through  the  point  (VQ,  T  ) ,  Shifting  the  point  L  along  the 

curve  £  -  C  to  the  point  (V  ,  T^ ) ,  we  obtain  at  the  limit  that  there  may  exist 

an  integral  curve  of  equation  (1)  connecting  the  points  (V  ,  TQ) ,  (V^,  T^)  and 

which  curve  is  distinct  from  the  preceding. 

Since  the  point  (V^,  T  )  is  a  saddle  point,  then  by  the  qualitative  theory 

of  differential  equations,  through  it  pass  only  two  integral  curves  c-f  equeticn  (l). 
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Therefore  the  points  (Vo,  T^)  end  (V^,  T^)  connected  by  one  end  only  one 
integral  curve  of  equation  (l)„  Actually,  if  these  points  were  connected  by  two 
distinct  integral  curves  of  equation  (l),  then  through  these  points  would  pass 
also  any  integral  curve  drawn  through  the  point  lying  with  the  region  bounded  by 
these  two  integral  curves.  This  contradicts  our  conclusion  that  the  point  (V^, 

)  is  a  saddle  point. 

By  virtue  of  properties  'i  and  3  of  functions  and  ,  curves  o^{=0, 

4?  =  C  are  zeros  of  the  first  order  of  these  equations.'  Hence  it  follows  thao 

in  the  neighborhood  of  singular  points  (for  example,  (Vq,  T  }),  the  functions,^ 
and,^  can  be  represented  in  the  form 

J?=an(y-Vj+*n(r-T£, 

= <*ai  (V  -  +y(r-rj  ■ 

ana  along  the  integral  curve  connecting  the  points  (V0,  Tq)  and  (V^,  ) 

Jl  =  b(V  -  vo),  b  4  C. 

From*  equation  (5.1.21)  it  follows  that  the  "width"  of  the  shock  transition  zone 


is  infinite,  since  the  integral 


f’  MV 
I  a(V,T) 

V#  *■*  • 


T(X)  I  V(x) 


diverges.  Therefore  plots  cf  the  shock 
transition  are  of  the  form  shown  approxi¬ 
mately  in  Figure  2.37 »  where  it  is  clear 

that  values  V  ,  T  ahead  of  the  front  and 

o  o 

V1 ,  behind  the  front  are  attained 
aaymtotically  at  infinity. 


Figure  2. 37 
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4.  Limiting  case.  Isothermal  discontinuity.  Let  us  consider  the  behavior 
of  the  shock  transition  at  two  limiting  cases:  as  >£.—*■  0  and  as  *►  C. 

If  we  fix  U>0  8nd  vary  then  the  dependence  of  the  shock  transitions 
on  X  will  be  rocnctonic  in  the  sense  that  to  the  lesser  value  of >L  they  will 
correspond  the  integral  curve  of  equation  (5.3.1)  lying  closer  to  the  curve  0. 

Let  us  show  that  for  sufficiently  small  JC  integral  curve  (5.3.1)  lies 
in  the  £-strip  above  the  curve  0.  Actually,  in  the  left  point  of  region  II 
we  will  have  over  the  i-strip  of  the  curve  C >  4f  >  &  (£).  Then,  by  selecting 

as  large  N >  0  as  we  like,  we  can  select  a  small  j£  =  X(  <£,  N)  such  that  at  any 
point  over  the  £ -strip 


AT 


-A  '/J  !  • 


i.e.,  the  slope  of  integral  curve  of  equation  ( 5.3.1 /over  tte£  -  strip  csn  be  made 
larger  than  the  maximum  slope  of  the  curve  bounding  the  £ -strip  from  above*). 

Then,  if  the  integral  curve  exists  at  any  point  from  the  <£-strip,  it  will  no  longer 
enter  at  the  point  (V-,,  T^).  This  means  that  ss  j>f.— ►  0  the  shock  transition  tends 
to  the  curve  =  0. 

Let  us  consider  the  second  limiting  esse  when  0,  >l/  0.  If  the 

segment  of  the  lin &aK-  0  includes  between  the  singular  points  is  a  curve  monoto- 
nically  diminishing  toward  the  side  of  increasing  V,  then  by  analogous  arguments 


*)  /on  following  page/ 
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for  the  case  when  this  section  cf  the  curve^^  C  is  net  a  ircnctcnic  curve, 


the  situation  turns  out  differently.  Let  us  consider  for  simplicity  the  case  whep^ 
the  curve  oK.  ~  0  at  the  segment  <1  V  ^  Vq  has  cne  maximum  (Figure  2.38).  Clear¬ 
ly,  in  this  case  the  upper  bound  of  the  integral  curves  is  the  curve  k^k^k^  consist¬ 
ing  cf  the  chord  parallel  to  the  V  axis,  end  the  arc  A^^  of  the  curve  0. 

Reasoning  analogously  to  the  above  treatment,  we  can  show  that  this  boundary  is  a 
point,  i.e,,  as  0  the  integral  curve  tends  to  the  curve  k^k^Ao>  and  does  so 

uniformly.  In  particular,  at  the  interval  /V  +£  ,  V_  -£_/  the  shock  transition 

lies  in  the  f-strip  AJA"A!A"  (cross-hatched  in  Figure  2.38).  Since  in  this  strip 

>12  2 

(v,  T)  I  >  McU  -  -<£f  (v,  T)  /  <  Lo(£),  then  the  inequality 

is  valid.  Hence  it  follows  that  we  esn  make  /x  so  small  that  at  the  inteval 


/  V-|  +  £  ,  V  -£/  we  will  have 

1  I  wr  i  ■<*>' 

l^r|  < *i=*i(*.  n).  where  /X — ►  0. 

Consequently,  T  in  this  interval  lies  within  the  limit  -°6(  £  ,  M)  £~:  T  ^-T-j  + 


»(.  (  £  , /i) ,  o L{£,M)  — ►  C  as  M — «-  C.  The  segment  Ax  corresponding  to  the  inte¬ 


gral  /V. |  +  £,  V.,  -  £_/  has  the  value 


— W  f  '  «ri?*Vv  ' 

y 

=  a<e,  M>=  J  -3 


Since  at  the  interval  +  £,  V?  -  £/oX(V,  T)  ;>M0(fc)  >0,  hence  it 
follows  that  A  {  £  ,/i)  — 0  as  ki— *-  0.  The  relations  derived  are  valid  for 
arbitrary  ?,—*■  0. 

Thus,  when  there  is  a  maximum  at  the  segment  <  V  ^  VQ  on  the  curve 

*J~For  definiteness  we  can  assume  that  the  £-strip  is  obtained  by  displacing 
the  curve  0  with  respect  to  the  variable  T  by  the  quantity  £  . 
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o^i~  0,  the  shock  transition  in  the  case  Ki  0,  *  =  0  consists  of  a  smooth  varia¬ 
tion  over  the  interval  (-'30  x„)  from  the  values  V  ,  T  ahead  of  the  front  to  the 

’o'  o’  o 

values  V0,  T?  =  (point  A?  in  Figure  2.38)  end  at  the  discontinuity  of  specific 
volume  at  the  point  xQ  from  values  Vj  on  the  left  to  on  the  right  at  constant 
temperature  T  =  T  (Figure  2.39).  Thus,  when  only  thermal  conductivity  is  present, 
a  discontinuity  cf  density  at  constant  temperature  is  possible.  This  disconti¬ 
nuity  is  called  isothermal. 


Figure 


Figure  2.40 

As  a  consequence  of  the  possitiveness  of  the  coe  'ficient  of  thermal  con¬ 
ductivity  it  follows  that  the  specific  vclume  V  ahead  of  the  front  cf  the 
isothermal  discontinuity  is  greater  thar  the  specific  volume  behind  the 


-  289  - 


* 

i 


L 


front  of  the  isc thermal  discontinuity.  Thus  we  obtain  the  result  that  the  limit¬ 
ing  discontinuity  as  0  satisfy  the  condition  for  the  lability  of  disconti¬ 

nuity  in  an  isothermal  gas  which  we  derived  in  subsection  6  of  section  IV. 

For  the  case  when  the  curve  oK=  C  has  several  maxima,  the  shock  transition 
will  have  several  isothermal  discontinuities  (Figure  2.40)  simply  did  by  smooth 
flow  tunes.  In  this  case  the  shock  transition  tends,  as  /i— ►  C,  to  the  curve 

which  is  clear  from  the  fact  that  the  integral  curve  of  equation 
(5.3.1)  always  lies  within  the  ?xme  II. 

Let  us  also  note  that  the  effect  of  isothermal  discontinuity  depends  not 
only  on  the  equations  of  state,  but  also  on  the  constants  ,  C^,  defining  the 

flow.  Generally  speaking,  an  isothermal  discontinuity  is  ind  eed  only  for  strong 
enough  shock  waves.  We  will  shew  this  below  for  the  example  of  an  ideal  gas. 

In  concluding  this  section,  we  note  that  we  have  obteined  steady  flows  of 
a  viscid  and  heat-conducting  liquid  in  the  form  cf  e  "blurred"  shock  wave,  of  the 
type  shown  in  Figure  2.37.  Actually,  the  values  VQ,  Tq,  u£  ahead  of  the  front  and 
,  Ti ,  behind  the  front  satisfy  the  dugcnict’s  conditions  and  the  stability 
condition  >  So  (V^  <  VQ)  .  Therefore  when  M — ►  0,  0  we  obtain  at  the 

limit  from  solutions  T  =  T(x),  V  -  V(x)  of  systems  (5.1.20)  and  (5.1.21)  a  stable 
this  continuity  (shock  wave)  satisfying  the  conditions  for  dynamic  compactibility 
and  the  stability  condition. 

In  general  the  assumption  exists  that  any  solutions  of  equations  in  gas 
dynamics  containing  stable  discontinuities  can  be  viewed  as  limiting  solutions  cf 
equations  in  gas  dynamics  with  viscosity  and  thermal  conductivity  as  the  coeffi¬ 
cients  cf  viscosity  and  of  thermal  conductivity }L  tend  to  zero. 

Thus  far  there  is  not  a  single  example  refuting  this  hypothesis,  although 

neither  is  there  a  proof  of  it.  The  latter  circumstance  stems  from  the  difficulties 
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arising  in  an  exact  consideration  of  Cauchy's  problem  for  nonlinear  equations 
describing  flov;s  of  a  viscid  heat-conducting  gas. 

In  this  section  we  have  shown  only  that  this  hypothesis  valid  for  station¬ 
ary  flows,  i.e.,  for  a  constant  shock  wave  which  exists  for  an  indefinitely  long 
time. 

5.  Shock  transition  for  the  case  of  an  ideal  gas  (Becker's  study).  The 
first  investigation  of  shock  transition  in  a  viscid  heat-conducting  gas  was  made 
by  Becker  [6_/  in  1922.  He  considered  the  case  of  an  ideal  gas 


[  '*  rt  __  Rt  ,  -  T 

k*^7^:  v 


(D 


In  dimensionless  variables  equations  (1)  become 

fssPv- 


(2) 


and  the  functions  and  are  specialized  thusly: 


hrp,  r)=-±Tr-j(r-iy-ii. 


(3) 

(4) 


Thus,  the  curve  ^(V,  T)  =  C  is  a  parabola 


r=v-^=:-(K-|)J+T. 


(5) 


wi*h  its  convexity  facing  upward,  with  its  axis  as  tue  straight  line  V  -  j  and 
the  apex  as  the  point  V  -  j,  T  =  ^  (Figure  2.41).  The  curved  (V,  T)  =  0  is  also 
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a  persbola 


with  its  convexity  facing  downward,  with  axis  V  =  1  and  the  apex  at  the  point  V  = 
1,  T  =  ft  (V  -  1).  Thus,  the  shape  of  parabola  (6)  is  unchanged,  and  its  position 
depends  on  £,  i.e.,  on  the  flow  constants. 


o  L  .  t  r 

—  X-  ^ 

Figure  2.41 


Parabolas  £  -  0  and  cM C  =  0  intersect  two  points  when  C  |2>  <1  f$o;  the 
cases  8nd  £  <  0  ere  physically  unattainable,  since  in  the  first  case  there 

8re  no  pcints  of  intersection  end,  therefore,  there  ere  no  asymptotic  values  of 
V  end  T,  end  in  the  second  T<0.  The  case  f?  =  0  corresponds  to  an  infinitely 
strong  shock  weve,  since  T-,/T0  =  p-]/p0  =  co,  end  the  ces'  ji~ 
corresponds  to  an  infinitely  week  shock  transition,  since  in  this  case  the  points 

(V0,  T0)  8Kd  V  mer£e>  i*e.,  ^Ao  =  P/Po  =  1. 

For  the  case  jL=  0,  0,  equations  (5.1.20)  end  (5.1.21)  are  integrated. 

Actually, 

r(je)  =  l^L[K(x)-lj3-|-p(Y-l)c  (7) 


and  V(x)  satisfies  the  equation 
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where  V^V^V^  (8) 


Whence 


E.  «Mds!e cmmWMm 


(9) 


Figure  2.42,  e  gives  the  approximate  form  of  the  profile  V  =  V(x)  yielded  by  for¬ 
mula  (9).  The  proximity  of  the  graph  V(x)  to  the  constant  values  V  =  and  V  = 
Vq  occurs  as  x  — ^  ±oo,  so  that  the  " width”  of  the  shock  wave,  strictly  speaking, 
is  infinite.  However,  this  proximity  occurs  exponentially,  i.e.,  quite  rapidly. 
To  determine  tne  order  of  the  "width"  of  the  shock  wave  zone,  it  is  defined  as 

the  quantity  ^ 

I'1 
o 


r 


do) 


(cf  also  Figure  2.42,  a). 

Calculations  made  by  Becker  led  to  an  amazing  result.  It  turned  out  that 
for  most  gases  at  not  very  high  temperatures  and  densities  the  quantities  /A  and 
Jl  are  such  that  the  width  of  a  shock  transition  zone  proves  to  be  of  the  order 
of  10~4  -  10”^  cm,  i.e.,  of  the  order  of  a  gas  molecule  path  length. 

If  we  exclude  from  consideration  of  the  fact  of  nonequilibrium  status  of 

f 

hydrodynamic  flows  at  distances  of  the  order  of  a  molecular  path  length,  and  this 
indicates  that  with  a  high  degree  of  accuracy  the  shock  transition  can  be  effec¬ 
tively  replaced  by  a  mobile  discontinuity  (shock  wave),  whose  left  and  right 
limiting  values  satisfy  Hugoniot's  condition  and  the  condition  cf  entropy 


increase  (the  stability  condition). 

Thus,  justification  is  gained  for  our  point  of  view  according  to  v.ach 
the  flow  is  decomposed  into  regions  of  reversible  processes  whcre  equations  of 
hydrodynamics  are  in  effect  without  allowance  for  dissipative  terms,  and  into 
regions  of  irreversible  processes,  which  constitute  narrow  zones  end  can  be 
effectively  described  by  mobile  discontinuity  surfa  es. 


Let  us  additionally  note  that  a  more  exe^t  representation  of  a  shock  transi¬ 
tion  zone  in  a  real  gas  can  be  obtained  only  by  using  the  Boltzmen  equation, 
however  the  estimate  of  the  width  of  8  shock  wave  transition  zone  remains  the 
same. 

Let  us  note  in  concluding  this  subsection  that  in  the  case  /A-  0,  yij  0, 
the  isothermal  discontinuity,  as  csn  be  readily  seen  in  Figure  2.41,  exists  only 
for  sufficiently  strong  shock  waves  when  C  <  ^  ^ . 

Let  us  present  formulas  (5.1.13)  and  (5. 1.1 4)  in  Lagrangian  variables  q,  t 
which  we  will  need  in  the  following  treatment: 

pivTf) 

Ci  ’ 

i  cl 


-  dV  r 
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<J1) 

x  =  px. 

(12) 

for  an  ideal  gas  £.  =  -—■ -  pV.  Let  us  consider  the  case  ji  =  0,  M'i  C.  From 
(11)  and  (12)  it  follows  the  equation  for  V: 


-  dV  _  Y+i  „  {V-VxUV-Vi. 


where  m  =  C„  is  the  mass  flow  rate  of  the  shock  wave;  V„,  V  are  the  values  of 

1  ’  o’  i 

the  specific  volume  V  ahead  of  and  behind  the  shock  wave  front. 

For  the  case  M  =  constant,  from  (13)  we  have  the  integral 


,n  ( fei^)  v,~v>  —  ^jr** + coos{; 


if,  for  example,  constant,  then  from  (13)  follows  the  formula  close  to 


(V— 


From  formula  (13),  on  the  assumption  M~  constant,  and  using  the  defini¬ 
tion  of  the  width  of  the  shock  wave  zone  by  formula  (10),  we  obtain  an  expres¬ 


sion  for  the  zone  width  Aq: 


8n  1 
V-H  I  Am  |  ’ 


where  Au  =  u^  -  uc  is  the  discontinuity  in  velocity  st  the  shock  wave. 

6.  Stationary  solutions  of  equations  in  hydrodynamics  with  Neyirer-Richt- 
meyer  viscosity.  Now  let  us  consider  the  statione  ry  solution  of  equations  in 
gas  dynamics  for  a  polytropic  gas  whose  thermal  conductivity  is  equal  to  zerc, 
and  whose  "viscosity"  appearing  in  equations  (5.1.1)  -  (5.1.3)  is  of  a  special 


form*) ; 


*)  /on  following  page/ 
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(1) 


i.e.,  we  can  formally  assume  in  the  preceding  consideration  that  the  coefficient 
M  is  equal  to  the  quantity 


(2) 

Since  according  to  (5.1.12)  and  (5.1.16),  u  ~  mV,  (3) 

then  we  can  easily  see  that  for  a  polytropic  gas  the  determination  of  a  station¬ 
ary  solution  reduces  to  integrating  the  equation 


4  l  du  r 


|  (4) 

(cf  equation  (5.5.8)),  where  M  =  tn  /\  .  For  the  case  m  >  0,  XX  >0 

aV/dx<3  (cf  Figure  2.42,  a),  therefore  equation  (4)  is  represented  ir  the  form 


(5) 


and  is  readily  integrated: 


f  !  V 

trcsln  — 


5=zr 


\ 


In  Figure  2.42,  b  is  given  the  profile  V  =  V(x)  for  the 
stantial  difference  from  the  preceding  case  here  is  the 
the  shock  transition.  Accordingly,  we  observe  that  the 
*)  The  viscosity  of  this  type  wes  first  discussed  by 
mayer  /7 _/. 


(6) 


solution  (6).  The  sub- 
finite  width  Tl J~&  of 
increasing  proximity 
Neyman  Richt- 
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of  the  solution  V  =  V(x)  to  the  constant  values  V0  and  is  net  analytic,  since 
the  second  derivative  V"(x)  at  tha  point  x  =  +  suffers  a  discontinuity, 

which  can  oe  readily  verified  both  from  the  equation  (4)  as  well  es  from  formula 
(6)  for  the  solution. 

li  in  equation  (5.5.13)  we  quite  analogously  set 

(7) 


then  we  arrive  at  the  equation 


"iiwii.r  '.a  m  V  <5  u-UUt  .'^53 

-•vfc-V 


(8) 


whose  integral  is  the  equality 


and  the  width  of  the  shock  transition  zone  is 

note  that  for  the  case  of  Lagrangian  coordinates,  the  Neyron-Richtmayer  viscosity 
results  in  a  finite  width  of  the  shock  front  independent  of  the  strength  of  a 
shock  wave. 

The  finiteness  of  the  width  of  the  shock  transition  in  several  cases 
appears  to  be  substantial.  Therefore  the  Nqyman-Richtmayer  "viscosity"  (1)  is 
widely  used  for  numerical  calculations  of  discontinuous  solutions  of  equations 
in  gas  dynamics.  The  artificial  "viscosity"  of  the  type  (1)  with  a  small  coeffi¬ 
cient  \  is  introduced  into  equations  of  gas  dynamics  for  gases  devoid  of  internal 
friction  and  thermal  conductivit,'.  This  permits  blurring  of  the  shock  transitions 
over  a  finite  region,  which  proves  to  be  convenient  in  the  numerical  calculations 
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This  is  discussed  in  greater  detail  in  Chapter  Four. 

Section  VI  Problem  of  the  Decay  of  an  Arbitrary  Discontinuity. 

1 .  General  properties  cf  the  solution  cf  discontinuity  decay  problem. 

In  this  section  we  consider  in  detail  the  problem  of  the  decay  of  an  initial 
discontinuity.  For  the  case  of  an  isothermal  gas  this  problem  was  posed  and 
solved  by  Riemann  in  his  work  /  8 __/.  A  qualitative  examination  of  the  problem 
of  discontinuity  decay  for  polytropic  gases  was  made  by  N.  Ye.  Kochin  /9_/,  and 
for  normal  gases  by  L.  D.  Landau  and  Ye.  M.  Lifschitz  /107. 

The  term  arbitrary  discontinuity  is  given  to  the  initial  state  of  two 
infinite  gas  masses  characterized  by  constant  parameters  u1 ,  p^ ,  V  ,  T^ ; 
u0>  Pc>  vc>  £0>  T  ,  and  adjoining  at  initial  instant  t  =  0  along  the  plane  x  =  0. 
Here  the  quantities  to  the  left  and  to  the  right  of  the  discontinuity  are  arbi¬ 
trary  and  are  governed  only  by  the  equations  of  state  of  th  e  gases,  which  can 
differ  for  the  adjoining  gases. 

The  determination  of  flow  arising  when  t  >  0  under  these  initial  condi¬ 
tions  is  called  the  problem  of  the  decay  of  an  arbitrary  discontinuity. 

Thus,  the  problem  of  discontinuity  decay  is  one  of  determining  cne- 
dimensicnal  flow  with  plane  symmetry  (  V  =  0)  satisfying  the  integral  laws  of 
conservation: 


j^pdx  —  pudt  —  Q,  ^>p udt — \p-\-  dx  ==  0, 

}  |p(e-hT-)d/-[PB(e  +  f  +  -f)]rfAr  =  0 


o: 


and  the  piecewise-constant  initial  conditi.  ens: 


i 

v  y 


where  t  =  0 


I 


where  x<  0 ; 

y  (2) 

where  x  >0.  J 

i 
§ 

In  section  IV  we  saw  that  conditions  of  dynamic  compatibility  (Hugoniot's  condi- 

. 

tions)  must  be  complied  with  for  stable  discontinuity.  For  the  case  of  a  shock 
wave  at  the  discontinuity  the  stability  condition  must  also  be  complied  with 
(entropy  gain),  and  at  a  contact  discontinuity  (interface  of  two  gases),  pres¬ 
sure  and  velocity  are  continuous. 

Therefore,  if  an  arbitrary  discontinuity  is  not  of  the  contact  or  shock 
wave  type,  then  it  decays,  forming  some  kind  of  configuration  of  stable  dis- 

t 

continuities  and  continuous  gas  dynamic  flows. 

Wb  can  readily  see  that  if  we  perform  the  similarity  transformation  of 
the  independent  variables;  t'  -  kt,  x'  =  kx  (k>0),  then  in  the  new  vari¬ 
ables  x',  t'  as  well,  seeking  the  solution  of  the  problem  of  decay  reduces  to 
finding  the  solution  to  the  laws  of  conservation  (1)  satisfying  initial  condi¬ 
tions  (2)  if  x  and  t  are  new  understood  as  x'  end  t'. 

If  we  presuppose  the  uniqueness  of  the  solution  of  problems  (l)  and  (2), 
from  this  it  follows  that  z(x,  t)  =  z(x',  t')  =  z(kx,  kt) .  (3) 

Here  we  will  denote  as  the  vector  z  the  totality  of  hydrodynamic  variables  z  = 

£ /°,  u,  p,  t  ,  ...  y,  anc  by  the  letter  z  —  on  the  seme  quantities  in  the  vari¬ 
ables  x' ,  t' . 

Putting  in  the  identity  (3)  k  =  1/t  >0,  we  get 

(4) 

'  IS*-!  _ _  '"**■'  ’»» 
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Thus,  from  the  presupposition  of  the  uniqueness  of  this  solution  stems  the  self- 
modeling  status  of  the  solution  of  the  problem  of  arbitrary  discontinuity  decaly, 
i.e. ,  the  dependence  of  all  hydrodynamic  variables  only  on  the  single  variable  y  = 
x/t.  In  partic^l'r.  from  this  it  follows  that  the  discontinuity  lines  --  shock 
waves  and  contact  discontinuities  --  «re  straight  lines  in  the  plane  of  variables 
x,  t,  i.e.,  the  velocities  of  the  shock  waves  and  the  contact  discontinuity  are 
constant. 

In  subsection  2  of  section  III,  we  saw  that  the  self-modeling  solution 
continues  when  t.  >  0  is  a  centered  Riecann  rarefaction  wave  characterized  by  the 
constancy  of  entropy  S  and  one  of  the  Riemann  invariants  (r  or  s) . 


Figure  2.43 

Thus,  the  self-moaeling  solution  of  the  problem  of  discontinuity  decay 
contains  as  its  elements  shock  waves,  rarefaction  waves,  and  contact  discontinuity. 

Let  us  establish  on  general  properties  of  the  self-mcdeling  solution  cf 
the  decay  problems  that  are  valid  for  normal  gases. 

1)  In  each  of  the  gases  "1"  (left)  and  "0"  (right)  not  more  than  one  shock 
wave  is  propagated. 

Actually,  we  signify  by  the  term  shock  wave  only  a  stable  shock  wave.  Ac 

can  be  seen  from  subsection  4  of  section  IV,  from  this  follows  Champlin's  theorem. 
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Let  us  presuppose,  for  example,  chat  in  the  gas  "0"  two  shock  waves  are  propa¬ 
gated:  x/t  =  D^,  x/t  =  D^;  (Figure  2.43)  ,  end  that  the  flows  in  the  zones 

I,  II  and  III  are  constant.  Denoting  the  speed  of  sound  c  in  the  zones  I,  II,  and 
III,  respectively,  by  c^,  c^,  and  ana  velocity  u  by  u^,  u^j,  and  u^  ,  we 

will  have 

-  TTtv-,^ 

j?  Ci  <  Cji  <  Cm.  «i  <  *ii  <  *iii •  (5) 

However,  Chsmplin's  theorem  requires  that 

c,  <£>,  —  «,.  £),  — b„<c,|.  (6) 

ch<®i~hii-  (7) 

Inequality  (7)  obviously  is  imcompatible  with  (6)  given  the  condition  <  D^, 
which  in  fact  proves  our  assertion. 

2)  In  each  cf  the  gases  not  mere  than  one  centered  rarefaction  wave  is 
propagated;  in  the  gas  "O'1  (at  the  right)  s  =  constant  in  the  rarefaction  wave; 
r  =  constant  in  gas  "1"  (at  the  left). 

The  assertion  readily  follows  from  the  equalities 

«  +  c  =  y  =  -j-  'fjarfeonst),  a  —  c=y«-j  (os^const),  (g\ 

that  are  valid  in  centered  rarefaction  waves. 

3)  The  presence  in  one  of  the  gases  of  a  shock  wave  precludes  the  possi¬ 
bility  cf  the  propagation  in  the  same  gas  of  a  rarefaction  wave,  and,  conversely, 
the  propagation  in  one  of  the  gases  of  a  centered  rarefaction  wave  precludes  the 
possibility  cf  a  shock  wave  propagating  in  it. 

is  a  consequence  of  these  properties,  we  obtain  the  result  that  the  self¬ 
modeling  solution  cf  the  problem  cl'  discontinuity  decay  contains  a  contact  dis¬ 
continuity  partitioning  the  gases  ("C"  anu  "1");  in  each  cf  the  gases  net  more 
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than  one  wave  (traveling  or  shock)  adjoining  the  constant-flow  zones  is  propagated. 

Thus,  construction  cf  a  self-modeling  solution  of  the  discontinuity  decay 
problem  consists  of” splicing"  elementary  solutions  (constant  flows,  centered 
waves)  and  determining  the  parameters  characterizing  the  solutions  and  disconti¬ 
nuities.  Since  discontinuities  and  elementary  solutions  are  determined  by  a 
finite  number  of  parameters,  this  problem  becomes  purely  algebraic.  We  will  show 
below  that  for  normal  gases  a  self-modeling  solution  of  the  problem  of  the  decay 
of  an  arbitrary  aiscontinuty  exists  end  is  unique,  that  is,  is  uniquely 
determined  by  initial  data  (2). 

We  will  begin  our  examination  with  the  case  of  polytropic  gas.  The  index 

of  Poisson's  adiebet  V  for  the  gas  "0"  lying  to  the  right  of  the  point  x  =  0 

will  be  denoted  by  V  and  the  gas  "1”  —  by  V  • 

o 

We  present  the  following  method  of  considering  the  decay  problems  starting 
from  the  specific  case  cf  conditions  (2)  in  which  the  position  of  the  shock  waves 
and  the  rarefaction  waves  (configuration)  is  obvicus,  by  continuously  varying 
the  parameters  in  problem  (2),  we  will  continuously  vary  the  solution,  thus  pass¬ 
ing  through  critical  values  of  the  parameters  that  distinguish  one  configuration 
from  another. 


2.  Configuration  A.  Since  gas  velocities  u^  and  u0  are  determined  with 

an  accuracy  up  to  the  additive  constant,  then  we  will  put  u  =  0.  It  is  suffi- 

c 

cient  to  consider  only  the  case  when  p^  ^  po>  (  l) 

We  will  begin  our  examination  cf  the  problem  of  discontinuity  decay,  formed  by 
two  quiescent  masses  of  polytropic  gases.  The  problem  is  posed  thuslys 

At  the  point  x  =  C  we  have  a  partition  separating  two  masses  cf  gas  charac¬ 


terized  by  parameters  V  -\>  ^ ,  /°^ ,  ,  T^,  u^  =  0  to  the  left  and,  respectively, 

by  Y  ,  S  ,  P  ,  p  ,  T  ,  u  -  0  to  thn  right,  where  the  condition 
°  °  o  o  o  o 
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Pi  >  Pr 


is  satisfied. 


At  the  instant  t  =  0  the  partition  is  pierced, and  the  gases  are  set  in¬ 
to  motion.  Presupposing  the  self-modeling  status  of  the  motion  (or,  which  amounts 
to  same  thing,  the  uniqueness  of  the  solution  of  the  decay  problem) ,  we  calcu¬ 
late  it. 

Since  through  the  contact  boundary  (the  boundary  between  gases  "0"  and 
"1")  v.o  suDstance  passes,  therefore  for  each  gas  mass  the  contact  boundary  can 
'■0  considered  as  a  piston.  By  virtue  of  condition  (2)  the  piston  will  travel 
toward  the  side  of  gas  "0"  and  advance  relative  to  gas  "1".  If  the  piston  velocity 
U  is  assigned  as  consteit  (owing  to  the  self-modeling  status),  the  problem  is 
uniquely  solved  for  each  of  the  gases  taken  separately.  To  obtain  a  solution  to 
the  discontinuity  decay  problem,  we  must  "splice"  the  soluticns  of  the  these  two 
piston  problems ,  requiring  that  at  the  contact  boundary  the  pressure  p  to  the 
left  is  equal  to  the  pressure  p  to  the  right.  From  this  condition  we  determine 
the  velocity  U  of  the  contact  boundary  and  all  parameters  defining  motion. 


*  !r‘ 


\c.^jr w-*  ' 

h  ‘  -^v.  iv  \  in  /  .  tS 

,  \  f  u si -n 


Figure  2  !.U 


A)  Rarefaction  wave 


C)  Shock  wave 


B)  Contact  discontinuity  ~  505  - 


g*g  f^--«  v->  -  .wvw^rae-  -a,-? 


Solutions  to  the  piston  problems  are  known  to  us  (cf  section  III,  sub¬ 
section  4  and  section  IV,  subsection  8) ;  therefore  the  disposition  of  the  dis¬ 
continuity  will  be  of  the  form  shown  in  Figure  2.44  (configuration  A). 

Four  rays:  r0>  r,  r2,  and  f7^  —  partition  the  upper  half-plane  into 
five  regions.  We  have  constant  flows  in  regions  I,  II,  III,  V,  end  a  centered 

rarefaction  wave  in  region  IV.  Ray  f1  is  a  shock  wave,  p  is  a  contact  dis- 

3  2 

continuity,  end  p  .  P  are  the  lines  of  week  discontinuity  at  which  the  solution 
1  o 

is  continuous.  Hugoniot's  conditions,  must  be  complied  with  at  the  line  P  for 
the  shock  wave  end  the  stability  condition,  at  P2  the  continuity  of  pressure 

,-T 

and  velocity  must  be  observed,  and  at  i  . ,  i  —  the  continuity  of  all  hydro- 

1  o 

dynamic  variables. 

In  region  IV,  p  and  u  are  associeted  by  s  relation  stemming  from  the  cons¬ 
tancy  of  hiemann  invarient  r  (cf  formulas  (3.2.10)  ana  (3.2.11): 


Vi  —  t  «  —  «i 


(3) 


Since  zone  III  is  e  constant-flow  zone,  velocity  u  at  cherecteristic  is 
equal  to  the  velocity  U  oi  contact  boundary  X  Therefore  if  we  denote  the 
pressure  p  in  the  zone  III  as  p  ,  then  by  (3)  we  have 


(4) 


At  shock  wave  p  we  have  (cf  formulas  (4.5.13)  -  (4.5.16)): 

3 

p«..p0((l^A0)M»-A0i.  =  ~.  =  (5) 

»  «  ^  Vf  «<><•  -  A„) (m0-  =  c0  (M0—  (1  -  /g.  (6) 
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Since  the  zone  II  is  a  zone  of  flow  constancy  an*d  since  at  the  contact  boundary 

«7 

J  ^  pressure  and  velocity  are  continuous,  we  arrive  at  the  equation 


&tetitJGi2i£.  wairM  • 


for  the  determination  of  M  . 

c 

The  function  p  (M  )  appearing  in  the  left  side  of  equation  (7)  is  a  mono- 
-  o 

tonically  decreasing  function  of  M^,  p+(M^)  is  a  function  of  monetonically 
increasing  to  +  Since  when  M =  1 


by  virtue  of  assumption  (2),  then  it  follows  that  equation  (7)  has  one  and  only 

one  root  M  >  1 . 
o 

Determine  the  quantities  y^,  y  ,  U,  D  as  functions  of  Mq  and  show  that 
the  configuration  A  conditions:  y^  y^  <f  U  <  D,  (9) 

are  satisfied. 

Inequalities  (9)  are  always  satisfied  when  U>0,  U  -  u^  =  U>0.  Actually, 
inequality  U  =  cQ(l  -  ho)(Mo  -  l/Mo)  <  D  =  c0M  is  obvious.  For  yc,  y^  we  have 

~f,.  y,  — «/"-» (io) 


where  c_  is  the  speed  of  sound  in  zone  III,  c_  >  0.  Hence  it  follows  that  y^ 
U.  Finally,  r^  =  (r^)  ;  therefore 

-  y,  —  y0  =  l/  —  ~ui)ss  * 

,  usU+2LfLu  =  *£l-U>Q.  (H) 
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And  thus,  all  conditions  (9)  are  satisfied  and  configuration  A  is  compatible. 

Now  we  will  vary  the  problem  parameters.  Fix  p^ ,  p^  (p^  >  p^)  and  vary 
velocity  u^  of  gas  "1".  Then,  putting  u^  4  0  in  (3)  and  (4),  we  arrive  at  the 
equation 


_ +V*-M  (l5>  I 


instead  of  equation  (7).  As  before,  p  (M  ),  p  (M  )  are  monotcnic  functions  of 

o  ■*  c 

V 

Let  us  trace  the  variation  of  root  as  a  function  of  parameter  u^ .  The 

following  asaerticn  is  valid:  the  root  of  equation  (12)  is  a  monotonically 

rising  function  of  u.,  Actually,  P  (M  )  is  a  monotonic  function  ofu^In  parti- 

*  -  o  1 


cular,  the  value  of 


^-0)=Pt[l+-^pia]v^T( 


to  which  corresponds  point  B  in  Figure  2.45,  also  monotonically  increases  with 
u1 .  Point  B  increases  with  u^,  and  together  with  it  the  entire  curve  p  =  p_ 

(M  ,  u.)  is  monotonically  elevated  (Figure  2.45).  Since  the  curve  p  =  p  (M  ) 
is  fixed,  the  point  C  of  intersection  of  the  curves  p  =  p  (M^,  u^ )  and  p  = 
p+(M^)  are  shifted  toward  the  right  with  increase  in  u^ ,  i.e.,  the  curve  M0  of 
equation  (12)  increases  with  u^, which  was  what  we  set  out  to  prove. 

Let  uB  <  C  stand  for  the  value  of  u^  at  which  p_(T,  u,)  =  p+,  i.e. 


. .  .  i,-> «» -p.y'S1 
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'mm*arn 


% 


or 


T 

l£t'  Hl<0 

y-jltl 


0 


>?SP 


Then,  in  accordance  with  Figure  2.45,  it  is  obvious  that  where 


(13) 


UB<U1^1 


(14) 


i  '  ’  ' 

equaticn(  12)  always  has  the  single  root  M  >1.  When  M  >1  shock  wave  f 

o  c  j 

(Figure  2.44)  satisfies  the  stability  condition;  when  Mc  <  1 ,  shock  wave 
is  unstable  and  therefore  configuration  A  is  impossible.  However,  the  entire 

chain  of  inequalities  (9)  must  be  satisfied  to  make  configuration  A  possible 
(Figure  2.44). 

Therefore  let  us  consider  the  satisfaction  of  these  inequalities  when 

U'1  >  °*  The  qUantUies  U»  D  ir-cr=5Ee  with  ^  up  to  infinity  so  that  the  inequa¬ 
lity  U<d  is  preserved.  The  inequality  y^Uis  also  preserved.  It  remains 
cnly  to  investigate  the  difference 


P 

I 


*  ~ y°~ (U  "  C-} - <“'■  - c0 -  (U  - «,)  - (c_  - Ci). 
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(15) 


i  # 


! 


Due  to  the  constancy  of  in  /ariant  ;•  in  zone  IV,  we  neve 


ttrs&mk 


(16) 


Substituting  (16)  into  (15),  we  get 


y» 


(17) 


We  have  shown  that  Mq  increases  with  u^ .  But  from  equation  (12)  it  follows 
that  the  difference  U  -  u^  decreases  with  increase  in  M^.  Consequently,  from 
(17)  it  follows  that  y.|  -  y^  decreases  with  increase  in  u^ .  As  long  as  1)  -  u^ 

>  y1  -  y0  >  0.  When  U  -  u^  =  0,  y  -  yQ  -  0.  The  latter  is  satisfied  given 
the  condition  that  the  equalities 


Pi-MO  ;  ‘v  »;  t«8) 

v  *j  *=  U  *=  0  —  *o) <«(*, *p  —  ®B*  - 1  ’  .3?) 

*  a  .Liu .  ‘  •  V  .q,  -  -  vi:.  i  .  ‘  -jL?-* 


in  which  Hq  ^  /  kp  -  critical/appears  as  e  parameter  are  simultaneously  satis¬ 
fy  ed. 

It  is  not  difficult  to  express  Ug  explicitly: 


(20) 


Thus,  if  the  conditions  u^  <  u1  <  u^  ,  (21) 

ere  met,  then  conditions  (9)  for  the  compatibility  of  configuration  A  are  met. 
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So  assuming  that  inequalities  (21)  are  satisfied,  the  pattern  cf  discontinuity 
is  of  the  form  shown  in  Figure  2.44,  and  the  formulas  obtained  above  enable  us 
to  wholly  calculate  the  flow  under  configuration  A  conditions. 

3.  Configuration  B.  When  u.  =  ua,  y  -  y  =  C,  i.e.,  the  zone  of  the 

1  B  1  o 

rarefaction  wave  vanishes,  and  the  solution  is  constructed  from  the  single  shock 
wave  and  the  contact  discontinuity  (Figure  2.46).  With  a  further  increase  in 
u.j,  the  difference  u^  -  U  becomes  negative.  Therefore  when  u^  >  Ug,  the  contact 
boundary  dx/dt  -  U. must  be  considered  as  a  piston  simultaneously  advancing  both 
in  gas  "0"  and  in  gas  "I”.  Thus,  in  accordance  with  the  solution  of  the  piston 
problem  (cf  section  IV,  subsection  8),  the  solution  to  the  discontinuity  decay 
problem  when  u^  >  Ug  must  be  sought  for  in  the  form  of  two  shock  waves,  one  propa- 
gafctrgiigms  "0",  and  the  other  in  gas  "1"  (cf  Figure  2.47).  We  will  call  this 
case  configuration  B. 


Figure  2.46 


K4Y: 


A)  Contact  discontinuity 


d)  Shock  wave 


KEY: 


A)  Shock  wave  C)  Shock  wave 

B)  Contact  discontinuity 


Jr,  the  case  of  configuration  B,  we  have  four  constant-flow  zones  I-IV, 

partitioned  by  shock  waves  and  /^,  and  by  contact  discontinuity/^.  Let 

us  prove  the  compatibility  cf  configuration  A  provided  we  have  the  conditio: 

ui  >  Let  us  write  the  conditions  at  the  shock  waves  /T,  end  f : 

Id  '3 

p_,==/,i[(1+*i)iWJ  —  *»]•  w 

=  ^1  =  1  D[  C|  '  '  1  (2) 

'  P+-Po[V+hdMl-ko]>  =  <8> 

I  ■+  —  «0  0  “  •  *o)  (^o  — 3Rr)  •  & 

!  .  * 


Equating 


each  other  the  pressures  p  and  p+  at  the  boundary 


V- » 


(9) 


So  equation  (6)  providing  u  >  uD  will  always  have,  and  only  one  8t  that,  the 

1  a 

root  M  >  M  ,  >  1 . 

o  o  kp 

After  determining  M  ,  by  formula  (5)  we  determine  M  in  a1!  flow  parameters 
o  1 

in  the  zones  II  and  III.  The  conditions  for  compatibility  cf  configuration  B 

|Z>i<«i-Ci.  Z>,  <u'<Doi 

'1  eo<D«  (loj  do) 

are  easily  verified  and  are  elways  satisfied  providing  u.>  u  ,  if  we  consider 

i  B 

that  if  Rj  >  1,  and  also  Mq  >  ^  >  1.  And  so,  for  any  u^  satisfying  the 

condition  u.  >  u  ,  we  have  configuration  B. 


Figure  2.48 


a)  Karefection  wave 


B;  Contact  discontinuity 


4.  Configuration  C.  When  =  u^  <  0  ( cf  formula  (6.2.13)),  Mq  =  1, 
l)  =  C,  i.e.,  the  contact  boundary  is  a  fixed  piston  for  gas  "0".  When  u1  - 
u  ,  we  therefore  have  a  solution  when  in  gas  "0"  the  shock  wave  vanishes  and 

v 

it  remains  fixed,  retaining  its  initial  parameters,  and  the  rerefccticn  wave 
F00f,  (Figure  2.48)  propagateein  gas  "1". 
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With  a  further  redv cti-~r  in  u1(u  <Tu„<  0),  the  contact  boundary  begins 

lit 

c3  to  advance  to  the  left  relative  to  gas  "C"  (ll<0),  sc  that  it  can  be  considered 

as  a  piston  simultaneously  traveling  from  gases  "C"  snd  "1".  I.  accordance  with 
the  solution  of  the  piston  problem  (section  III,  subsection  4).  in  this  case  the 
solution  to  the  decay  problem  consists  of  two  centered  rarefaction  waves  propagat¬ 
ing  in  gases  "1"  and  "C"  (Figure  2.49).  We  will  call  this  condition  configuration 
C.  The  upper  half-plane  as  partitioned  into  the  six  regions  I-VI,  divided  by 

four  lines  of  weak  discontinuities  f  ,  C . ,  1  ,  jT.y  and  by  contact  boundary 

0  1  5  4 

r2.  Zones  I,  III,  IV,  and  VI  are  constant-flow  zones,  zones  II  and  V  are  rare¬ 
faction  wave  regicns;  invariant  is  constat  in  zone  II,  and  variant  r  is  constant 
in  zone  V. 


KbY: 


k)  Rarefaction  wave 


Let  us  shew  that  giver  the  condition  u^  <.  u^ 
configuration  C  is  compatible. 

In  zones  II  and  V  we  have 


(D 
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,._4,+*fLi^]^Jlk[I+%£ij 


J! L  '* 
*-  (2) 


(s  =  const),  ••; 

’  ft- v,-l  «_-ii..jv^T  (r  =  const).  _4  (3) 


In  particular,  at  the  contact  boundary  j Q  when  u=u  =  =  U  we  must  obtain 

p  =  p  ,  i.e.,  we  must  arrive  at  the  equation 

i '  w=«[.  vr!r-,*-r*<u?r. 


-KW*  i4) 


In  order  to  determine  U.  Here 


Si  gt 44-  ^  ^  ^ 

'  '*"  '  '■'-••■  Al  •■  «  »'ut.  _  —  •-  -*•-  '•  *  *  v  •  »' 


Condition  (5)  notes  the  nonnegativeness  of  pressure  at  the  boundary.  Note 
that  the  equality  signs  in  formula  (5)  can  obtain  only  simultaneously  and  corres¬ 
pond  to  the  separation  of  the  gases.  As  we  can  see,  in  equation  (4)  p  (U)  is  a 
mcnctonically  decreasing  function  of  U,  and  p+(U)  is  mcnotonically  increasing 
function  of  U.  Where  U  =  C,' 


■  (a  Vrtjr  ^  *.<*>- * 

f  »„W;  .  .  : 


(6) 


rrom  condition  (1/  therefore  follows  p  (C)  <  p^O) 
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(7) 


i 


With  a  reduction  in  U,  p  (U)  will  increase,  and  p+(U)  will  decrease.  Thus, 

if  p+(U)  does  not  tend  to  zero,  there  exists  the  single  root  U  <  0  of  equation 

(4)  satisfying  the  condition  U  >  -  -  ----- c  .  (8) 

ve  -  t  o 


Then  equation  (5)  leads  us  to  the  inequality 


mmmm 


Thus,  provided  condition  (9)  is  satisfied,  there  exists  the  root  U  <  0  of  equa¬ 
tion  (4).  We  will  show  that  when  u1  <  u  configuration  C  is  also  compatible, 
i.e.,  the  conditions  y^  <  y1  ^  U  ^  y^  <  Yy  (10) 

are  satisfied.  It  is  not  difficult  to  see  that 


mm  —  — *  Cf)  *»  v  W  >  0.  (11) 


Inequaliti 


-  .  »  V*.  \  i  —  V— Co) li 

'lM  r^.--'vr(4+w-.«p<i>oi-^;  . 

i,  >«r- ,  v 


are  self-evident.  Finally, 


yi -jo  —  U  -  »k‘4-  (*i—  «.)  ( u  —*iT , 


But  from  equation  (4)  end  conditions  p1  >  pQ,  U  <  C  it  follows  that  U  -  ^>0. 
Hence  y1  -  y  >0.  Thus,  configuration  C  is  compatible  when  u1<  u„  and  pro- 
vided  that  condition  (9)  is  satisfied. 

But  if  condition  (9)  is  violated,  equation  (4)  does  not  have  the  root  U. 
In  this  case  the  gasea  separata  from  each  other  and  equation  (4)  is  replaced 
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—rinaniMf 


by  two  free  boundary  equations: 


rm  .  ■’  3  ■» • 1  <  -  t»  f  '  ,i  -TVTt 

X-.+^r'i-  •;"  ••  I  "  I 


i  .e . ,  Po=“  ".;  '  *  . 


Since  it  follows  from  the  non compliance  of  condition  (9)  that  <  U  ,  the  gases 

separate  from  each  other  and  the  solution  is  of  the  form  shewn  in  Figure  2.50. 

The  regions  Or.  and  r7or  are  regions  of  rarefaction  waves,  respectively, 

*•  3 

r  =  constant  and  s  =  constant,  and  the  region  1  *s  t^ie  vacuum  region  in 

which  we  put  P~  0,  p  =  0,  c  =  0. 


P*l  r, 

•Ah 

i  .  ° 

Figure  2.50 


A)  Rarefaction  wave 

B)  Vacuum 


C)  Rarefaction  wave 


5.  Review  of.  configurations.  Gases  with  equal  pressure.  Let  us  new  write 

the  conditions  for  the  existence  of  configurations  A,  B,  and  C  on  the  presupposition 
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p„  >  p  ,  u^  =  0.  Configuration  A  is  possible  providing  that  the  conditions 

'£<£<5$  (1) 

A  .-j 

are  satisfied.  Configuration  B  is  possible  providing  that 

<» 

and  configuration  C  is  possible  prcvidiug  that 


where 


TOt-JW/nwg  -w'ti-jsr 

/  '  >-  iV#  I^S  *  Ir  V 


I  *B==(V  tye0 


For  the  case  p  -  p  ,  we  have  up  =  un  =  G.  (6) 

lo  ^  D 

Consequently,  in  this  case  when  u^  >  0  we  have  configuration  B,  but  when  u^  0 
—  configuration  C. 

Now  let  us  note  that  conditions  (1)  -  (6)  bring  into  correspondence  to 
any  arbitrary  discontinuity  (ensemble  of  quantities  V-j ,  p1 ,  /°1 ,  c^  ,  u^  ;  V0, 

Po>  P^t  c0»  u,)  one  8nd  only  one  configuration  whose  flow  parameters  are  calcu¬ 
lated  uniquely,  and  where  stability  conditions  are  satisfied  at  the  shock  waves. 

Therefore  our  consideration  of  the  problem  of  the  decay  of  an  arbitrary 
discontinuity  shows  that  it  has  one  and  only  one  stable  self-modeling  solution. 
Thus,  we  approved  the  theorem  of  the  existence  of  uniqueness  of  the  solution  of 
the  problem  of  discontinuity  decay  in  the  class  of  self-modeling  solutions  for 
polytropic  gases. 
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However,  the  question  rises:  can  the  discontinuity  decay  problem  have  a 
stable,  but  not  self-modeling  solution? 

A  negative  answer  to  this  question  can  be  obtained  by  two  methods: 

1)  by  the  proof  of  the  theorem  cf  the  uniqueness  of  the  discontinuous  solu¬ 
tions  of  gas  dynamics  equations,  i.e,,  solutions  with  shock  waves  and  with  centered 
rarefaction  waves; 

2)  by  the  direct  proof  of  the  self-modeling  status  of  any  stable  solution 
to  the  discontinuity  decay  problem. 

As  for  the  first  method,  we  must  state  that  at  the  present  time  sufficiently 
general  theorems  of  the  uniqueness  of  discontinuous  sclutions  to  gas  dynamics  equa¬ 
tions  have  not  yet  been  obtained,  and  their  derivation  evidently  involves 
great  difficulties,  though  for  polytropic  (end  normel)  gases  evidently  no  one 
doubts  the  uniqueness  of  this  solution. 

Pursuing  the  second  method,  we  ctn  actually  demonstrate  the  self-modeling 
of  the  solution  to  the  discontinuity  decay  problem  by  using  certain  concrete  proper¬ 
ties  of  any  stable  solution  of  this  problem  with  piecewise-constant  initial  data. 

However,  we  will  not  here  deal  with  this  proof,  and  as  an  example  we  will 
further  refer  to  subsection  5  of  section  III  in  Chapter  Four  where  a  similar  prob¬ 
lem  was  solved  for  a  system  of  two  quasilinear  equations  of  fairly  general  form. 

6.  Problem  of  discontinuity  decey  for  an  isothermal  ioeal  ges.  We  will 
here  understand  by  gases  "1"  and  "0"  two  isothermal  ideal  gases  whose  equations 
of  state  are  given  in  the  form 


An  isothermal  ideal  gas  can  be  considered  formelly  as  a  polytropic  gas 

with  index  "V  =  1 .  The  difference  in  our  treatment  lies  in  the  feet  thet  we  omit 
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the  equation  cf  conservation  of  energy  and  the  third  Hugonict's  condition  by 

replacing  it  with  the  condition  T  =  constant. 

Since  an  analysis  of  critical  configurations  involved  only  the  two  first 

dugcnict's  conditions,  all  results  cf  the  preceding  subsections  can  be  directly 

applied  to  the  isothermal  case.  In  formulas  of  subsection  2-4  we  must  put  h  = 

o 

h  =  0,  V-,  =  V  =  1 »  reducing,  wherever  required,  the  indeterminacy.  Let  us 
1  1  o 

consider  expressions  for  u^,  and  u^.  Reducing  the  indeterminacy  in  formula  (6.5.4) 
as  V-,  — *■  1 ,  we  have 


ucf  Vn77<°  (pi>Po} 

for  u  we  have 

3 


Conditions  cf  configurations  L,  3,  ana  C  will  be  as  before.  Note  also  that  where 
V1  =  V0  -  1  conditions (6.4.9)  £re  always  satisfied,  so  that  separation  cf  gases 
and  the  formation  of  vacuum  are  impossible  for  isothermal  gases. 

Working  formulas,  after  passing  to  the  limit,  are  of  the  form: 
Configuration  k: 


I  ui  —  I  - 7j- 

1  P  (Mq)  =  P\  exp  j - 4; - ^ 


r«i— *0(^0— -jp) 

j — V-  • 


Formula  (4)  corresponds  to  (6. 2. 12), 
Configuration  3: 


“-  —  c,  =.i+  — 

(6) 


-  319  - 


so  that  finally: 


[/**  -  Yf,  i]  “c«  [M°  -  ‘il: 


(7) 


Formulas  (5)  and  (6)  correspond  to  (6.3.6)  and  (6.3.5). 
Finally,  for  the  case  of  configuration  C 

_  _ ,j 

t  — rr;#  PV' 


(8) 


Formula  (8)  corresponds  to  equation  (6.4.4). 

Note  that  all  the  written  formulas  can  be  readily  obtained  if  we  use 
Rietrann  invariants.  We  offer  the  reader  the  opportunity  of  carrying  cut  these 
operations  if  he  desires. 

7.  Problem  of  discontinuity  decay  for  normal  gases.  In  addition  to  the 
ordinary  requirements  I -V  ( cf  subsection  3  of  section  IV),  we  will  require  addi¬ 
tionally  that  the  following  property  of  Hugonict's  adisbat  H  be  satisfied:  at 
its  upper  branch  the  quantity  (p  -  P0)(V0  -  V)  must  mcnctonically  increase  to 
CP  simultaneously  with  increase  in  entropy  S. 

Then  from  relations  (cf  subsection  2  of  section  IV) 


(o  —u^  =  {p  —  p„)  (V0  —  V), 


(1) 

(2) 


where  u  ,  p  ,  V  denote  the  parameters  of  flow  ahead  of  the  shock  wave  front, 
c  c  c 

and  u,  p ,  V  —  the  parameters  cf  flow  behind  the  front,  it  follows  that  p  and  |u| 
are  mcnctonically  increasing  functions*)  of  parameter  |  m j,  or,  which  amounts  to 


l*)  or.  following  pagey 
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the  same,  M  =  •  Recall  also  (cf  subsection  2  of  section  III,  as  well  as 
subsectioq  7  of  section  II)  that  in  the  traveling  waves  u  and  p  are  associated 
by  the  relation 


where  4KS,  p)  is  defined  by  the  formula 


•A  '  f  y*  *  '  <V,i 


(5) 


where  p  is  the  fixed  limit  of  integration,  and  am(S,  p)  =  /°c  >0  (6) 

can  be  assumed  to  be  a  function  of  pressure  p  and  entropy  S.  From  (5)  and  (6)  it 

follows  that  <p  (S,  p)  is  a  monotonically  increasing  function  cf  pressure  p. 

Function  ^(S,  p)  depends  on  the  equation  of  state,  therefore  the  func¬ 
tions  4>o(S,  p)  and  £  (S,  p)  for  gases  "0"  and  "1"  are,  correspondingly,  distinct, 
generally  speaking. 

Let  us  begin  our  examination  of  the  problem  of  decay  with  configuration 
A  by  putting  u.  -  ^  =  0,  pi  >  po>  (7) 

assuming  that  the  equations  of  state  of  gases  "1"  and  "0"  are  distinct  and  that 
for  each  of  them  conditions  I-V  and  the  condition  of  mcnotcnic  increase  of  u(M) 
are  satisfied  (cf  (l)  and  (2)). 

From  assumption  (7)  follows  configuration  A  (Figure  2.44).  Invariant  r 
is  constant  in  region  IV,  therefore  u^  (8) 

In  region  II,  p+  =  P0(M0),  u+  =  uo(Mo) , 


(9) 


#)  The  monctonic  increase  in  p(Mo),  as  shown  in  subsection  3  cf  section  IV, 

is  a  consequence  of  conditions  I-V. 
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I 

I 

where  p  (M  )  and  u  (M  )  denote  the  state  ahead  of  the  shock  wave  front  in  gas 
yo'  o  o'  o 

X  J 

r,C"  for  assigned  M  and  increase  to  oo  with  increasing  Mq. 

Conditions  for  the  continuity  of  velocity  and  pressure  at  the  contact 
boundary  lead  to  the  equation  for  the  determination  of  M0: 

a_(M0)  =  «1-f-<l,i (<Sj.  p,)  — p0(M<1))  =  o^(M<)=:a0(M<1).  ( ig) 

The  left  side  of  (10)  decreases  mcnotonically,  and  the  right  increases  mcnoto- 

nically  up  to  oo  with  increasing  M  .  When  M  =1,  according  to  (5)  end  (7)  we 

o  0 

have 

a_  (1)  =,®t  (Sv  Pl)  -  <51  (S',.  Pq)  >  6  (b,  «= 

.  _ 

Hence,  as  before,  it  follows  that  equation  (10)  has  one  and  only  one  rcot  Mq 

>  1. 

fixing  p1  and  pQ,  we  will  vary  u^.  The  function 

JB_  =  B_(/W0,  Bj)  —  Uj  -(-01  (S,,  p,)  —  *I,1  (S,,  P0  ) 

is  a  mcnotonically  increasing  function  of  u^ .  Consequently,  the  root  Mo  of 

equation  (10)  is  a  monotcnicelly  increasing  function  of  u  . 

Let  us  consider  how  the  inequalities  y  <  y  <  U  <  J  (12) 

o  1 

vary'  with  change  in  U., .  The  inequality  D  -  U  >  0  is  self-evident  by  virtue  of 
relation  (4.2.8): 

w-dhh-d>-d<p-w— 03) 

Inequality  U  -  y^  =  U  -  (U  -  c  )  =  c_  >  0  is  also  self-evident. 

Consider  the  difference 

y\—y ’„>=(*/— c_)—(«, -c()=(t/_Ul)_(C__Ci).  (14) 
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p 

£> 


Since  u_  =  U,  from  (8)  it  follows  that 

I --'rT'  »■»  .««»*  >1  7.  "{•  — •  rsr»  ■  J\/ 

(15) 

p  -  p  (M  )  and  c  =  c  (S  ,  p  )  increase  with  u. ;  thus,  differences  ^.(S.,  p  ) 

“00  _  i  ~  1  *111 

- £>  ( ,  p  ),  and  c1  -  c  are  reduced.  Thus,  the  difference  decreases 

with  increase  in  u^  and  at  some  value  u^  =  u^  becomes  equal  to  0.  The  rarefaction 
wave  region  vanishes,  and  the  solution  will  have  the  configuration  A8  (Figure  2.46) , 


When  u^  =  ug 


"I’  - 


V 


Therefore  u  is  defined  from  the  equations 


Pi—PoWoup);]' 


(16) 


(17) 


in  whicn  Mc  ^  appears  as  a  parameter. 

But  if  u..  is  reduced,  then  as  we  have  seen  M  will  be  reduced  and  when  u.. 

1  o  1 

-  u^  will  become  equal  to  1.  When  u^  -  u^,  the  shock  wave  vanishes  and  the  solu¬ 
tion  takes  on  the  configuration  AC  (Figure  2.48), 


The  value  u  is  found  from  the  equation 

uc  ~  W-  Po)-%{sv  *)’«# 


which  follows  from  (10)  when  M  =  1. 

o 


When 


u1  >  u 
1  B 


(18) 

(19) 


configuration  6  is  always  compatible  (Figure  2.47). 

Let  us  write  the  conditions  for  continuity  of  pressure  and  velocity  at  the 
contact  boundary 


P-(Mi)  =  PAM «)• 

u_  (Atj)s=u+  (MJ. 


(20) 

(21) 


jfc  * 
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The  function  p  (M  )  is  a  raonctcnically  'rcreasing  function  of  the  parameter  M-j , 
therefore  from  equation  (2C)  is  determined  monotonically  increasing  function 
of  M  and  equation  (21)  can  be  considered  as  the  equation  for  the  determination 

of  Mc>Mc  kp  >1;  >1- 

Noting  now  that  the  left  side  of  (21)  is  a  monotonically  decreasing,  and 


the  right  side  —  a  monotonically  increasing  function  of  end  that 


^1  <*0  rp)  — 

uB,  u_(l)  =  ul,  >  uB, 

we  conclude  that  equations  (20)  and  (21)  have  one  and  only  one  root  M  >  M  , 

O  0  Kp 

>  i;  M,  >  i. 

Thus,  the  conditions  for  the  compatibility  of  configuration  B  (M>1,M  >1) 

o  ' 

are  always  satisfied  when  u^  >  u^. 

Finally,  when  u^<  u^  (22) 

we  have  configuration  C  (Figure  2.49). 

The  condition  for  the  continuity  of  velocity  and  pressure  at  the  contact 


boundary  is  of  the  form 


h_  =  h1  tj- C>,  (5,,  pt)  —  <D,(S,.  p)  =* 
k  =  «.  =(D0(50,  p)-%(S0.  p0)  —  U 


(23) 


(p  denotes  pressure  in  the  zones  III  end  IV,  p  -  P-,  =  p)  .  From  it  p  end  b  are 
determined. 

The  left  side  of  equation  (23)  decreases  monotonically,  end  the  right  side 
increases  mcnotoricelly  —  with  increase  in  p;  when  p  -  p 

(Po)  =  +  *,  (SV  Pi)  -  ($>•  Po)  *  «,  -  «B  <  0. 
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ilence  it  follows  that  equation  (23)  has  one  and  only  one  root  o  =  p  -  p  <p  <p  . 

-r  o  i 

The  conditions  for  the  compatibility  of  configuration  C  followed  from  the  fact 
that  0  >  U  >  .  With  further  reduction  in  u^  separation  of  gases  becomes  possi¬ 

ble. 


8.  Solution  of  the  problem  of  discontinuity  decay  in  the  plane  of  variables 

p,  u  (p,  u-plot) .  In  all  cases  of  configurations  A,  B,  C  the  state  u+,  p+,  S4 

to  the  right  of  the  contact  boundary  was  associated  with  the  state  of  u  =0, 

o 

p  ,  S  in  gas  "0"  at  the  initial  instant  either  by  the  rarefecticn  wave  relation 
c  o 


S1=S0-  B+  *o(5o-  P+)  —  uo  *0 (•$»■  Po) —  (\-  Pa)' 


or  by  the  Hugonict's  relations,  from  which  follows 

P.  =  Po(^o‘  Mo)'  “+  ~  “o(^o-  **  (2/ 

where  po(So>  fO  ,  uc(S  ,  M  )  increase  monctcnicelly  with  increasing  M^,  and 

p  (S  ,  M  )  — *-  oo ,  u  (S  ,  M  )  —»~oo  provided  M  — *-c>o.  from  this  it  follows 
o  o  o  C  O  o  o 

that  we  can  cancel  out  the  parameter  M  from  the  functions  (2)  and  obtsin  a  new 
function:  u,.  =  Vj^  (So>  p^) ;  (3) 

at  which  Vc<s0»  P4),  just  as  <f>c  (fo,  p  ; ,  is  a  mcr.ctcni colly  increasing  function 
of  the  variable  p  . 

A  necessary  condition  for  the  rarefaction  wave  (y  -  y  >.  0)  is  the  require- 

3  '  2 

™ent  P,  <  P0,  (4) 

frem  whence  follows  that  in  determining  u^  we  car  employ  only  half  of  curve  (1): 

U+=%{SQ'  P+)-%{S0'  Po>  (5) 

assigned  by  the  condition  o  <  p  . 

‘  1  ""  o 

The  condition  fer  the  stability  of  shock  wave  (i^^-l),  conversely,  requires 
only  that  pressure  p^  be  larger  then  (p^  >  p) ;  therefore  when  determining 
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u  we  can  also  etrploy  only  half  of  curve  (3) 

T 

Therefore  the  curve 


assigned  by  condition  p  p 

+ '  r 


Pj-MSo-  Po) 


where  p  <  p  , 

+  "  0  (6) 

where  p  >,  p 
+  "  o 


define  the  velocity  u  at  the  contact  boundary  for  the  assigned  pressure  p+. 
The  curve 


/e  s  [®o(5o.  P)-®o(So.  Pd 
a  =  *0(S»  p)-\ V0($>  p) 


where  p  p  , 

0  (7) 

where  p  p 


cteczdbes  in  the  plane  of  variables  p,  u  a  set  of  states  which  can  be  associated 

with  the  right  state  p  ,  £  ,  u  -  0  by  means  cf  the  cmtered  rarefaction  wave  or 
*  *V  o’  c 

by  v  stable  I, Mq  ^>1)  shock  wave. 


b)  Shock  wave 


We  state  that  at  the  curve  (7)  a  "state”  is  defined,  even  though  at  each 
of  its  points  only  two  of  three  hydrodynamic  parameters  are  known  —  p,  u. 

However,  we  can  readily  see  that  in  the  rarefaction  wave  (p^  p  )  S  = 

S  ,  but  when  p  Po  the  entropy  S  is  uniquely  determined  at  each  point  on  this 
curve  from  Hugcniot's  conditions. 

Stated  briefly,  curve  (7)  is  the  projection  onto  the  plane  of  variables 

p,  u  of  a  curve  located  in  the  space  of  three  variables  (p,  u,  S)  and  describing 

a  set  of  states  (p,  u,  S) ,  which  can  be  associated  with  the  right  state  p^,  uq  = 

0,  S  by  the  rarefaction  wave  or  by  the  shock  wave, 
o 

We  can  readily  see  that  the  curve  (7)  passes  through  the  point  H  and  from 

the  property  of  the  second-order  tangency  at  the  point  (p  ,  u  =  0)  of  Hugonict's 

0  c 

adiabat  H  and  Poisson's  adiabat  A  it  follows  that  curve  (7)  exhibits  at  point 
(p0,  u^  =  0)  and,  therefore,  everywhere  a  continuously  differentiable  tangent. 

Figure  2.51  presents  the  approximate  shape  of  curve  (7);  ana  some  of  its 
part  corresponds  to  the  shock  wave  (function  (3)),  and  the  lower  —  to  the  rare¬ 
faction  wave  (function  (5)). 

Wholly  analogously,  the  curve  u  =  u1  -  g^(S^,  p) ,  (8) 

where 


777'.  t  :*>• 


">  «TJv 

p>Pii 


(9) 


describes  in  the  p,  u-plane  a  family  of  states  that  can  be  associated  with  the 
state  u^ ,  p^,  S^,  as  with  the  left  state,  either  by  the  rarefaction  wave  (r  = 
constant)  or  by  the  shock  wave  (m  >  0,  Mj  .>  1)  .  We  csn  readily  see  that 
g^(S,  p)  has  a  monotonically  increasing  function  of  p,  so  thst  curve  (8)  passes 
through  the  point  (p^,  u^)  and  has  two  continuous  derivatives.  The  approximate 
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shape  of  curve  (8)  is  shown  in  Figure  2.51.  Also  shown  in  Figure  2.51  ere  the 
sections  of  curve  (7)  and  (8)  to  which  correspond  the  rarefaction  wave  (B.p.) 
and  the  shock  wsves  (y.  B.),  respectively,  in  gases  "0”  and  "1". 


1)  Separation 

2)  Configuration  C 

3)  Configuration  A 


Figure  2.52 

4)  Configuration  B 

5)  Rarefaction  wave 

6)  Shock  wave 


Since  at  the  contact  discontinuity  it  is  always  (save  for  the  case  of  gas 
separation)  that  the  continuity  of  velocity  u_«u+  and  pressure  p_  -  p+,  the 
solution  of  the  discontinuity  decay  problem  reduces  to  determining  the  point 
(p,  u)  (p  ■  p_  •  p+,  u  -  u_  -  u+)  of  intersection  of  curves  (7)  and  (8). 
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If  the  intersection  point  (p,  u)  of  these  two  curves  lies  in  the  upper 

half  (p  >  p  )  of  curve  (7),  then  a  shock  wave  is  propagated  in  gas  "0”;  but 

if  p<  p^,  then  a  rarefaction  wave  propagates  in  gas  "0".  Similarly,  if  the 

point  (p,  u)  of  intersection  of  these  two  curves  lies  in  the  upper  half  (p<P1) 

of  curve  (C),  then  a  rarefaction  wave  propagates  in  gas  "1";  but  if  p  >  p  , 

then  a  shock  wave  propagates  in  gas  "1".  Accordingly,  figure  2.52  presents 

the  possible  cases  of  intersection  of  these  curves.  Assigning,  as  always, 

condition  p  >  p  and  noting  that  curves  (8)  for  different  u.  differ  from  each 
i  o  l 

other  only  by  displacement,  we  present  in  Figure  2.52  the  disposition  of  the 
possible  configurations  as  a  function  of  u^ ,  and  also  a  graphical  method  of 
determining  the  quantities  Ug,  u^,  and  uo£  /otp  =  separation  of  gases/.  From 
Figures  2.51  and  2.52  also  follows  the  graphical  method  of  solving  the  problem 
of  the  decay  of  an  arbitrary  discontinuity*). 

A  similar  consideration  of  the  problem  of  discontinuity  decay  can  be 
made  also  for  the  projection  onto  the  plane  (s,  r)  of  Riemann  invariants.  In 
the  plane  (s,  r)  parts  of  the  curves  (7)  and  (8)  corresponding  to  the  rarefaction 
waves  will  be  raised  parallel  to  the  coordinate  axes,  while  another  part  will 
represent  some  smooth  curve  that  smoothly  (with  two  derivatives)  is  consistent 
with  these  rays  (Figure  2.53).  It  is  especially  convenient  to  use  the  r,a-plot 
*)  It  must  be  bone  in  mind  that  curve  (8),  just  as  curve  (7),  depends  para¬ 
metrically  on  entropy  S^(Sq),  therefore  the  assignment  of  only  the  point  (p^,  u^ ) 
still  does  not  determine  it.  If,  however,  we  assume  that  for  all  u  ,  p  >.p 
entropy  5^  is  fixed,  then  curves  u  -  =  -g^(S_^,  p)  and  u  -  u.j  =  -g^S  ,  p) 

coincide  when  u.j  -  u^  -  (p  ’ ,  S^,  p  <  min^,  p^J).  Cn  this  basis,  in  Figure 
2.52  are  indicated  the  regions  of  values  p^ ,  when  S  =  =  constant,  in 

which  configuration  of  the  solution  of  the  discontinuity  decsy  problem  is  preserved 
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in  solving  the  problem  of  discontinuity  decay  for  isothermal  gas #8. 

In  concluding  this  subsection,  let  us  determine  the  function  g0(S0>  p) 
for  the  case  of  polytropic  gases. 

For  a  polytropic  gas 


V  > 


F 


aHs)P\ 


(10) 


QoiSy  p)r®0(Sv  Po)  = 


!  _  «  *  (ii) 


In  the  case  of  a  shock  wave  (p  >  p  ),  let  us  express  M  from  (4.5.13): 


1  1,  /  P  +  hoPi  t 

3=  V  OT'1 


(12) 


after  which  in  formula  (4.5.16)  we  find  tlMS  ,  p): 

0  0 

!M'?(50.p)  =  (l-A0)c0(S0.p0)[/ 


(13) 


Thus,  for  a  polytropic  gas  equation  (7)  is  written  in  the  form 


K  —  io^o-  P)  i 


u 


“herep*p‘ 


where  p->p0. 


(14) 


9.  Linearized  formulas  of  discontinuity  decay  in  the  case  of  pclytropic 

^as.  It  is  easy  to  see  that  the  quantity  <£  (S  ,  p)  - <gp>o ( SQ ,  p  )  end  ^  (S  ,  p) 
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when  1  tf  coincide,  with  an  eccurecy  up  tc  terms  of  the  craer  of 

*o 

The  seme  conclusion  follows  from  en  analysis  of  weak  shock  waves  made  in  sub¬ 
section  7  of  the  section  IV.  Therefore,  by  carrying  cut  in  formula  (6.8.14) 

an  expansion  in  powers  of  the  small  quantity  _ — Is  and  limiting  curselves 

fo 

only  to  first-order  terms,  ws  get 


~  /C  ca  P —  Pa  P  —  Pa 

u  =  g0(S0,  , 


(D 


Similarly,  for  weak  waves 


„  /c  _  c'  P—fit  -P—Pi 

.«!  u  —  gl(Sl,  p )  Y)  Pt  P,C| 


(  O'' 


Therefore  we  obtain  the  result  that  for  the  decay  of  a  discontinuity  with  smell 
amplitudes  the  values  of  the  pressure  p  and  velocity  u  at  the  contact  disconti¬ 
nuity,  independently  of  configuration,  are  expressed  by  the  same  formulas: 


KEY: 

1 )  Shock  wave 

2)  Rarefaction 
wave 


p>  |  Po 

“l— “o  I  P|C|  Po^o 

p-_L+_L+_L  +  -i- 

P|C|  PoCo  PlCl  PoCo 


(3) 


u  = 


Pi— Pa 


PoCo  +  PiCi 


Po<V<o  +  P|C|tf|  ,  . 
Po«o  +  PiC|  ’ 


where  we  replace  the  quantity  u^  by  the  difference  u^  _  uc •  Formulas  (3)  an. 
(4/  describe  the  solution  of  th-?  problem  of  the  decay  of  a  discontinuity  in 
the  acoustic  approximation.,  i.e.,  for  infinitely  weak  waves. 


(z>  W 


A, _ (!) 


Figure  2.53a 
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10.  Decay  of  a  discontinuity  in  a  variable-section  channel.  We  will 
consider  two  semiinfinite  cylindrical  tubes  with  cross  section  layer  as  A-j  and 
abutting  at  the  plane  x  =  0  (Figure  2,53a)  and  filled  with  gases  characterized 
at  time  instant  t  =  0  by  the  parameters  u^ ,  ,  p^ ,  S^,  and,  respectively,  by 

u2»  ^ 2’  P2’  S2* 

The  gas  pressure  arising  at  t  ^>0  is  two-dimensional;  however,  it  can  be 
assumed  that  the  waves  propagating  in  each  tube  as  t  — oo  ,  |x|  become 

close  to  one-dimensional.  The  approximate  flow  pattern  (we  will  call  this  flow 
the  decay  of  discontinuity  at  the  section  discontinuity)  is  based  on  the  assump¬ 
tion  that  the  asymptotes  are  established  instantaneously  and  the  flow  decaysinto 
two  one-dimensional  flows  divided  by  an  infinitely  thin  transition  zone  enclosed 
between  the  planes  x  =  -t  ,  x  ~  +  £  .  The  notion  in  the  region  of  the  transition 
is  a  steady  flow,  so  that  the  quantity  f  =  (u,  p  t  p)  to  the  right  and  to  the  left 
of  the  transition  zone  (we  will  designate  them  by  f  and  f+,  respectively)  are 
associated  by  the  relations 

(p«r = (p«)+* 

[e(p.  P)+  =[e0>-  P)+  P+T']  •  (2) 


The  first  expresses  the  law  of  conservation  of  ness,  end  the  second  Bernoulli's 
lew.  To  this  we  add  a  fair  relation,  which  has  a  different  form  for  different 
decay  models.  We  will  confine ‘ourselves  to  the  sdiebat  model  in  which  the 
conservation  of  entropy  in  tne  transition  zone  is  assumed*} .  For  a  polytropic 
gas,  tnerefore,  we  hove 


(3) 


/*)  on  following  page/ 
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Let  us  consider  the  simplest  case  of  discontinuity  decay  —  the  impinging  of 


a  shock  wave  traveling  with  respect  to  the  quiescent  gas  with  parameters  ,  p^ , 
u^  and  exiting  from  the  wide  section  of  the  tube  into  the  narrow.  W*  will  assume 
that  the  discontinuity  in  the  section  is  small,  i.e.,  that  the  condition 

(4) 


is  satisfied.  Then  we  can  assume  the  disturbance  in  the  shock  wave  to  be  small 
and  we  can  linearize  the  working  formulas.  After  the  shock  wave  passes  through 
the  section  discontinuity,  we  will  have  the  following  configuration  of  disconti¬ 
nuities:  to  the  right  travels  shock  wave  ,  behind  it  at  the  point  x  =  0  occurs 
a  discontinuity  subject  to  relations  (l)-(3),  behind  travels  the  reflected  waves; 
between  the  shock  wave  that  has  gone  by  and  section  ::  =  0  lies  the  contact  boun¬ 


dary.  Figure  2.53b  reflects  the  configuration  of  discontinuities  in  the  x,  t- 

plane.  The  line  r,  is  the  trajectory  of  the  shock  wave  entering  the  narrow 
A 

tube,  is  a  trajectory  of  the  reflected  shock  wave,  1 is  a  transition  zone, 
and  /%  is  the  trajectory  of  the  contact  boundary.  At  the  lines  f  ,  2~,  2T 

I  J 

the  flow  parameters  experience  discontinuities  of  small  amplitude,  and  the 
corresponding  abutment  conditions  can  be  linearized.  Let  Ap,  Au  represent 
the  total  changes  in  p,  u  in  the  transiticn  from  states  (2)  to  state  (3),  and 
let  A^P  and  AjU  stand  for  the  changes  in  p,  u  for  the  transition  across 
(i  ■=  1,  2,  3).  The  following  linearized  relations  ore  valid: 


Total  changes  Au,  Ap  are  caused  by  change  in  the  force  M  of  the  shock 
wave  as  it  makes  its  transition  from  the  wide  section  of  the  tube  into  the 
narrow.  Using  Hugonict's  condition  for  a  polytropic  gas 

a) 


Af* — '* 
Vi 


b) 

c) 


h-  =  y^[(i  +  h) - -J*-]  |(1  h) +, hM*\ 


(6) 


d) 

we  have 


••  i\ 

Pi  J 


*»  I 


Pl 


a) 

b) 


jp  —  <i»/+..4p  =2(1  4-A)MAM, 
P i  Pi*  . 

bu 

«i 


J 


AM. 


(7) 


Relation  (6)  enables  us  to  express  quantities  with  subscript  2  in  terms 
of  quantities  with  subscript  1  and  known  functions  of  M,  and  then  the  coeffi¬ 
cients  of  equations  (5a),  (5b),  and  (5c)  will  be  expressed  in  terms  of  M  and 
quantities  with  subscript  1.  Equations  (5a),  (5b),  (5c),  (7e)  and  (7b)  yield 
a  system  of  five  equations  relative  to  four  quantities:  A-jU,  A2u,  AjP, 
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The  condition  of  algebraic  compatibility  of  equation  (7)  leads  to  an  equation 
that  was  first  obtained  by  Chester  /l_2/i 


where 


f  *4o=*[(l+f>j-#>'^7^)(!lf+1+'ar)]  ■  '  J 

j  :  :5V :■■■:  .  *  '.  00>j 


Equation  (8)  yields  the  relationship  between  variations  in  intensity  of  shock 
waves  and  the  two  cross  sections.  Chisnell  /l^/  proposed  using  formula  (8) 
for  the  decay  of  a  nonsteady  shock  front  traveling  in  a  channel  with  continuously 
variable  cross  section.  In  the  Chisnell  theory  achannel  with  a  continuously 
variable  cross  section  is  approximated  by  a  sequence  of  cylindrical  channels 
(Figure  2.53c)  abutting  one  another,  and  the  transition  of  the  shock  wave 
from  one  cylindrical  section  to  another  is  given  above  by  formula  (8). 


where 


By  integrating  equation  (8),  we  find  Af(M)  -  constant, 


---XV)* 

t-  *  '  J  /  '  1  \TC 


X  exp 


L  *+(isir  j 
[(^r-rl^f)].  01 


M'+iP- 

z  =  — ^-r-  M1  —  h. 

Y+l 
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The  quantity  k(M)  is  a  slowly  changing  function  of  M.  Thus,  for 


If  we  assume  k  is  a  constant,  integral  (11)  is  simplified  and  leads  to  the 
form  A^(M^  -  1)  =  constant.  (15) 


For  weak  shock  waves  an  arbitrary  V  ,  k(M)  —♦*  ^  and  formula  (15)  becomes 


M  -  1  --v/  A""2 . 


(16) 


For  strong  shock  waves 


-*k(co)~  (1+*,)  <i+*,> 

- 2 - 

Y(Y-1) 


M+cp 


(17) 


^Ty— i) 

Y 


Then  from  equation  (15)  we  ha^e  M  a/  A’  ?■  .  (18) 

Estimate  (18)  was  used  by  Chisnell  to  establish  the  a^rmptotes  of  a  strong 
shock  wave  for  the  case  of  cylindrical  and  spherical  symmetry. 


From  (18)  follows  M  x 


-n 


- 

n  --j- 


-n 


(19) 

for  a  cylindrical  shock  wave  and  M  v  x  “,  n  =  k^,  (20) 

for  a  spherical  shock  wave  (x  represents  distances  up  to  the  axis  or,  corres¬ 
pondingly,  the  symmetry  points). 
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A  comparison  cf  estimates  09),  (20)  with  the  self-modeling  solution 
of  Guderley  for  a  convergent  shock  veve  (cf  section  IX,  subsection  5)  shows 
excellent  agreement.  Since,  for  V  ~  t  we  have  the  following  comparison 

cf  indexes  n: 


ft  Uumprecm  uaa 

d  C$epic*rcMs  mum 

^  iacaeu 

c  .'yiepjet 

Hacaeu 

C  rjtrpjnt 

5 

Y«-j 

012254 

05260 

0.4506 

0,4527 

7 

- -fr- 

0,1971 

0,1973 

0,3941 

05944 

KEY: 


a;  Cylindrical  wave  c)  Guderley 

b)  Chisnell  .  d)  Spherical  wave 

The  theory  outlined  by  Chisnell  does  not  make  allowance  for  the  addi¬ 
tional  influence  of  secondary  waves  reflected  from  the  channel  walls  and 
overtaking  the  shock  wave.  Corrections  were  introduced  into  formula  ( 1 8 )  in 
the  works  cf  Chisnell  /  1^7  and  which  incidentally  proved  to  be  unessen¬ 

tial. 

Withen  /167  gave  a  simple  interpretation  of  equation  (8) .  As  we  know 
(cf  /28/ j ,  the  flow  in  the  channel  is  described,  in  a  one-dimensional  appro¬ 
ximation,  by  the  equations 

(21) 

<w\pv/  dx\py) 
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where  A(x)  is  the  cross  section  area  of  the  charnel. 

Equations  (21)  can  be  rewritten  in  characteristic  form: 

*1  dp  da 


!'I  ap  as  - ,  (U  din  A  « 

JO+rrr"^"- 

b)  SHzft 

„  -,i.j  ! 

0. 


where 


\  1  dp  t  da.  .  eu  din  A 

c)  p t  dt^  di^u-^e  dtt  ■ 


l 


(22) 


<f  ^»/  d  ,  d  d  d  .  -  v  d 

'  'sr^'sr +8  «GT*  -3?7  =  ^- +(*+c)  j?  (23) 

Assuming  for  definiteness  that  the  shock  wave  travels  from  the  left  to 

the  right  and  that  the  difference  in  the  slopes  of  the  shock  wave  trajectories 

and  the  overtaking  characteristic  is  small,  we  can  approximately  assume  that  tile 

relation 

dr  —  -^dp  +  du-t--^^;  dlnA*=dr  +  -~^r£dln  A=0  ( 2 4) 

is  satisfied  not  along  the  r-charecteristic,  but  at  the  shock  wave  trajectory. 

From  (6a) and  (6b)  we  have 

dT s=dlt+j!rt dp_=  c» [( 1  ~ A) ( 1  + if) + £§; (1 + A)  **] dM- 1  (25) 

Substituting  (25)  into  (24),  we  arrive  at  the  relation 

[(l-»(l+^Ij+^;<t+»,«]««  +  ^fSr<1»-<  =  <>.’  (26) 

which  by  virtue  of  relations  (6)  is  equivalent  to  (8). 

Since  the  assumption  (24)  is  valid  not  only  for  weak  waves,  but  also  fcr 

strong  waves  entering  in  the  center,  this  explains  the  good  agreement  of  Chisnell's 

theory  with  the  sel '-modeling  solution  for  the  problem  of  a  convergent  shock  wave. 
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Different  approximations  have  been  developed  for  flows  possessing  the 
property  that  the  inclination  of  the  characteristic  overtaking  the  shock  wave 


»*■ 


is  close  to  these  slopes  of  the  shock  front,  and  these  approximations  satisfac¬ 
torily  describe  the  behavior  of  flow  near  the  front  (Poincare-Lighthill-Go 
method  /I 7/  and  the  method  of  shock  waves  /18/). 

Section  VII.  Interaction  of  Strong  Discontinuities. 

Based  on  the  analysis  of  the  problem  of  the  decay  of  an  arbitrary  dis¬ 
continuity,^  this  section  we  consider  several  problems  of  interaction  of 
strong  discontinuities,  such  as  shock  waves  and  ccntact  boundaries. 

In  the  merging  of  strong  discontinuities  piecewise-constant  flows  emerge, 
which  can  be  taken  as  initial  data  for  the  solution  of  the  problem  of  the  decay 
of  arbitrary  continuity.  Therefore  the  problem  of  the  interaction  of  strong  dis¬ 
continuities  reduces  to  the  problem  of  discontinuity  decay. 

We  consider  in  this  section  interactions  of  strong  discontinuities  in  the 
following  orders 

1)  the  impinging  of  a  shock  wave  at  the  contact  boundary. 

2)  the  union  of  shock  waves  traveling  directly  into  each  other  relative 
to  the  gas. 

3)  The  union  of  shock  waves  moving  in  the  gas  in  the  seme  direction. 

All  possible  interactions  of  strong  discontinuities  ere  exhausted  in  the 

three  combinations.  The  main  problem  will  be  to  establish  the  configuration  of 
the  slope  formed  as  a  function  of  the  parameters  characterizing  the  interacting 
discontinuities. 

We  first  make  a  general  examination  by  the  method  of  the  p,  u  diagram, 
and  then  consider  the  case  of  the  polytropic  gas. 
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1 .  Impinging  of  a  shock  wave  at  the  interface  of  two  media.  Suppose  that 
a  shock  wave  traveling  in  the  medium  x  =  0  in  the  direction  from  left  to  right 
impinges  against  the  boundary  x<C  of  two  media  characteiized  by  parameters 
p  -  f*e,  (to  the  left  of  x  =  0)  and  po,  So,  uo  =  0  (at  the  right)  at 

time  instants  t  =  0.  Thus,  at  the  instant  t  =  0  the  initial  discontinuity  with 
parameters  p1?  u^  (gas  "1",  left)  and  p0,  SQ,  uQ  =  0  (gas  "0",  right)  is 
formed.  Here  the  point  (p^ ,  u^)  must  lie  in  the  upper  part  of  the  curve  (6.S.7) 
calculated  for  the  gas  initially  lying  at  x<0  and  passing  through  the  point 
(pc>  0) ,  j 

Px>P o.  •*,  >  o. 

Thus,  the  set  of  possible  states  (p.,  u.,)  of  gas  "1"  is  mapped  in  the  plane 
(p,  u)  by  a  curve  described  by  equation  (l)  (Figure  2.54). 


Suppose  that  the  initial  shock  wave  is  given.  Then  also  given  is  the 
point  (p^,  u^)  lying  on  the  curve  (l)  (Figure  2.54).  In  accordance  with  sub¬ 
section  8  of  section  VI,  the  solution  of  the  problem  of  c.he  interaction  of  a 

shock  wave  with  the  contact  boundary  reduces  to  the  determination  of  the  point 
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ii  linn  iii  01  m  w~ 

t'iw. 


SWV* 


ft 

L> 


(p,  u)  of  intersection  with  the  curve  (6.8.7)  ur=  §0(So>  p)  (2) 

for  the  gas  "0"  passing  through  the  point  (po>  u^)  and  the  curve  (6.8.8) 

u  =  ^  -  g1(S1,  p)  (3) 

for  gas  "I”  passing  through  the  point  (p^,  u,,). 

Obviously,  curve  (2)  can  intersect  curve  (3)  only  in  the  separate  branch, 
i.e.,  when  p  >  p0.  Consequently,  the  induced  flow  has  either  configuration  A 
(corresponds  to  point  A  of  the  intersection  by  curve  (2)  (CA)  and  by  curve  (3) 
(AB)  in  Figure  2.54),  or  configuration  B  (corresponds  to  point  B  of  intersection 
by  curve  (2)  (CA)  and  by  curve  (3)  (AB)). 

Thus,  a  shcck  wave  is  always  propagated  in  gas  "0",  and  a  rarefaction  wave 
or  a  shock  wave  is  propagated  in  gas  "1",  depending  on  the  mutual  disposition  of 
curves  (1)  and  (2). 

Let  us  consider  the  case  of  polytropic  gas.  According  to  (6.8.13) 


-r*\.-'Tr*rr 


H  .4  '■■■■ 


We  introduce  into  cur  consideration  the  quantity 


!  )  ($>  A) 


where 

From  this  we  have 


0-*! )*  **  e+»0'  (6^i),:^)r  -r\  w 

(1-Aq)1  ~ef  1  +  A,,  0  +  A,  (ft-!)*-,. 


e=X. 

Pt 


,  (7) 


O) 


-  341  - 


If  ho<  h^(  ^  <  V)  ),  then  K(<s*>)  >  K(l)  and  K(G)  is  a  monotonically  increasing 
function  of  6.  But  if  ho>  (V0>V/),  then  K(<Po)<K(l)  and  K(9)  is  a  mono- 
tcnically  decreasing  function  as  0  <  Q  <T  w. 


Let  us  consider  the  following  cases: 

1)  K(1)  K(*°)»1.  Then  K(Q)  ^  1  and  <£(S0,  p)  ^  ^  (Sc,  p)  for 

all  p  ^  p  .  In  this  case  curve  u  =  ^(S^,  p)  lies  beneath  the  curve  u  =  ^ (S^, 
p)  (Figure  2.54)  and  for  any  shock  wave  intensity, as  a  result  of  interaction 
with  the  contact  boundary  configuration  B  is  induced,  i.e.,  when  t>0  two  shock 
waves  propagate  to  different  sites  from  the  contact  boundary  (Figure  2.55). 

2)  K(l )  ^  1,  K{oo)  ^  1.  Then  ^o(-Sejp)  <.  ^  (  Sa,  f>  )  end  for  any  shock 
wave  intensity  the  flow  when  t  >  0  has  configuration  A,  i.e.,  a  shock  wave 
propagates  in  gas  ,!0"  (as,  it  does,  incidentally,  always),  and  a  centered  rare¬ 
faction  wave  propagates  in  gas  "1". 

3)  If  K(  1 )  >  1,  K  (oo  )<  l^]/g  >  V,),  then  for  some  p  =  P  the  curves  u  = 

( 30Jp )  end  u  =  (5a,  p)  intersect  each  other.  When  p  ^  P-.  P,  we  have 

0 

* 

configuration  B;  when  p^  >  P,  i.e.,  for  sufficiently  strong  shock  waves,  we  have 
configuration  A. 

4)  K(1 )  <  1 ,  K(cx>)  >  I  (  <  v',  )  .  Then  curves  u  =  %CSe,f>)  and  u  = 

^  (S^,  p)  intersect  each  other  at  p  =  P;  in  the  region  Pc^  p^  P  the  flow 
has  configuration  A;  when  p^  >  P  it  has  configuration  B. 

Let  us  consider  the  special  case  of  identical  gases  (V0  =  V,  =  V  ).  Then 

-  ^  i 


Considering  relation  c 


let  us  write  (10)  in  the  form 


<»» 
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(11) 


From  this  it  follows  that  when  the  shock  wave  travels  from  a  less  dense  gas  into 
a  more  dense  gas  (K>1),  then  the  shock  wave  is  reflected  in  the  less  dense  gas 
(we  have  configuration  B) .  But  if  the  shock  wave  travels  from  a  more  dense  gas 
into  a  less  dense  (K  <  1),  then  a  rarefaction  wave  is  reflected  (configuration  A). 


KEY: 


a)  Shock  wave 


figure  2.55 


b)  Contact  discontinuity 


This  result  can  be  compared  with  the  conclusion  in  subsection  5  of  sec¬ 
tion  III,  where  the  reflection  of  a  traveling  wave  at  the  contact  boundary  was 
studied.  There  we  obtain  the  conclusion  that  a  wave  of  the  same  type  as  the 
incident  wave  is  reflected  from  a  more  dense  medium.  Since  the  weak  shock  wave 
can  u  ’"^garded  as  a  weak  Riemenn  compression  wave,  then  we  see  that  qualitatively 
the  reflection  of  shock  waves  end  Riemenn  waves  at  contact  boundaries  is  identical 
in  nature. 

2.  Encounter  of  two  shock  waves.  Two  shock  waves  travel  toward  each  other 
in  a  substance  with  pa  remeters  u  -  0  ,  p  and  S  ,  leaving  behind  them  states 

C  n  C 
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u,  =  %  ft),  S1  behind  the  left  wave  and  uq  =  -  fo(SOJp„l  pe  ,  S„ 

behind  the  right  (Figure  2.56).  At  the  instant  t  =  0  the  shock  waves  encounter 

at  the  point  x  =  0  forming  an  initial  discontinuity  with  parameters  u^  =  %^S0,p), 

ft,,  S,  (left)  and  ^Q=  ~%(2B,fte),  ft0,  Se  (right).  For  definiteness  v/e  suppose 

that  p  >.  p  .  (1) 

i^o 

Here  two  cases  are  possible: 

a)  Curve  u  -  u  =  ^(So.p)  is  always  below  curve  u  =  (^CSo./0  (Figure 
2.57,  a). 

b)  Curve  u  -  uo  =  intersects  the  curve  u  =  ^(3OJp)  at  seme 

point  (P,  U)  (Figure  2.57,  b) . 


figure  2.56 

In  the  first  case  only  configuration  B  is  possible,  in  the  second,  both 
B  end  A,  however  in  any  case  a  shock  wave  will  be  propagated  in  gas  "0". 
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Figure  2.57 


Let  us  consider  more  detail  the  case  of  the  polytropic  gas  for  which  the 
intersection  of  the  curves  u  =  and  u  =  uo  +  %  C50jp)  ~  %(S0,pc  ) 

is  impossible.  Thus  we  must  prove  the  inequality 


Considering  formula  (6.8.13)  for  4>  (S  ,  p)  and  formula  (6.8.12)  we  reduce  in> 

c  o 

equality  (2)  to  the  form 


where 


£f»i -Jfi 

Si 

m 

m 

m 

JgjE 

where 


ESC  $vi*5 


/*. -^-“l/ ^#?4->«.>i  1 


j: "‘“T “K  £»>"•>  1  ***§p J 
I *  o»w-:  \  j 


From  this  follows  the  equality 


Allowing  fpr  relation  (4.5.15): 


*3  jo + *)  aij  -  *]  g^+asr 

ir!  ji 


and  also  consequence  (5): 


.  Mi~M°  ", 

•-_H  «  +*> "r-^T*  ! 


let  us  transform  inequality  (3)  to  the  form 

t  (MtA<o- l)*  1  (Af !  —  Af0)* (l  — ■ A-j-AMg)  (g) 

A»?  M*  (1  -f-  A)  AfJ— A 

Canceling  cut  of  inequality  (8)  the  quantity  M  by  using  (5),  we  arrive  at  the 
inequality 


(MiMo  ~  0*  -  Mtf  [l  - . A  +  AMj] 

M\  iMj-A  +  AAf*  ' 


When  =  M^,  inequality  (9)  will  obviously  be  satisfied  (this  case  corresponds 
to  the  encounter  of  equal-intensity  shock  waves) .  Let  us  shew  that  inequality 
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is  satisfied  for  any  M  ?  M  .  To  do  this,  let  us  transform  it  to  become 

1° 

q,i 

from  whence  it  readily  follows  that  it  always  is  satisfied  when  Rj  ^  M  >  1 . 
Thus,  in  a  polytropic  gas  only  configuration  B  is  produced  in  the  encounter  of 
two  shock  waves,  i.e.,  when  two  shock  waves  meet  each  of  them  as  it  were  ?passes" 
through  the  other. 

3.  Union  of  shock  waves  traveling  in  the  same  direction.  In  a  gas  with 
parameters  pQ,  SQ,  uc  =  0  a  shock  wave  travels  from  left  to  right  with  constant 
velocity  DQ  >  0,  leaving  behind  the  state  u  ,  pCj  Sc  located  at  the  curve 

”  =  y0(s0.  p)-  0) 

Behind  the  first  shock  wave,  also  with  constant  velocity  D-j ,  >  Da  >  oi-o, 

travels  the  second  shock  wave,  leaving  behind  the  state  u^ ,  p^,  S  located  at 


the  curve 


u  -  u  =  (S  .  p), 


passing  through  the  point  (po,  Se,  Po  5  )(Figure  2.58).  At  the  instant  of 
union  of  the  shock  waves  an  initial  discontinuity  is  induced,  which  on  decaying 
yieldfla  flow  with  configuration  B,  if  the  point  (p^ ,  u0  +  ,  p,  )  )  lies  above 

the  curve  (l)  (in  Figure  2.58  this  case  is  shown  by  point  B) ,  and  also  induced 
is  a  flow  of  configuration  A  if  the  point  (p^ ,  ug  +  C5,,,  P,  )  )  lies  below  the 

curve  (l)  (the  corresponding  solutions  are  noted  by  the  points  £)'  and  A'  in  the 
figure) .  A  shock  wave  will  always  propagate,  however,  in  this  case  toward  the 
side  of  gas  "0". 

Let  us  consider  again  in  greater  detail  the  case  of  an  ideal  gas.  The 
mutual  disposition  of  curves  (1)  and '(2)  is  determined  by  the  sign  of  the  dif¬ 


ference 


|  A  =  'F0(S0,  p0)  4-  'Po  (so-  P)  -  % <So-  P)  1 
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L. 


for  the  assigned  restrictions  P0  <  Pc<  p. 


(4) 


Let  us  introduce  the  notations: 


.'•fit, 


—  =  m. 


(5) 


Here  M  corresponds  to  the  first  shock  wave  traveling  with  respect  to  the  back- 
o 


ground  (0,  p  )and  leaving  behind  it  the  state  (u  ,  p  ) ;  M  is  the  second  shock 
°  0  0 


wave  traveling  relative  to  the  background  (u  ,  p  )  leaving  behind  it  the  state 

o  o 

(u^,  P^)>  M  ^  the  possible  shock  wave  traveling  relative  to  the  background 
(0,  po)  and  leaving  behind  it  the  state  (u,  p) .  Then  the  difference  (3)  is 
represented  in  the  form 


(j 


.tifc-t  '  -  fl*-f  JW*-1 

A  -  (1  -  A)  c^—  f  (1  -  h)  Ct—=r-  T  (1  -  A)  Co-—-. 


From  relations 


4n=(i+A)Ap-A.  ^  = 


P* 


follow 


1’  .<».+  *>  M'  -h 


or 


M7  +  hM\-h 


Jl+A)  M*-A  . 


Substituting  (ft)  into  (6),  we  get 


m*-mi  V 

i  «C  M  « -  +  <0  (1+A)  Ml-h  M 

!.  +  ,  ‘o  M^Ml  1  ] 

r,  V(i+«AI»-*  JHJ 
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(6) 


(7) 


(8) 


(?) 


Using  relation  (4.5.15)  (cf  figure  (7.2.6)),  which  in  this  case  can  be  written 


as 


we  obtain  from  (9) 

A 


..r 


cl  _  [(l  +  A) 


(10) 


„  ...  f* (^o — M)(MMa  -f- 1)  _  Y(\-k)  +  hM\  l' 

V*  —  n>  co  - - r - ~t=  =  - -  = 

MMa  Afl(y(l+A)  M\-h  JW. 


=  (1  -  h)ca(M 


ov 

/ 


\~mA^L 


-h  +  hUl(M  +  M0)  (MA<0-H) 

y(t  M Mj 


(ID  vs 


Since,  by  (4),  M  >M  >  1,  then  we  see  that  the  sign  of/^  coincide  with  the  sign 
of  the  expression 


(1  -A  +  ftAt*)(M  +  M,f  (MM,  +  if 

MlXP  [(1  +A)  Ml  —  ft]  M7M\  •' 


Finally,  here  substituting  frorn  formula  (8),  we  get 


sign  A = sign 


=  sign  [M’+A^-l)])  = 

~  =  — Sign(/W*— -  l)(Mo —  l)[(I  — h)M2 — 2hMM0 — *].  (IS) 

end  so,  if  i  ... 

(1  _ h)  M?  -  2 hMM0  -  h  >  0.  "(M) 
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then^<  C,  ana  we  have  configuration  A;  but  if 

;(1_A)AP— 2*A!AI0-»A<0.  t  (15) 

then  we  have  configuration  B. 

It  is  not  difficult  to  see  that  when  the  second  shcck  wave  is  sufficiently 
strong  (M»1,  M  >>  1),  inequality  (14)  is  satisfied  and  we  have  configuration 

A.  In  order  for  the  equation 

(1  - h) M* -lhMM0  —  h  =  0  T  (16) 

to  have  the  root  M(M  >M  >  1 ) ,  it  is  necessary  and  sufficient  that  the  inequa- 

o 

lities  _ 

[,1<a4<T=S  !  (17) 


or  h  ^  1/3,  i.e.,V»2. 

to  be  satisfied.  If 

(1  -  3h)  >  h,  i.e. ,  h  <  %,  V  $  5/3.  (18) 

then  condition  (15)  cannot  be  satisfied  for  any  >  1 ,  and  we  will  lower  the 
configuration  A.  But  if  V  >  5/3,  and  we  may  also  have  configuration  B. 

More  exactly,  when  M  ^  M^,  where  is  larger  than  M^,  the  root  of  equation 

(l6),  or  what  amounts  to  the  same,  when  _ _ 

M 

(1-f  h)M\~h  ; 

we  have  configuration  B,  otherwise  —  A. 

4.  Interaction  of  strong  discontinuities  in  an  isothermal  gas.  For  the 
case  of  an  isothermal  gas,  analysis  of  the  direction  of  discontinuities  is  simpli¬ 
fied.  Actually,  an  isothermal  gas  can  be  considered  as  a  polytrcpic  gas  where 

V  =  1. 

For  isothermal  gas  we  have 
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0)  , 

'  (2)' 


x  - 


f 

is- 


** 


1> 


Let  us  consider  the  problem  cf  the  incidence  of  a  shock  wave  against 
a  discontinuity  contact  (cf  Figure  2.54).  As  we  show  in  subsection  1,  the 
choice  between  configuration  A  and  B  is  determined  by  the  sign  cf  the  difference 
A  =  %(P)~  %(P)  given  the  condition  p  >  PQ.  When  A<0,  we  have  configuration  A, 
and  when^l>0  —  configuration  B. 

Taking  (1)  into  account,  we  have 


(3) 


ti 

$ 


Since  p/p  >  1,  then  configuration  A  obtains  where  c  <  c  ,  and  configuration  B 
o  o  ° 

—  where  c^  >  c  . 

0  o 

Taking  the  relation  p  =  c2  p  =C*P.  (4) 

O  0  0  0  e 

into  account,  we  get  the  result  that  we  have  configuration  A  where  f>  <  /%,  and 
configuration  B  —  where  /°a  >  Pc.  Its  result  also  follows  directly  from  the  re¬ 
sult  of  subsection  1 . 

When  solving  problems  of  the  interaction  of  shock  waves,  we  must  beer  in 

mind  that  c  =  c  . 

o  o 

Let  us  initially  consider  the  intersection  of  shcck  waves  traveling  headon 
toward  each  other  (cf  Figures  2.56  and  2.57).  Using  the  notations  in  subsection 
2,  putting  h  =  0,  we  have 


,  Afo,  -  > 

’4* 


M* 


Ml 


■  Ml 


&.  =  M\ 

P*  '  >< 

M„’  , 


(5) ' 

(6) 


The  condition  for  configuration  B  is  of  the  form  (cf  (7.2.3)) 
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[ 


i 


i  J 


where  l  n~  right /  is  the  velocity  of  the  shook  wave  traveling  to  the  right 

after  the  encounter,  and  D,  [~J=  left/  is  the  velocity  of  the  shock  wave  travel¬ 
ing  to  the  left  after  the  encounter. 

Thus,  working  formulas  for  the  interaction  of  colliding  waves  are  of  the 


^ =  ^[(^i  “  -2£P“(mo—  -37)] •  J 

•— -  -  _ — ■  _ jm 


where  p  and  u  is  the  pressure  and  velocity  between  the  fronts  of  the  divergent 
waves.  Their  velocities  are  determined  by  formula  (16). 

Let  us  consider  the  conclusion  of  problem  of  the  union  of  waves  traveling 
in  the  same  direction.  Condition  (7.3.H)  is  satisfied  when  h  =  0.  Consequently, 
for  the  case  r  r  iscthermal  gas  v/hen  the  shock  wave  traveling  in  the  same  direction 
merge,  we  always  have  configuration  A. 


VIII.  Interaction  of  Shock  Waves  With  Traveling  Waves 

If  the  shcck  wave  traveling  at  a  constant  velocity  with  respect  to  a 

constant  background  alters  a  traveling  wave,  its  intensity  is  changed.  In  the 

case  of  a  polytrcpic  gas  the  entropy  behind  the  wave  front  becomes  variable, 

which  complicates  analytic  examination.  Therefore  we  will  confine  ourselves  to 

a  consideration  of  barotropic  polytropic  gases,  in  particular,  an  isothermal  gas. 

Let  us  initially  make  the  observation  that  is  valid  for  all  barotropic  poly- 

tropic  gases.  Suppcse  that  a  shock  wave  is  traveling  with  Constant  velocity 

with  respect  to  a  constant  background  (p  ,  p  ,  u  )  from  left  to  right,  leaving 

'  ooo 

behind  it  a  constant  background  (p^,/o  ,  u^)  associated  with  (pQ,  />o,  u^)  by 
Hugonict's  conditions.  At  some  instant  t^  the  shock  wave  enters  the  region  of 
distrubed  metion,  which  can  be  either  s  traveling  wave,  or  a  region  of  inter¬ 
ference  of  traveling  waves.  Then  the  motion  we  just  formed  behind  the  shock 
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waveisa  traveling  wave  'until  a  new  shock  wave  is  formed  in  it  (Figure  2.59). 


Figure  2.59 


KEY: 

a)  Shock  wave 


Figure  2.60 


KEY: 

a)  Shock  wave 

1.  Interaction  of  a  shock  wsve  with  traveling  wave  in  sn  isothermal  gas. 

Suppose  8  constant  flow  (p  ,  u  =  0)  adjoins  a  rarefaction  s-wave 

w  o 

r=r  =  u  +  c  In  j3  -  constant  (1) 

o’ 
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& 
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k  shcck  wave  travels  at  constant  velocity  Dq  with  respect  to  a  constant  back¬ 


ground^  ,  u  =  C)  from  left  to  right,  leaving  behind  it  the  state 


Px  =  c\-  Pf==P0^.  Ma  =  ^L. 


(2) 


At  the  instant  t  =  t  the  shock  wave  enters  region  III  of  the  traveling  wave 
(Figure  2.60}  where  pressure  and  velocity  increase  in  opposite  direction,  i.e.. 


In  region  III  of  the  traveling  wave,  Hugcniot's  conditions  are  of  the 
form  (cf  section  IS,  formula  (4.6. 13)  and  (4*6 .1 4 ) ) 

r~  —  r+  =--<$(/£),  S--s+=$<jW).  •  (3) 


fA  =  ^—~,  <p(Jf)  =  c  (jsc —  i-4-Injr»). 

*(*)  =  «(*—  -g  — ln*2)' 


(4) 


where  D  is  the  velocity  cf  the  shcck  wave;  the  quantities  with  the  sign  "+" 
denote  the  quantities  in  the  wave  III  ahead  cf  the  shcck  wave  front,  and  these 
with  the  sign  —  the  variables  behird  the  front  cf  the  shock  wave  (region 
IV). 

In  the  case  uruer  consideration  the  c-veve  r”  =  r. ,  r+  -  r0.  (5) 

From  equations  (3)  end  (5) it  follows  that  M  is  constant  end  equal  to  M  .  Thus, 
the  amplitude  cf  the  shcck  wave  is  invariant  and  the  quantities 

it-  ft-  •'J°-  (6) 

retpin  a  constant  value  at  the  wave  front. 

In  the  region  IV  we  have  a  rarefaction  (compression)  s-wave,  if  in 
region  III  the  Riemann  wave  is  a  rarefaction  (compression)  wave,  actually, 
since  u“  -  u1  is  constant  at  wave  front,  then 
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'T  da~ 


n  du~ _ da*  ,  ~  du* 

Dsr-isr+D-3r- 


or 


ST' 


(7) 


such  that  the  derivatives  3u~/>x  and  Su^x  (in  the  regions  III  and  IV)  are  of 
the  same  sign.  Since  in  the  s-wave  with  constant  invariant  r  (in  zone  III)  the 
hiemann  relation  x  -  (u  -  c)t  =  f(u)  (8)  is  valid, where  f(u)  is  some  function  of  u 
and  at  the  shock  wave  the  relation 


Ax 


~  =  D  =  u  -{-  cMa  =  o+  +  D#, 


(9) 


is  valid,  then  by  comparing  (8)  and  (9),  we  obtain  a  differential  equation  for 
the  trajectory  of  the  shock  wave: 


(10) 


In  the  particular  case  of  a  centered  rarefaction  wave  when  the  following  relation 
is  valid: 

(n) 


where  (x^ ,  t  )  is  the  wave  center,  we  can  readily  obtain  the  integral  equation 


**=£*L+D0+c. 

ii  t  — 


di 


(12) 


Clearly,  c  similar  analysis  was  obtained  also  for  the  case  of  shock  wave 


traveling  from  right  to  left  and  encountering  a  Riemenn  r-weve 


or  the  case  cf  a  rarefaction  wave  ( > O ,  ~~  <  O  ),  the  shock  wave  pro¬ 


ceeds  "under  the  peak,"  by  accelerating;  for  the  case  of  8  compression  wave 

' 


>  0  )  the  shock  wave  travels  "into  the  peak",  slewing  down.  This 


pattern  cf  interaction  can  be  realized  in  the  problem  with  two  pistons;  first 
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3? 

VJ* 


the  right  piston  retreats  from  the  gas,  forming  a  rarefaction  wave  (r  =  constant), 
then  the  left  piston  advances  into  the  ’gas,  forming  a  shock  wave  that  travels 
into  the  rarefaction  wave. 


KEY: 


a)  Shock  wave 

Let  us  now  consider  the  problem  of  the  interaction  of  a  shock  wave  travel 


ing  to  the  right  with  a  Riemann  r-wave  (s  =  s^  -  constant)  (Figure  2.61).  In 


this  case  the  pressure  and  velocity  ahead  of  the  shock  wave  increase  in  the 
same  direction  >  0) . 


In  formula  (3)  we  must  put  r_  =  r  =  constant,  s+  =  s  .  (13) 

o 


Then  for  the  case  of  rarefaction( compression)  wave  in  region  III,  we  have 

'A*  >  Q 

'€ 


£->«  *(£-.<«) 


(14) 


and  from  relation  (3)  we  find 


-  557  - 


-i>M 


This  means  that  for  rarefaction  wave  III,  the  reflected  wave  IV  is  a 
compression  wave,  for  compression  III  wave  IV  is  a  rarefaction  wave.  In  the  fi 
case  the  intensity  M  of  the  wave  is  reduced,  and  the  second  —  is  increased. 


b) 

figure  2.62 


/KEY  on  following  page? 


*  A 


K£Y: 

A)  s-wave 

The  trajectory  of  a  shock  wave  is  found  on  analogy  with  the  foregoing. 

This  pattern  can  be  realized  in  the  problem  with  one  piston:  the  piston  initially 
retreats,  forming  a  rarefaction  wave,  then  advancing  into  the  gas,  forms  a  com¬ 
pression  wave  (shcck  wave). 

2.  Asymptotes  of  inlcrcction  cf  a  shock  wave  and  a  centered  rarefaction 

wave.  As  a  result  of  interaction  of  a  shock  wave  with  a  rarefaction  wave  III, 

after  departing  from  it  against  the  constant  background  V,  the  shcck  wave  acquires 

instead  of  its  initial  velocity  D0,  the  velocity  Dp  Clearly,  the  discontinuity 

in  velocity  -  Dc  of  a  shock  wave  does  not  depend  on  the  entry  point  (xp  t^)  if 

there  is  smooth  flow  in  the  region  IV.  Suppose  the  entry  point  (xp  t^)  draws 

nearer  the  center  (x  ,  t  )  of  the  wave. 

o  o 

Then  the  difference  D1  -  Dc  remains  unchanged.  If  x^  =  xq,  then  we  cm 
speak  cf  instanteneous  interaction  of  shock  veve  with  concentrated  rarefaction 
wave.  In  this  case  we  have  a  longitudinal  discontinuity  characterized  by  the 
states  (II,  V).  We  set  up  the  problem;  will  the  velocity  D1  of  the  shock  wave 
in  the  problem  cf  discontinuity  decay  coincide  with  velocity  after  the  exiting 
cf  the  shcck  wave  from  the  rarefaction  wave  III?  Let  us  first  consider  the  case 
of  the  centered  rarefaction  s-wave  (Figure  2.62,  a). 

States  II  and  V  are  defined  by  the  formulas 


i 


Let  us  calculate  the  discontinuity  decay  (p^,  U2),  (p^,  u^)  using  the 
(p,  u)-diagram  (Figure  2.63).  In  this  case  we  have  configuration  A.  The  quan¬ 
tities  u  and  p  are  found  as  the  result  of  solving  the  solution 

T - .  '  * 

M - rr  —  In  = 

M  Pi 


where  we  put 


P*  -Pt 


After  uncomplicated  transformation,  from  formula  (3)  we  have 


^=S/M  —  ^  +  ln  Ma  ==«  =  Alo  —  !n  AlJ. 


From  whence 


M  ***  Ain 


Thus,  after  the  interaction  cf  a  shock  wave  traveling  to  the  right  with  an  s-wave, 
it  acquires  the  same  velocity  as  resulting  from  instantaneous  interaction  the 
shock  wave  and  a  concentrated  rarefaction  zone  calculated  by  the  discontinuity 
decay  formulas.  This  agreement  stems  from  the  fact  that  reflected  wave  IV  is 
a  rarefaction  wave  ard  as  t  — no  singularities  are  Induced  in  the  motion 
behind  the  wave  front.  A  similar  pattern  obtains  in  the  interaction  cf  a  shock 
wave  traveling  to  the  left  with  a  rarefaction  r-wave. 

« j  to  4  1 


Figure  2.63 
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Here  let  us  consider  (cf  [uQ)  the  interacticn  of  a  shock  wave  traveling 
tc  the  right  with  a  r-wave  (Figure  2.62,b). 

In  this  case  shock  wave  passing  through  region  III  acquires  a  velocity 
that  is  different  from  that  resulting  from  instantaneous  interaction  of  o  shock 
wave  with  a  concentrated  rarefaction  r-wave  considered  as  the  decay  of  an  arbitrary 
discontinuity.  The  reason  for  this  is  the  initiation  cf  the  shock  wsve  traveling 
tc  the  left  from  compression  wsve  IV  and  then  cf  a  rarefaction  wave  traveling  tc 
the  right  and  overtaking  the  shock  wave  traveling  toward  the  right. 


The  shock  wave  appearing,  by  varying  ius  velocity,  changes  the  invariant 
r.  These  changes  are  transported  along  the  r-oharacteristic  and,  arriving  at 
the  front  of  the  shock  wave  traveling  to  the  right  change  the  velocity  of  the 
latter  by  inducing  a  change  in  tne  invariant  s. 

Changes  in  invariant  s  at  the  right  wave  along  the  s-cheracteristic  are 
transported  to  the  left,  shock  wave,  causing  a  change  in  the  invariant  r.  From 


interacticn  cf  the  rear  fronts  cf  the  right  and  left  shock  waves  a  certain  symp 
tc tic  regime  is  gererated.  The  limiting  configurations  anu  flow  coincide  with 
the  configurations  and  flow  resulting  from  the  decay  cf  discontinuity  II  end  V 


(figure  2.64). 


Let  us  consider  front  interaction  in  detail.  We  introduce  the  notations 


Tp  Sj  are  the  values  of  the  invariants  in  I; 

rTTTm  sTTT  are  the  values  cf  the  invariants  at  the  leading  front  of  the 

lxl  111 

wave  in  III; 

Ty,  Sy  are  the  values  of  the  invariants  in  V; 
rII’  Sti  —  values  cf  the  invariants  in  II; 

r,  s  —  values  of  the  invariants  at  the  rear  front  of  the  right  wave; 

R,  S  —  values  of  the  invariants  at  the  rear  front  cf  the  left  wave; 

D  —  velocity  cf  the  wave  traveling  to  the  right; 

D  —  velocity  of  the  wave  traveling  to  the  left; 


M: 


D  —  Ut 


>  1.  M 1 


D-u 


>  I; 


uo>  c  —  quantities  ahead  of  the  front  cf  the  right  wave; 

u,  c  —  quantities  ahead  of  the  front  of  the  left  wave; 

ri’  "i’  —  values  cf  r,  s,  M  at  points 

Rp  3.,  NL  —  values  of  F.,  S,  M  it  points  P  . 

The  following  relations  are  valid  at  the  front  (Q  ,  Q  Q  , 

C  ' 

P2,  P3,  P4,  „.): 

s—sv=$(M),  r  —  /•|,|=<p(<M),  s— Sin  =  (/W),  r  —  rv  =  q)(41), 


(7) 


and  correspondingly  R  _  f ,,  =  ^  S-s„  = 

The  arcs  (Pv  P,).  ( P3 ■  PJ .  (^21-p  pu)<  (Qp ..<?*).  (Qj.  <?<).  ...  : 

....  (Q21-I'  ^21)  correspond  to  the  sections  cf  the  trajectories  of  the  shock 
waves  when  they  are  traveling  at  constant  velocity;  the  arcs  (Pq,  Pi),  (P%,  P^),  • .  • 

....  (Pit-  1).  (Qq,  Qi).  (Qj.  •  {Q21 '  Q21+]) 
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correspond  to  the  sections  of  variable  velocity. 


The  following  relations  are  valid: 


—  Rp  j 

(8) 

At  section  Q  Q  ,  we  have 

(9) 

Taking  (7),  (8),  and  (9)  into  account,  we  have 

My  S]  <C  j 

(10) 

Thus,  the  left  wave  is  strengthened  at  the  section  PJP  ,  end  R  and  S  are  weakened. 
By  virtue  of  (8),  at  section  we  ^sve 

ri  <  rv  J  ^ 1 1 ) 

i.e.,  at  section  the  right  wave  becomes  weekcr.  In  the  following  the  pattern 

is  repeated:  a  wave  traveling  to  the  left  is  intensified,  and  that  traveling  tc 
the  right  is  attenuated;  inonctonieally  decreases,  Nf  monotonically  increases. 

Let  M^,  Mo,,  denote  the  limits  corresponding  to  M.  as  i  — By 
virtue  of  (7)  and  (8),  the  following  relations  are  valid: 

5-%— (12) 

Formulas  (12)  are  formulas  for  discontinuity  decay  for  the  states  (II,  V).  Thus, 
we  approve  the  coincidence  of  the  asymptotic  regime  of  interaction  of  r  shock 
wave  with  e  rsrefecticn  wave  and  a  flow  derived  from  the  discontinuity  decay 

(II,  v). 

Note  that  for  sufficiently  large  amplitude  of  the  rarefaction  wave  III, 
the  shock  wave  entering  into  it  can  be  converted  into  a  rarefaction  wave,  and 
configuration  B  can  be  replaced  by  configuration  A. 
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3.  Interaction  cf  shock  waves  with  waves  traveling  in  berctrcpic  pcly- 
trcpic  gases.  In  the  case  of  fcaroiropic  pclytrcpic  gases,  ilugcnict's  third 
condition  is  replaced  by  the  condition  of  entropy  constancy. 

ilugcnict's  conditions  for  e  shock  wave  traveling  to  the  right  become 

(1) 

(2) 

(3) 

(4) 

Let  us  initially  consider  the  impinging  of  a  shcck  wave  traveling  from  left  to 
right  at  a  rarefaction  s-wave.  From  conditions  (l)-(4)  we  have 

ro = co[< 1  —  A)  ( ^0—  IB7)  +  (17  ~  1 )]  ~  Cq/7  ^ 

fl-So  =  c0[(l  -  h) (Af0-  ^-) -  7!t(^-  -  J)]  =  <o<W-  (6) 

Since  F(M^)  in  formula  (5)  is  a  mcnctcnically  increasing  function  of  M  ,  and 

since  c  satisfies  the  ccnditicn 
o 

*5.=-l=-L-|5-<0  (r==r0=  const)  (7) 

8nd  ,  F(Mj£+F'(Mo)co*£=0. 

then 

-^2-  >  °,  (8) 


(1  —  h)  c0  ( A4  —  -^7)  •  K  ==j57Tt- 

£L*=(\+h)Mi-h. 

P% 

pj  Po  "  ■ 
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i.e.,  the  intensity  of  Lne  shock  weve  becomes  greater. 

Clearly,  behind  the  front  of  the  shock  wave  we  have  a  Riemann  s-weve 
(r  -  r  ).  We  establish  the  sign  of  2u/2x  or,  which  amounts  to  the  same  thing, 
the  sign  of  5s/&x  behind  the  shock  wave  front. 

From,  relations  (1),  (5),  and  (7)  we  have 


du, 

dx 


(9) 


Since  the  approximation  of  the  barotrcpic  gases  is  valid  far close  to  1 ,  the 
expression  in  the  brackets  is  close  to  1.  Hence  we  have  iu^x>0.  (10) 
Thus,  where  IV  is  a  rarefaction  wave  (Figure  2.62,  a). 

Let  us  now  consider  the  impinging  of  a  shock  wave  against  the  rarefaction 
r-wave.  Then  in  (5)  and  (6)  r^  -  constant,  so  =  constant.  From  (5)  we  have 


r\  —  'o  +  cf  (/Mo)  =  s0  +  c0  [  +  P  W]  • 

-  'h 


(11) 


Since  9cc/Px  ^>C,  then  from  (11)  there  follows  ^Mo/&x  <  0,  (12) 

i.e.,  the  amplitude  of  the  shock  wave  becomes  weaker.  Let  us  determine  the 
sign  cf  behind  the  front  of  the  shock  wave. 

For  sufficiently  small  |  -  ij,  ^(M^)  is  a  mcnctonically  increasing 

function  cf  Mo>  From  (11)  it  follows  that  <0,  i.e.,  the  reflected  weve 

IV  is  a  compression  wave. 

Thus,  we  have  seen  that  in  the  barotrcpic  approximation,  i.e.,  for  suffi¬ 
ciently  small  I  -  l|,  the  qualitative  pattern  of  interaction  is  the  same  as 
for  an  isothermal  gas. 
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Section  IX.  Analytic  Solutions  of  Gne-Diroensicnal  Gas  Dynamics 

1.  General  integral  of  an  isentropic  cne-dimensional  plane  flow.  A  one- 
dimensicnal  plsne  isentropic  flew  is  described,  as  we  knew,  by  equations  in  the 
invariants  (of  section  II,  subsection  7} 


I  w+[iri+'tl''-s)]£=0' 

'-»]£=»■ 

where 

r  =»«+■ 1  erf  lap.  s  =  u— Jcrflnp, 

and  x  is  an  Eulerian  coordinate. 

The  function  K(r  -  s)  =  c  is  associated  with  the  equation  c*’  state 

p=p(S,  p)  =  F(p)  (3) 

by  the  relaticn  < 

.  K(r-s)  =  g[h~l(r  —  s)],  (4) 

A  *  A.  *. 


(1) 

(2) 


•/here 

By  the  hedegraph  transformation,  system  (1)  reduces  to  the  linear: 


£_[£|«+K(r-.,]£  =  0. 

Let  us  rewrite  system  (6j  in  the  form 


(6) 
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>r 


4-M41 


-*)']- 

-*)*]- 


-'(?-*')■ 


(7) 


. 

(?-*') 

(dW 

dW  \ 

; 

drds 

—  2 K(r-s) 

l  dr 

ds  ) ' 

! 

Thus,  the  potential  fur.cticr 

erti  sfies 

the 

specie 

Free  equeticn  (7 /  it  fellows  that  the  expression 

dW  =  [x  -  *]  dr  +  [x-  -  *)  ']  ds 


(8) 


is  the  exact  differential  of  seme  function  W,  which  we  will  call  the  potential 
function.  From  the  expression  fer  the  exact  differential  we  have 


(41- 

<-*) 

dW 

t~~ST’ 

(41- 

-*) 

dW 

(9) 


Frorr  eouations  ( v ) ,  x  and  t  can  be  expressed  in  terns  of  7J  ,  V  : 

*  7  i  o 


dW  dW 
dr  ds 


X  = 


(r-rs  „\  dW  (r  +  s  .  „\  dW 

N — K)sir-\~'rK)~sr 

2K(r-s) 


2K(r  —  s)  ' 

By  virtue  of  relation  (7)  and  (10),  satisfies  the  third-order  equation 


(10) 


(11) 


ter  Cnc,  Lection  aII,  subsection  1) 
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where  we  put 


[  r»  X2 - $,  /: 


(12) 

(13) 

=  — w~ ■ 

It  is  net  difficult  tc  see  that  equation  (1?),  by  the  substitution  of 


W  =  <pv,  (p  =  cJ/(8)de, 

0  —  x j  -f~  Xj, 

(14) 

car.  be  reduced  to  the  fern: 

d7v  — 

p-p-f. 

(15) 

end 


Noy  let  consider  those  equations  cf  state  for  which 
the  i-iemrrn  function  are  represented  in  closed  form.  Let 


the  total  integral 
us  begin  with  pcly- 


trcpic  gases  for  which  p  is  an  expcnertisl  function  of  f>  : 


p  =  a5pv,  v— “->»• 

V 

In  this  case 

K(r  —  s)  —  c  —  (r  —  s). 


(16) 

(17) 


irorr  whence 
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*8 Ws&”s*nsp&*xv*?pgei 


.{~">'}'r'iV'\-:-.  '■••,<  ■:  ■- ;'  ' ' '■  i  Jl4,t  •  ■*'■■  ■  >  "■*'  ■'  '  '  *  | 

t  4;,  ^  i  -'  V'va-  ; 


l  h:.  «  :^s  >£MP.  %.:«***  ;  -  >;  >•  V-,,1  > 

/-. , *-»  '  ,-_  >l»1 


The  following  property  of  the  reduction  is  este,  blished  by  Darboux  and 
enabling  us  to  advance  from  cne  m  value  to  another  is  valid  for  equation  (12) 


with  f  =  - 


l,  *■  *i 


If  W  is  the  solution  of  equation  (12)  when  f  -  -  —  y—  , 

*"2 


«wt**  1  i“'zrbr(^r+^) 


is  the  solution  of  isquaticn  (12)  when 


»  r. 

/ - 7TTJT-  «'-*+>• 


When  V=  +3,  m  =  0  and  W  satisfies  the  equation 

<>»#  _n 

• 

which  has  the  familiar  general  integral  ( j1 Alembert's  integral) 


W~*F(xJ  +  0(x  j). 


The  following  V  values  correspond  to  integral  positive  values  of  m: 

(23) 

where  m  =  1 ,  V  =  5/3  (ronoatomic  gas),  when  m  =  2,  V-  7/5  (diatomic  gas),  and 
so  on.  By  virtue  of  the  property  of  reduction,  corresponding  to  these  m  and 


y  values  is  the  general  integral 
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(24) 


where  the  operator  L  is  given  by  equality  (19). 

Let  us  show  that  the  expression  (24)  for  the  general  integral  can  be  trans¬ 
formed  to  become 


W(x  .w  •  I 

\  l'  *  a*T"  (*,+*!> + 

Let  us  assume  in  the  following  that  F'^)  =  4>  (x^),  ^'(x^)  = 
Representation  (25)  obviously  follows  from  (24)  when  m=  1. 
us  prove  the  equivalence  of  (24)  and  (25)  for  any  m.  Suppose 


(25) 

^(x2).  (26) 

By  induction,  let 


Let  us  show  that 


Lnn*0' 

‘  Lm+lP(Xl) 


<&*■) 

* 


©  (jr,) 


Using  the  assumption  (27),  we  have 


t-  1  £  (*i) _ m  d'11"**-  Q(*i) 

*!+■*»  dx*  (*,+*/•  jq  +J9  dx*~f  (Jf  +Jc  )n,+1  ■  (29) 

.-*  v-  .....  .  _  „r.  * 


After  this  it  is  not  difficult  to  see  that  equality  (28)  is  equivalent  to  the  follow¬ 
ing: 

■».  >'V  • 

«=  Qrfm)  +  mtf‘m~X),  (  30 ) 

where  we  assume,  that  for  fixed  x2, 

-  370  - 


p 


L*±ii^^S5»yS^i&iC!Sa 


(31) 


Thus,  we  have  shown  that  the  general  integral  for  equation  (12)  where  f  = 

m 


*.  *  *i 


is  of  the  form 


r.:/^  ’ « \*V.  Tml&J  '  «0  i 4 

- <8*^/  fi  ■  ®(*,p; 


r  f*. (32) 


If  we  take  x^,  x^  to  be  complex  numbers,  and  W,  ^  to  be  analytic  functions 
of  their  variables,  then  by  employing  the  familiar  Cauchy's  representation  for 
derivatives  of  analytic  functions,  formula  (32)  can  be  represented  as  (cf  jy±f) 


**-»  ®(*i>  ,  Tw*-> ■’  ▼  w 

+D?  ft&SF 


w(Xi,  xA=bri 

(*-D!  rx  ®<o  !  ti  JttA 

sr~  [JP  dt+gixt+i) "v-xjr  “Tt 


(33) 


In  formula  (33)  the  contour  is  taken  in  the  plane  of  the  complex 

variable  x^ ;  Xp  is  considered  as  a  complex  parameter;  the  contour  is  taken  in 
ohe  Xp  plane;  x^  is  the  parameter. 

Formula  (33)  is  meaningful  also  for  fractional  m,  if  in  it  we  replace 

(m  -  1)1  by  f  (m) ;  then  operators  Dm""' ,  Dp-"*  take  on  the  significance  .f  frac- 

*1 

tional  derivatives  first  introduced  by  Riemann  /20/  and  Llvjville  ^21/. 

Let  us  now  proceed  to  the  problem  of  defining  the  Riemann  function  for 

* 

equation  (12)  when  f  = — 7~T~y 

*■  i  * 

We  will  employ  equation  ( 1 5 ) ,  which  at  this  f  value  becomes 


1^1  F 


~8  =  *,  +  *,.  a  —  m(m  —  1). 
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(34) 


i;v- 


For  the  Riemann  function  R{  f  x  ,  x  )  of  equation  (34)  >  the  following 

'^12 

representation  is  valid  (cf  Chapter  One,  Section  XIII,  Subsection  4) • 


where 


'  AG.,  h-  xy  jcj)  =  (>  -  m.  1.  S). 

»  (*l  —  tl)(*»  +  l») 


(35) 

(36) 


and 


’-Ffg.  p,  Y.  x)  =  1  +  *- -f-  . . 

.  a(a  +  i)...(a  +  »-l)p(p  +  i)...(p  +  *-l)  „»  , 

'T1  *ty(v+i) ...  (y+*^|)  _  ^ 


is  the  familiar  Gauss  hypergeometric  series. 

Note  that  for  integral  m  series  (37)  becomes  a  polynomial.  We  can  shew 
that  for  integral  m  equation  (34)  admits  cf  an  m-th  order  differential  relation¬ 
ship  and,  conversely,  if  any  equation  of  the  form  (15)  admits  of  an  m-th  order 
differential  relationship,  then  F(x^  +  x^)  satisfies  the  equation  among  whose 
solutions  we  have  the  function  ~ ( ~~  J-~~z  .  Let  clarify  this  assertion  with 

an  example.  Let  us  consider  equation  (15)  admitting  cf  a  second-order  relation¬ 
ship.  Then,  as  was  shewn  in  Chapter  One,  Section  XII,  F(x^  +  x^)  satisfies  the 
equation 


*8^ 


(38) 


which  in  our  case  becomes  FF"  -  F'2  =  i'3. 

where  the  strexe  denotes  a  derivative  with  respect  to  Q  -  x_^  h  x  . 


(3?) 
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N,  / 


? 


The  function 

p  /o\ _  w  (m  —  iy 

r  w  =  — TJi 

*  *• 

satisfies  equation  (39)  when  o  =  2.  The  general  integral  of  equation  ^ 38)  is  of 
the  form 


Q-\-C2~- 


i  ln/c,  +  y-VTT 


v'c,+2/?+/c7  • 

2  .  ,/ C,  +  2/? 

^arct£y-^r- 


c,>0. 

C,<0. 


UO 


Using  the  arbitrary  constants  ,  C  ,  using  function  (40)  we  can  approximate  func¬ 
tions  F(9)  and  obtain  good  approximations.  Thus,  G.  A.  Dcmbrovskiy  obtained 
approximations  of  Darboux's  equation  (cf  J2.2/) . 

In  the  next  subsection  we  show  hew  a  knowledge  cf  the  general  integral  of 
the  equation  enables  us  to  solve  several  problems  in  gas  dynamics  that  lead  to 
the  interpretation  of  simple  waves. 

2.  Problems  of  the  interaction  cf  elementary  solutions.  ’-Je  consider  two 
probte  ms: 

t.)  the  interaction  cf  two  Riemanr.  waves;  and 

b)  the  incidence  of  a  Riemann  wave  against  the  interface  of  two  media. 

Suppose  at  instant  t  -  t  ,  a  centered  r-wave  begins  to  propagate  from  the 
point  x  -  x^,  and  at  the  instant  t  -  t^  a  centered  s-wave  from  the  point  x  =  x^. 

We  can  assume  that  the  centered  waves  result  from,  the  departure  of  a  piston  from 
a  gas  with  constant  velocity  (Figure  2.65a). 
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£*t*s"«>--iSi#'^tC3p  y«j  »?* 


XLY: 


1)  Line  of  left  piston 


Figure  2.65a 

2)  Line  of  right  piston 


Figure  2.65b 

In  zone  I-V  the  solution  is  of  the  form: 


•v*  '\t*rr 

1: 

II: 

t  r i*  s  —  Sq. 
r  =  r0.  s  =  s,. 

r\  ^  ro* 

♦l  >  *0* 

.  _  ^  . _ *  —  _ 

(H* 

(2>1 

_  _2  (3)  ' 

III : 

IV: 

I/. 

u  =  u0=0,  e  =  f( 
dx  x  —  xt_ 

c  f  —  ''o — y _ J"  ct>'  s  *o 

Xfh-  — :  ^  4- 

Y_  t  c0*  v ' 

(<) 

dt  t~  it 

dx  x  —  jc, 

T+T 

•*-  *  =014-^0. 

(5)  i 

V  : 

V 

dt  t-tx 
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x  iccc  u,  I*  lie  xcie  cf  in-erfersccs  eri  Is  irapz-ed  ir.  lie  Ciii- 


rsaglft  F?TE  cf  tae  r,  s-zitrs  (.figure  2.65*-  ,  tie  icllcvirg  re 


u'.icr  is 


Ttllz: 


'■**  *  -  ■*■  v  ’V- 


where  ¥  satisfies  the  ecztii ct 


arj- 


i-T 
Ffr —  *> ' 


Csi££  [4}  ezi  (5„,  v-c.  c*z  iepose  teenier  ccoziticrs  cczstitzcirg  tat  Lnzrsat’s 
prciisat  fcr  ¥  iz  tie  rzetrazgle  ?iTz  *t  tie  size  ??.  arc  ??: 


/>£:  /  — ^-  «=  *  — 't(*t  + 

A?.  1  — V 


Lev  us  seize  tils  zrct.ez  for  V  =  5  3.  Tie  zezerel  irtezral 


yj  fte-j-gV) 


BcvxderjT  ccziiticzs  {8/  leet  tr  tie  relettczs 


Let  -us  suggest  fcr  sirplicitj  that  X.  -  C,  i.e.,  the  retreet  cf  tee  cistets 
occurs  sirultsreceislv.  Thee  relaticc 5  (1C;  becoze 

(r-tJf{tT—f{r)—g{*J=*  —  h(r  —  *f,  (I!) 
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( 

»e  -ill  cegir.  iron  equations  in  Lagrangian  coordinates 
b'-ifei.  -  ^  ;(io  -  0: 

(1) 

a -*vt/*G  =  C,  t,  ^£/&t  =  C. 

to  equations  ("3a,  arc  {'C;  are  tre  potentials  <S-  ere  { cf 

fiction  V,  subsection  3, : 

Vdq+*dt  =  i^~  t  &- 

tiq—  pdt  =  d$r  00 


-to5c.r,^ri-C  —i-vr,c 


iron  equality  <4. 


tne  potential  function  £  or  rears  cf  the  equality 

vs  nave 


(5) 

(6) 

<n 

(S) 


V.  .■ -«r  ,  >y»»«CTyy:  •*■ 


imm 


smift 


and  equation  (1C)  take?  _n  the  fere  cf  the  equation 


safes?*??? 


which  we  studied  in  Chapter  Che,  Section  III. 

Kote  that  the  trace  cf  p  and  q  as  impending  variables  signifies  that  p 
is  net  a  function  cf  q  or,  which  arcunts  tc  the  sane,  of  3,  i.e.,  the  theme - 
dynanic  flow  parameters  constitute  a  t  wo— dicer  s  i  one  1  rani  fold. 

The  exceptional  case  when  d  =  p(S)  will  be  treated  by  us  later. 

Martin's  sethoa  consists  in  seeking  a  family  cf  solutions  cf  equation 
(12)  with  a  one-fuccticnal  arbitrary  choice  satisfying  the  edditicnal  relaticn 

MfWriE  f .  £.«,/)  =ftonth .  ("3) 

Relation  (13)  is  the"  intermediate  integral  cf  the  Mcnge-Arpere  equation  (12). 

Clearly,  equaticcs  (12  and  (13)  sre  compatible  only  for  these  specific 
function  f(p,  a).  A  complete  analysis  of  compatibility  trade  'ey  Martin  /2J/, 
Ludford  /2o/,  end  independently  'ey  Yu.  S.  Zav'yalov  /27/  shewed  that  ir.temediate 
integral  exists  for  the  following  function?  f(p,  cw/: 


In  the  first  case 


J~~  f(P-l)^VF arfX ~  ~~l 

<f  =  —  OjB  ±  g  (O,  p  +  Ofi). 


In  the  second  case 


f = l  -np+af- «  (7  + og±£(f^-)  • 
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In  bcth  cases  g(G)  is  associated  with  F(G)  by  the  relation 

Let  vs  consider  the  case  of  the  pclytrcpic  gas  when 

i  (19) 


I  /  .  .  (20) 


If  entropy  S  is  constant  and  f  is  a  function  solely  of  p,  then  we  can  use  the 
representation  (14)  when  eL  7  ~  0.  Comparing  (14/  and  (2 C)  we  find: 


i'  • 

_ * 


r=r Vt*  vir - j=\e- 

Then  we  have  t  •  *  -  v 


'  •  '  (22) 


i.e.,  the  intemediate  integral  is  ncr.e  ether  than  a  Flenann  invariant.  This 
justifies  the  tern  "generalised  Hiesanr.  invariant"  introduced  by  Martin  ar.z 
Hudford  for  intermediate  integral  (13)  of  equation  (1C). 

Now  let  us  consider  the  case  cf  variable  entropy.  We  will  shew  that 
eseng  the  flows  with  constant  Riesenr.  generalized  invariant  there  ere  flows 
adjoining  the  quiescent  region  across  tht-  shcck  wave.  Let  us  use  representa¬ 
tion  (15),  (17)  for  this  purpose.  We  will  assure  that  the  shcck  wave  travels 
with  respect  to  a  zero  background  (fc  ~  1 ,  uc  =  0}  er.d  is  strong,  i.e.,  fer¬ 
rules  (4.7.1)  -  (4.7.4)  ere  valid  fer  quantities  behind  the  wave  front: 


where 


^7TT*D’  =  VFr0’- 

a  =  -| -r-D. 

Y  +  l 

n  —  ^L  —  lL 

dt  ~  dt  ‘ 
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Using  (18)  end  (19),  for  A(S)  end  g(G)  we  obtain.-  the  exnressicns 


*  r  -  ' 


'W*W^  m 


-here  c  is  scse  constant , «d . ,  a£„  are  assumed  equal  to  zero.  Suppose  that  at 
the  instants  t  =  0,  a  shock  wave  begins  to  be  propagated  in  the  quiescent  gas 
traveling  according  to  the  exponential  lew  q  =  Ct*6 .  (27) 

Let  us  find  the  index  aL  to  which  corresponds  the  constant  value  of  the  function 
f  free  (17)  at  the  wave  front.  Then  <f>  will  be  identically  constant  behind 
the  wave  front  and  will  also  have  a  constant  generalized  Siesarn  invariant. 

From  (17),  taken  (3)  into  account,  we  find 


-T  djnl V  .  /  - 

whence  it  follows  that  \v  y*T'  -  ..  .  •  % 

qdM+.pdt^dg(j.)=0.  (29)  j 


dy  virtue  of  assumption  (27),  relation  (29)  at  the  rear  front  cf  the  wave, 
after  dividing  by  dt,  becomes 


V;  *' 

'1  *  V  +  (Ca1)  W  (o-V  )  '  /  ’  >1) 


Hence  it  follcws  that 


r:  ••  ..  i 
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Generalized  iieasm  waves  can  be  considered  as  solutions  with  differential  rela¬ 
tionship  (Chapter  Cne,  Section  XII) 


4>  (q,  t,  <f>v  <^2,  u,  p,  £(q) )  -  0,  (33', 

where  ^ f  are  the  potentials  of  system  (1). 

That  was  indicated,  the  definition  cf  the  function  (j?  reduces  to  inte¬ 
gration  of  a  .linear  homogeneous  system.  Since  here  the  independent  variables 
ere  q  and  t,  the  differential  relation  (33)  cf  equation  (1)  also  has  the 
case  excluded  from  consideration  by  Martin,  where  p  =  p(S) .  This  case  will  be 
treated  in  the  next  subsection . 


4.  Equation  of  hydrodynamic  surface.  For  the  casr,  of  ideal  gas  equa¬ 
tions  (9.3.1 )  will  become 


id. i-4?. 

dt 


—  0. 


x  = 


-o. 


d? 


*-«• 


1±1 


:i^, 

V 


(1) 

(2) 


We  obtain  snequeticn  in  the  hcdcgraph  space  u,  p,  fcr  system.  (1).  Employ 
ing  the  algorithm  given  in  Section  XII  of  Chapter  One  for  the  surface 

if  =  f  (p,  u) ,  (3) 

we  arrive  at  the  following  equation: 


I  (4) 

where  M  is  an  undetermined  cofactor. 

Conditions  for  the  integrability  cf  equations  (4;  reduce  to  equations 

for  /IX  : 
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t  * 


-*mr  -  - 

_x  d*  d  lu  n  d$  dis]i  _ d*+ 


^-X-Ir 


da  da  dp  dp  ~5p 

d$  dlrtjt  d$  dliipi 

dp  da  da  bp 


’K‘t) 

Sir 


=  -$.  ! 


=  0. 


-  ab  ¬ 


solving  (5)  relative  tc  and  3 -7*^ 

dp 


Bu.  £Ulli  ~n"1  '  ,  wt  find 


(5) 


<?  in  |x  _ _d£_  dlnn _ d$ 


where 


du  da 


f. 


d/i 


*-t'  ntr-Mir 


(6) 

(7) 


rinally,  the  conditions  for  the  integrability  of  equations  (6)  yield  tt 


he  follcw- 


ing  third-order  equation: 


d$  t?t 
du  dp 

dip  *p 

IS~  dp 


=  0. 


(8) 


Integrating  equation  (8),  ve  arrive  at  the  second-order  equation 


'{»-'■£) 


<p= 


du 


d*\£ 

d/7* 


(£)'-«-W 


=/m 


(?) 


where  fM fj  is  an  arbitrary  fuiicticn  of 

It  is  net  difficult  to  see  thet  equities  (?)  admits  of  the  fcllcui 
inteerals;  ^=g(p),  (1C) 

”  =  h»!-  (11) 

where  g  end  h  are  arbitrary  functions  of  their  arguments.  The  solutions 
pending  to  them  are  of  the  ^oim 
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ng 


corres- 


(12) 


- - - -  - 

<  BtsCj^Cii  '  p  —  —  Cj  -f  Cj,  'f1=?(p)> 
JiA,(^)dV  =  Cg  +  C|1 

T ~P'~*=-Ct+Cr  tf^A(*). 


Relation  (10)  gives  at  once  the  exceptional  case  when  transformation  to  the 
Monge-Airpere  equation  is  impossible. 

Solutions  of  the  form  (in),  (13)  will  obtain  by  K.  P.  Star.yuKcvich  /28/. 
If  y=¥>(u,  p)  is  the  solution  cf  equation  (9),  the  solution  cf  the  initial 
equation  is  obtained  by  successive  integration  cf  the  wholly  integre cla  systems 
(6)  and  (4) . 

The  formulas  restoring  the  solution  are  of  the  form 

^lnu  =  j/$)dV  =  (14) 

9  —  J +^du)- J *»<*♦-  J FW)W.  (15) 

/  =  -Jf(*)[(+p-,‘^)d/>+^*].  06)J 


Corresponding  to  the  given  surface  <$  (  (f,  p,  u)  -  0,  by  virtue  of  formulas  (14)- 
(16),  is  the  solution  of  equations  (l),  uniquely  with  an  accuracy  up  to  the 
constants.  The  uniqueness  is  violated  in  the  event  cf  the  function  <p  ~  cons¬ 
tant,  to  it  corresponds  a  family  of  solutions  dependent  on  two  arbitrary  func¬ 
tions  of  the  same  argument. 

5.  Solution  with  arbitrary  constant  choice  cf  symmetrical  one-dimensional 
equations  in  gas  dynamics,  '.ve  will  use  general  equations  cf  cne-dimersionel 


flows 
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*  iiwmpyww^iny1  WWW  *  imWPyy  '*$** 


i-0 


‘jrrr. 


.v—  X  ''  'TJ  ^  !" g,  .•.!*•)  M»/». 


-  ^  -  '  a2jC+«-jz=.°. 


(1) 


I 

i 

I 

s. 


where  the  parameter  v  is  equal  to  0  in  the  plane,  1  in  the  cylindrical,  and 
2  in  the  spherical  cases. 

Below  we  will  assume  that  the  equetion  of  state  is  of  the  form 

P=s2(S)py  (2) 

In  this  case  system  (1)  can  be  transformed  to  become 


In  the  plane  case  (V  =0)  of  system  (1),  (3)  we  Lave  coefficients  dependent 
only  on  unknown  functions,  and  we  can  admit  similitude  and  shear  trans¬ 
formations  with  respect  to  the  independent  variables  x  and  t.  In  the  cylindrical 
and  spherical  cases,  only  similitude  transformation  with  respect  to  x,  t  is 
possible.  Converting  to  logarithmic  scales  with  respect  to  x,  t  and  to  the 
dimensionless  velocity 

fc=elnx.  c= sjCCvj 

system  (1)  can  be  written  in  the  form#) 


/*)  on  following  page/ 
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where 


*  =  I=/°,  lr  a2. 

Ir.  system  v5/-(7/,  fcr  ary  V  the  ccefilcier.ts  dc  ret.  depend 
T  era  A  ,  end  cecsequertlv ,  as  shewn  by  the  ere  Its  is  race  ir 
tier  XII,  it  has  simple  waves 


cr  tre  stj 


.raster  «.r.- 


c«.^. 


t/«=J(8).  f=ff5. 


,S; 


Since  the  coefficients  of  svster  (5 >-(7-  dc  ret  depend  cr  ^  ,  then.  scluii: 
of  the  fern 


T-l 


u—u(d.  t=f(ej+/r.  t=tc$ — - 


/T, 


ere  possible,  where  /  is  an  arbitrary  constant. 

Ccrvertigtc  tne  variables  f  ,  p,  we  obtain  the  represertaticr 


;  =fyl'J(^+  0  P  G),  p=p/R  GX 

’  ^e^loxV’.  lo  =  *V 


Scluticr.s  cf  the  form  {1C}  ere  celled  self-model  g^ 


where 


i'C. 


("' 


Clearly,  the  indexes  a^  ar.es  a_  ar°  deterrir.ed  with  an  accuracy  up  tc  th 
multiplier,  sc  that  cnly  their  ratio  a^/a,  =  -k  is  the  essential  parameter. 

dhe  system.  cf  equations  fcr  U(  Z;  ,  ,  E{  £,  ) ,  P(Sy,  ccrresponding  tc  system 
(3/  is  cf  the  ferm 


*)  rquatiens  cf  gas  dynamics  were  considered  in  this  icrx  by  K.  P.  Stenyu- 
kcvich  /28/. 
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T 


w 


Given  the  condition 


?ti  oW' J 

tefej 


(17) 


equation  (15)  admits  of  the  integral  (energy  integral) 

A  -  k  B)  =  constant.  (18) 

When  the  energy  integral  is  present,  system  (12)  reduces  to  a  single  equation. 

We  give  a  brief  review  of  certain  problems  leading  to  self-modeling  solu¬ 
tion*.  Fundamentally  these  solutions  describe  flows  adjoining  the  quiescent 
region  through  the  shock  wave  or  through  a  weak  discontinuity.  Here  the  charac¬ 
teristic  circumstance  is  the  zero-equality  cf  the  pressure  in  the  quiescent 
region.  Then  the  shock  wave  can  be  considered  as  infinitely  strong,  and  Hugo-1 
niot's  conditions  acquires  a  homogeneous  form,  which  then  enables  us  to  find 
the  solution  in  the  self-modeling  form. 

As  we  know  (cf  Section  IV,  subsection  7),  Hugonict’s  conditions  at  a 
strong  shock  wave  are  of  the  form 

■  p  _ y-h” 


Po 


Y  —  1  * 


‘tf: 


iTtd- 


(19) 


where  D  -  dx/dt  is  the  shock  wave  velocity. 

We  .will  assume  that  the  trajectory  cf  the  shock  wave  is  the  g-line 
(i.e.,  a  line  whose  equation  is  £  =  constant).  Then  from  (11)  follows 


w 


a,  x  1  x 

T-< 


(20) 


Hugonict's  conditions  (19)  for  dimensionless  quantities  U,  R,  P  become 

pG)“74r-ir'",\  to  1) 


Hence  it  follows  that  1-0.  After  these  preliminary  remarks,  let  us  consider 
several  self-modeling  solutions.  _  v:,q  _ 


MWiUM 


1 .  Convergent,  shock  wave.  This  problem  was  posed  and  solved  by  Guderley 
/3Q/  and  independently  by  K.  P.  Stanyukobich  /2B/  for  the  case  V  =  7/5  and 
fully  detailed  for  ell  V  by  a  group  of  Soviet  mathematicians  (cf  review  ^31/) . 
The  problem  can  be  set  up  thusly.  In  a  quiescent  gas  with  parameters  pQ,  /®  , 

=  0,  a  shock  wave  is  in  motion,  accelerating  with  respect  to  the  direction 
toward  the  center  x  =  0.  At  the  instant  t  =  0  it  arrives  with  infinite  velocity 
at  the  oaiter, which  is  a  singular  point  of  the  system  of  equations  (1).  The 
analytic  character  of  the  section's  singularity  at  the  point  x  =  0,  t  =  0  is 
highly  complex.  It  is  assumed  that  the  solution  in  the  neighborhood  of  the 
center  is  represented  by  analytic  functions  of  the  fractional-exponential  argu¬ 
ment  B,  —  ^ts2  and  therefore  is  self-modeling  in  nature.  For  convenience 
in  formulating  the  boundary  conditions,  we  put  in  (11) 

a2  -  1,  a1  =  -k.  (22) 

Since  the  shock  wave  is  infinitely  strong,  then  conditions  (19)  and  (20)  are 
valid.  We  select  £3^  so  that  at  the  shock  wave  £,=  1.  Then  conditions  (21) 

become 


V(  1) 


2 

y+T 


T' 


4* 


R(\) 


P(\) 


2  1 

y+TTt- 


t  _ _ _ 

The  constant  in  integral  (13)  is  defined  from  conditions  (2.3) . 
grel  (13)  end  introducing  the  new  variables  (cf  /3I/) 


(23) 

Using  inte- 


y  =  1  —  kU. 


VC1  "  ‘  -  A*vP 

Zbt=w-  w-W)' 


(24) 


system  (12)  can  be  reduced  to  two  equations: 


a) 


b) 


9  (y.  *) 

z  —  y  ' 

*  p(y>  £) 


(25) 
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where 


p  (y.  *)=“(3 


-  y)  x  —  (2v—  l)y*+ 

+  l2Y-3  +  (Jk-iKY-2)ly-‘V(* 

-y)(y— 3x)— (l  —  *)(y«  +  l  -y). 

. .  ■,  «  /»*. 


On  conditions  (23)  we  find 


Y-l 


yTT’ 


*<1>=7$TV 


(26) 


(27) 


When  t  =  0,  the  solution  u(x,t),/3(x,  t) ,  p(x,t)  trust  be  bounded.  Hence  it 
follows  that  U(G)  =  0,  P(0)  =  0,  (28) 

Which  in  variables  y  and  z  signifies  y(0)  =  1,  x(0)  =  0.  (29) 

Thus,  we  reduce  the  problem  of  seeking  the  self-modeling  solution  to  the  boun 
dary  problem  (27),  (29)  toward  the  system  (25). 


Dividing  equation  (25b)  by  (25a),  we  find 

'37T7fv 


We  arrive  at  the  equivalent  formulation.  Find  the  solution  of  equation  (30) 
passing  through  the  points  '  -~j  ),  ^(1,,  C)  in  the  y,  z-p]ane. 


Figuro  2.67 
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lie  iTcilen.  pcsac  is  cwrhetenir-ec  irb  is  sclvat!*  orly  f< 
Ttlz*s.  Hi  is  ret  difficult  tic  xerd ■rT  that  tie  chart rttris tic 

J~r/<t~.  =  z  -  c. 


(: 


arriTiag  at  ias  carter  is  tie^-Lire  end  is  mapped  is  lit  j,  r-cltr*  by 
si rt igrt  list  { Jirrre  I.tTj  y  -  i  =  £.  > 

I5is  pcirts  X.,  X.  iis  ct  different  silts  cf  lit  straight  lire  i  -  j  : 

ti  4. 


*?.:r  c 

# 

-s 

iSll, 


n  e , 


z  B,  3 
Sl  Mr 
and  il 


inert fere,  1st  desired  irt-agrxl  nrre  j  -  fi%  j ,  x  -  it  £ .  iu;  icier  it  i  lie 
straight  lire  si  sene  pcirt  X  ec rrt-sprr ring  tc  :oitt  Ttize  if  lie  iimt 
If  wher  lie  curre  y  ^  xaJj  .  cesses  through  lie  pcirt  X:  =■ 

x  -  ji  }»  farcticcs  piy,  x  arc  oiy,  t,  dc  ret  charge  sigr,  lies 

right  cf  equatiers  { 25  i/c  charge  sign  arc  lie  furciicrs  yi?  ard 

bee  rant  rarurlq-e,  which  is  inpcssiilt.  Secce  il  fellers  liti  el  the  pc 
(AZr,  **£*.}  lie  cnriiiies  piy,  x>  art  cty,  r,  else  less  it  r«r=, 
is  e  singular  pcirt.  Ccr.citlcE.s  j  -  i  -  i,  z  -  C  lest  ic  the  eqrelitc 

(33. 

t  -  1 

Thus,  we  btTe  twe  similar  rcitts  £.  and  5_  el  lie  straixbt  lire  j  -  z  -  Z .  Ire 
’  i  ^  “ 

position  cf  these  r-cirts,  ard  else  the  retire  cf  these  singularities  dec  err  cr 
the  tve  rersrelers  V  err  i.  Ir  the  case  V  -  ~/5  investigated  by  Guderley  , 
the  pcirt  5.  is  e  saddle  pcirt  arc  a  unique  integral  curve  correcting  the  pcirts 

,  Ve  will 

further  provide  the  reader  for  detailed  analysis  to  the  review  /3j/.  Let  ’is 
indicate  criv  that  there  ere  dc  rains  cf  the  perereters  V  end  >  fer  which  the 
prcbler  is  uniquely  solvable. 

2.  The  prc-bler  cf  the  collapse  cf  a  spherical  cavity  is  sirilarly  investi¬ 
gated.  A  rass  cf  iserircpic  gas  escape  irto  a  vacuum  sc  that  the  boundary"  cf  the 

-  393  - 


X.  and  X,  exists.  It  passes  through  the  pcirt  X.  (cf  Jigure  2.6~,  b  . 


Li  tie  pcirt  i  -  C  era  instant  t  -  C,  a  finite  exczj rt  cf  energy  £  is 
ir  star  tar  ecusly  released,  viici  is  cccTerieri  tc  the  erergy  cf  the  Bering  ga* 
separated  free,  tie  cries  cert  median  by  a  sheer  vet».  Sir  ce  et  1  Tellies  tie 
erergy  ccc  centre  tier  err  tie  pressure  ere  large,  tier  ve  car  reflect  tie  pres¬ 
sure  p_  cf  tie  quiescent  gas,  viici  cases  possible  tie  self-nodelir  g  c?  ap-pro- 
liraticr.  Jcr  ccnTaciec.ce  ir  fcrrulatirg  tie  boundary  ccrdi  tiers,  ve  put  ir  (11) 
a,  =  *«,  s„  =  -  1/k  arc  regleet  f  c  sc  that  £  =  1  at  tie  shock  vaae.  li.ee  tie 
flcv  result  erg  freer  tie  pcirt  exploring  is  described  'ey  that  solution  cf  system 
( *2;  viici  satisfies  ccrcitccrs  (23/  arc,  rcrecTer,  tie  symmetry  condition 

—  c,  £  —  c.  (4c) 

viici  signifies  teat  u(C ,  t;  -  g, 

siev  teat  ir  addition  t 


_et 


ce  a: 


Labaticity  integral  (13),  ve  alsc 


rare  tie  energy  integral,  sy  virtue  cf  tie  assumption  pc  =  C,  tie  energy  flcv 
acrc.s  -he  sheer  vave  is  equal  tc  zerc,  arc  tie  energy  cf  the  roving  gas  is 
identically  ecu el  tc  £: 


£=j  p(t  +  -y)-f,dx.j 


(41) 


Ccnverting  tc  tie  quantities  r,  U,  ve  obtain  the  relaticr. 


£“#T'^'’I(vCTP+lP(/’)r’i5' 


(42) 


dance  it  follows  that  k  =  -^r*~  5ut  this,  given  the  condition  1  -  C,  is 
necessary  and  sufficient  for  the  exis*-uce  of  the  energy  integral,  cron  the 
conditions  at  the  sncck  vave  it  fellows  that  the  constant  of  integration  in  (18) 
is  equal  tc  C,  and  the  energy  integral  becomes 
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MJ  P-t  j  Plf*}  =  P+jRlP- 
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Cccsidsrlsg  z.h££  X  —  Cf  vs  vrit-s  it t-strsi  ^3 
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vft-n’  _ i 

- =-^.  «-T. 


II  —  i; 

1  (t+i)*71 


U5: 


*e  transfers  ecus tier  (43,  sc  teecce 


>  >^R^{yU  -))  -  la  (1  -  U}  -  2  k  I^-L .  (4c, 


Differentiating  (44  sri  (4c  vish  respect  tc  ~  £-c  car-celine  cut  the  cue.  * 

P  gj-jj  d.  In  R_  ». {//■  '/A  . -'V  .. 

ecuaiicn  fer  U: 


vhe? 


*U  (2^-yj)(yU~a) 
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(47) 

(48) 
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ting  v4r 


/  >  -  -  -  - 


*v;e  re 


c$  =  tr  •  {a,  -  (/)•*((/  -  c/’. 

2  « . 

o,  =  T.  a,  =  T. 

._«*»»  + 2  (T  +  1)(y^*»)  .  (?-!)« 

1  i(2y-ai)  ’  Pl—  2y-«i  ’ 


(49) 
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v  eoi  v  , 


Jicie  tha:  the  niEniitias  «t  .  ^  4  ,  B 

V  *•  •  2  r  2 

ere  t**e  quantity  /*.  is  positive  fer  *r.j  y  >  "  etc  for  *11  V  . 

The  ccs.  '.c.:  C  is  «  29 ,  is  -eternised  frer  the  conditions  cf  sheet  vane 
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c=brr*)  f0’ — ?rr */'*' (  tTT  ’ 


<51) 


a:  zezz  *e  szse 
exsrsssit^s  fer  h  trc. 


irisgrtl  U3'  sti  integral  i£c( ,  (if.  ,  ve  get  the  feileving 


l  (Y+!> 


1  T+4 


-i>T-'  |l^?f  jU-t  p-T  T~» 


r*  J  l  Ifi-UfV1]  * 


p=^ ±Rin-Zp*L 

2  yU  —  * 


m 

(53) 


z  *~c?  l*c riTaii e  { i.~  fcllcv?  ih.E-  s?s  ^  X  -  ^  ^  ^  issr-cs  it  TclXcvs  tfist 

ihe  syssretry  cc^di  tier.  J  IX*  Is  r-stisfiei. 

*  detailed  enelysi s  cf  the  ferrules  cf  the  solution  (cf  £52j  .  shevs  fnst 
U  attains  the  values  d  ?  ~  ^  — ►  C,  fer  V  17  vr.ee.  v  -  2  era  fer  ell  \?  vhen 


fee  point  cf  explosion  fer  y  >  7,  V  =  2  is  a cccrpanied  'ey  the  ferratien 


:i  e  cavity,  -»-ncse  counts 


'  O  Tf  ♦-ri'l 

A>  1  r ~ 


Cif-  la 


5 -line. 


»3e  ucint  cf  exclusion  urcblen  vss  considered  by  us  in  the  diabetic 


clearly,  :cr  suaii- 


apprexiratier ,  viihcut  s-llcving  fc r  theme  1  conductivity . 
ciently  snail  t  the  energy  concentration  is  high  ana  ve  rust  take  ir.tc  account 
thsrrsl  ecu duct I vi tv. 

The  point  cf  explosion  prcblen  with  thennel  conductivity  taker  *r.tc  account 

was  considered  in  the  «crks  cf  V.  ?.  Korobeynikov  /3j/  and  V.  Ye.  .Meuvezhayev  [2ij 
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V  * 


k  p reeled  that  is  very  siriiar  in  fcrsnilaticr.  tc  the  point  explosion 
prcblec.  is  the  p reeled  cf  racticr  induced  under  the  action  of  the  pisicr.  with  e 
spherical  (cylindrical,  plans,  sirfece. 


then  the  flew  induced  is  described  fay  the  self-receding  equetiens  (12).  In 
ccntrast  tc  tne  point  of  explosion  problem,  here  we  have  only  one  adisbaticity 
integral  (13)  nnd  there  is  no  energy  integral.  Therefore  system  (12)  from  which 
p  is  canceled  cut  by  means  cf  integral  (13)  reduces  to  two  equations  for  u  ( § ) 
and  B( E  ) . 

This  flew  is  bounded  ‘by  two  ^ -  lines:  By  tne  line  cf  the  shock  wave  and 
fay  the  pistcr.  lire  (figure  2.68).  Hence  it  fellows  that 

ob  =  1/k,  1  =  C.  (55) 

The  following  boundary  conditions  are  imposed  on  u( %  )  and  R(  ) :  at  the 
shcck  wave,  when  ^  =  rj 
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(57) 


at  the  piston  line,  where  £  =  ?} ,  u(  >70)  =  1/k. 

Integration  of  the  system  for  u( £  )  and  R( £ )  is  carried  out  from  che 
value  £  =77^  to  the  value  E,  =  7f  ^  at  which  conditicn  (57)  is  met.  Since  the 
energy  integral  is  absent,  the  index  k  is  arbitrary. 

The  piston  problem  was  investigated  in  detail  in  the  works  of  N.  L. 
Krasheninnikov,  N.  S.  Mel'nikova,  and  N.  N.  Kochina, 

We  will  further  rear  to  the  monograph  /3^/  which  gives  a  detailed  ana¬ 
lysis  of  the  piston  problem  and  the  explosion  problem,  together  with  references. 

A  highly  interesting  solution  to  yet  another  self-mcdeling  problem  —  the 
instantaneous  shock  problem  —  was  given  by  Ya.  B.  Zel'dovich  /3j>/  -nd  further 
investigated  by  V.  B.  Adamskiy  /3S/,  A.  I.  Zhukov,  end  Ya.  M.  Kazhdan  jjf/- 

6.  Self-modeling  solutions  in  Lagrangian  coordinates.  Equations  (9.5.1) 
after  conversion  to  the  mass  Lagrangian  coordinate 


Using  representation  .9.5.10),  from  (l)  we  find 


Hence  it  follows  that  the  quantity 


'•  (4) 

is  a  function  of£  . 

Taking  (9.5.10)  into  account,  we  find  that  the  quantities  fs  (u,  v,  S,  x) 
can  be  represented  as  f  =  f  t^F (>)),  (5) 

which  in  fact  proves  the  self-modeling  status  in  Lsgrangian  coordinates.. 

7.  Flows  with  linear  velocity  profile.  An  extremely  interesting  class 
of  solutions  exhibiting  functional  arbitrary  choice  was  treated  by  L.  I.  Sedov 
^38/.  This  class  is  wholly  defined  by  the  presence  of  the  linear  velocity 
profile*)  u=  A(t)x.  (1) 

Differentiating  equality  (1)  with  respect  to  t  and  taking  (9.6. 2d)  into  account. 


we  find 


-brni  •~rr  y 
T.-JX  '  ■  4 


Integrating  (z)  with  respect  to  t,  we  get 


t  =  B(t)U(q)%  B(f)= 


where  U(q)  is  an  arbitrary  function  cf  q. 


*)  The  case  of  inhcmogerous  coupling  u  =  A(t)x  +  B(t)  contradicts  the  symmetry 
corditicn  u(0,  t)  -  0.  This  kind  of  flow  was  considered  also  by  A.  I.  Zhukov 

(private  communication),  Hafele  Horner  /40/  and  Keller  [u\/ . 
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Integrating  equation  (9.6.2d^  with  respect  to  t,  we  have 


^qualities  (1),  (3),  and  (4)  are  noncontradictory,  since  we  can  verify  without 
difficulty  that  B  =  AC.  Fron  equation  (9.6.2b)  we  determine  v: 

*939  (» 


Hence,  using  the  equation  of  state  (9.5.2),  we  obtain  an  expression  for  p: 


V-  ♦  W**-  (V  4  l)’  (Vr| 

.  ;  »•  >  i-.it}  :■  *>*.  vq 


where 


Equation  (9.6.2 a)  enables  us  to  define  the  functions  C(t)  and  to  harmonize  the 
arbitrary  functions  U(q)  and  <p(q).  Substituting  (3)  and  (6)  into  (9.6.2a), 
we  find  after  separation  of  variables 


'  c^+H(0«-(v+i)V 

u”" "•}-,*/  IT’ : 


where  is  a  constant. 

If  C(t)  half-size  equation  (8),  and  functions  U(q)  and  <f(q)  are  harmc- 

t 

nized  by  means  of  equation  (9),  then  equalities  (3)-(6)  define  a  solution 
dependent  on  a  single  arbitrary  function.  The  solution  ( 3) —(6)  can  be  realized 
as  the  escape  into  a  vacuum  of  a  spherical  volume  of  gas  and  the  flow  of  gas 
behind  the  convergent  spherical  wave.  A  detailed  consideration  of  these  flows 
is  given  in  the  monograph  /38/._  ^q1 


CHAPTER  THREE  DIFFERENCE  METILDS  OF  SOLVING  EQUATIONS  IN  GAS  DYNAMICS 

Section  I.  Fundamental  Concepts  of  the  Theory  of  Difference  Schemes 

In  this  section  we  expound  the  fundamental  concepts  and  facts  of  the  theory 
of  difference  schemes,  referring  the  reader  for  more  extensive  details  to  monographs 
and  journal  articles  (cf  list  of  literature  for  this  chapter). 

The  thecr1'  of  difference  schemes  has  two  fundamental  aspects: 

1)  methods  of  constructing  difference  schemes;  and 

2)  validation  of  the  selected  difference  schemes,  i.e.,  investigation  of  the 
convergence  of  the  corresponding  computational  algorithm. 

In  this  section  wedwell  mainly  on  studying  the  convergence  of  difference 
schemes,  end  in  the  next  section  —  on  methods  of  constructing  them.  First  let  us 
recall  several  facts  from  functional  analysis  that  are  essential  for  our  further 
exposition  /l-j/. 

1.  Linear  operators  in  normed  spaces.  A  finite-measurp  unitary  space 
is  the  term  given  to  the  complex  space  X^  of  vectors  x  in  which  for  each  element 
x  =  (x-j,  ...,  the  norm  ||  x  1!  is  introduced  by  the  rule 

'  •  /T~ _I 

;  t  (i) 

where  x^  are  components  of  vector  x,  and  x^  are  complexly  conjugate  to  x^. 
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Suppcse  A  is  a  linear  xeritxr  ir.  L*..  Tee  hemltian  istr*  A  ,|  cf  ccmrricr 
A  is  determined  gives  sc  the  upper  bound  cf  the  quantity  (ji.  f]/|z||  -here  i  is 
an  element  cf  C^,  ash  f]  i  |j  ,  jjAx  jj  ere  understcoi  in  :  he  sense  cf  (  *< ) . 

The  linear  functional  specs  A  =  £u  j  is  celleh  named  if  fcr  each  element 
{function)  u^X  sere  negative  number  J/u  jj  is  aefined,  celleh  the  ncm  cf  u  such 
that  the  relieving  requirements  are  net: 

"5)  |Iull>C  for  ary  element  u  £r  X  that  is  net  a  zero  element;  the  acre  cf  a 
zero  element  is  C; 

2)  jju,  -*■  u2||<-jju,jj  -r  jj U2II  {triangle  inequality);  and 

3)  |jcu||  =  jo!  j/uj/. 

Introducing  the  concept  cf  the  term  enables  us  tc  define  the  passage  to 
the  limit  in  the  space  X.  By  definition  u  =  lit  u.  if 

1— +C*1 

II a — bJI-^O,  7-j-coT  B/6^-  b£X'. 

The  sequence  |u^  is  called  fundamental  if 

Kr«,l<V0O."  t.  J>  N, 

and  t  (N)  — ►  C  as  N  — »oo.  Normed  X  is  called  complete  or  Banach  if  any  funda¬ 
mental  sequence  converges  to  seme  element  u  ^X.  In  the  following,  if  a 

specific  norm  is  not  indicated,  we  will  denote  complete  nermed  spaces  by  B. 

Suppose  Uc  B  is  a  certain  class  of  function.  Let  us  form  the  set  U  (closure 
of  Uj  as  follows:  u  6  U  if  u  is  the  limit  of  the  sequence  {  u^ ,  u^U.  Clearly, 

0  C  u,  and  U  can  b®  defined  as  the  complement  U  by  the  limit  elements. 

The  class  U  C-  B  is  called  dense  in  b  if  U  =  B. 

Let  us  consider  examples  of  certain  functional  spaces.  The  linear  space  of 

the  functions  u(x)  continuous  over  segment  /a,  t/  together  with  all  the  derivatives 

up  tc  order  p  inclusively  becomes  a  Benech  space  if  we  introduce  the  norm 
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ihe  sz-zce  cf  faxcti c&s  szj znret.e  ty  cnsfr£. 

»  4 


'?• 


a*3 


iUX 


*e  -'Ll!  bar.-cte  this  zcrrz  by  Cr  a,  b.  .  Ir  ptn Seller,  the  space  csT  dX-CLrcocs 

f'xctitij  j(i  with  rerr  Jj  -  H ~  intx  juix  will  be  benched  by  C£  jjn,  tr  simply 

i 

fcy  Cv=,  c). 

*e  -will  let  1,{e,  b,  sbe.ee  f 
ever  tag  segment  /a,  b/  ia  -which  the  acre 
is  Introduced. 

Fae  relaticr.  ( ZhEyafccTsii. -Schwartz  inequality^  11-/1==  M  ** 
where  -w(x/  =  j  u  (x)v(x)  j  2  is  valid  for  the  acre  in 

The  aggregate  of  polynomials  ?n(x’,  -  a^  x*-  («£.=  C,  . ..,  n)  is  dense  in  C(g,  b} 
(Veierstrass  theoreay.  For  the  aggregate  cf  trigoncaetric  polynomials  T„(x)  = 

-n,  C,  n)  is  dense  in  the  space  C(a,  b)  cf  continuous  period¬ 

ic  functions  when  b-a^2n.  C(e,  b)  is  cense  in  L2(e,  b). 

Suppose  A  is  a  linear  operator  defined  for  seme  dense  class  Dc  B  and  trans¬ 
ferring  the  function  u  6  U  to  the  function  v  E. 

We  will  refer  to  the  quantity  j|A||  =  su^^jjnjp  u  ^  as  the  Dcnn 

||  A  f|  of  operator  A. 

We  will  call  operator  A  bounded  if  (|  A  /|  <  oo  ,  and  unbounded,  otherwise. 
Bounded  operator  A  exhibits  the  properties: 

a)  Au  =  lie  Au^,  if  u  =  lim  u^,  u,  u^ Li;  end 

i ►  oo  V  —*-00 

b)  if  (u^  is  a  fundamental  sequence,  then  Au^  is  also  a  fundamental  sequence 

quence. 

If  A  is  a  bounded  operator,  then  the  domain  U  of  its  definition  can  be 
enlarged  to  the  entire  space  B  (extension  of  operator  A)  (cf  /T-j7).  Let  A  stand 

Au  =  llm  Aat, .  anitm*;. 


t  »0C 


(■+  oo 


‘J 


for  the  extended  operator.  By  definition, 
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rr 


■ 


r' 


I*  is  sot  difflimlt  tc  shew  Chet  Ic  =  Ac,  :  §  A  =  glfi  ,  Ac  exrncle 

cf  the  sriiE'icE  cf  cjsn'xr  (®cc2i»e*r)  is  giTs:-  ir  recticc  TUI  cf  1c.»pier  Cn» . 
Me  will  cacsdier  tie  ap*oe  £  cf  LipacdsIts-eccziEucsBs  fcrr*-icr.s  ?<ij  «1Ul  tie  com 


ii.r-g-»{i.^T^sa^}-  5 

SLffer  eAis ole  faocticcs  u  ^  C.  fern:  *  de:se  class  is;  tie  scare.  Ve  define:  ccara- 

a 

ter  £  cf  tie  sclcticc  cf  Cauchy1 5  prcfciesa  fcr  cuasilirear  equat'cms  in  section  Till 

cf  Csecter  One  in  ice  sc-eee  C„ .  end  here  the  sclutic-r  a  =  £a  is  beamed  ic  ice 
-  1  c 


ncn  3. 


iherefcre  oneretcr  S  etc  he  extended  to  ice  class  £  cf 


:z-ccb  listens 


faccticcs.  Srtecded  operator  3  brings  icic  ccrreszcr.ier.ee  ic  each  -c&  3  1  solu¬ 
tion  u  =  Su  bounded  ir  3  and  which  is  e  generalized  sciatica  c:  ice  system  cf 
c 

equations. 

The  totality  of  operators  A  defined  in  3  fores  the  linear  set  Zt.  This  set 

it 

becomes  sensed  if  we  introduce  es  the  ners  cf  operator  A  considered  es  the  element 
X^,  its  ncra  as  the  norm  of  the  operator  3(  induced  norm) . 

Then  we  can  define  the  proximity  of  bounded  operators,  and  ve  will  state 
that  a  family  of  operetoisA(T  )  dependent  cn  peremeter  'f  reduces  to  A  in  the 
sense  of  uniform  topolcgy,  if  |{  A(  *C )  -  All — ►  0,  T — ►  C.  We  can  speak  cf 

the  convergence  of  operators  A(T  )  to  A  in  the  sense  of  e  strong  topology  if 
||/A(  r  )  -  A?u  ||  -*>  0  as  X  — *»  0  for  arbitrary  u  6  3. 

Finally,  if  the  family  of  operators  A( X  )  is  unbounded  in  the  totality, 
then  che  proximity  of  operators  A  can  be  estimated  for  some  functional  class  UdB. 
For  the  case  when  ||/A(  X)  -  A/u  |f  — ►  0  as  T"**’  C  for  an  arbitrary  u  £  U,  then 
we  will  state  that  the  family  A(  f  )  approximates  operator  A  ar.d  we  will  denote 
this  by  the  symbol  :  A(  X.  )  A. 

In  the  following  we  will  briefly  state  that  operator  a(c)  dependent  on  para¬ 
meter  x  approximates  operator  A. 
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lei  rs  rev  ccc.ii cer  seTeral.  sued tle-i  vir'r  tiffercce  s rren.es . 

Sitter  briefly,  differecce  methods  cf  integrating  sjrtenc  cf  differential, 
iriifnl-iifftrEilrl,  *-i-  Integral  ecreticrs  cf  msthaietieO  physics  cor  '  sis  ir 
soever;:  qg  f rrat  deriTrtive  tc  differ^re  relations  err  from  integrals  tc  sobs. 

I  r.  practical  wres,  this  rears  cccvertirg  free  a  firit  e— measure  space  cf 
functions  cf  e  rcrtirocus  trgmeri  tc  *  finite- measure  spec*  cf  grid  functions  end 
rsxic ir.g  equations  fer  furriers  cf  a  arrirjcr-  a rgureni  tc  algebraic  relations, 
"sis  approech,  cc-rvaiert  ir  practice,  gives  rise  tc  difficulties  when  proving 
convergence,  sirce  a  grid  function  err  the  function  cf  &  continuous  ftrgjz^ci  it 
aprrexiretes  ere  refired  ir  differed  screes  with  ri fferer.t  norms.  Moreover,  the 
com  cf  a  grid  function  depends  cr  grid  parameters  and  charges  together  vith  them. 

Therefore  in  a  theoretical  irvestigaticr  it  is  also  convenient  tc  consider 
difference  cp era tors  ir  the  sane  fractional  space  is  that  for  the  operators  they 
apt rexi rate.  Under  this  rethod  cf  consideraticn  ve  assure  that  difference  equations 
are  satisfied  by  functions  of  a  continuous  argument  at  each  point  cf  the  domain  in 
question.  As  ve  will  see,  such  an  approach  is  net  always  possible. 

Let  vis  illustrate  both  methods  cf  exaainaticr  by  a  sirple  example.  We  stipu¬ 
late  for  the  thermal  conductivity 

da  ,  (Pa 

■sr=a  s^-  0=C0DSt’  ?  (2) 

for  the  mixed  Cauchy's  problem: 

o(x,  0)==u8(x),  0  <  x  <  /;  (3) 

;  «(0,  =  0  =  0.  0 (*) 

Let  us  introduce  a  grid  in  the  x,  t-plane,  assuming 

xi==/^  '(^0.1 . N  +  l). 

tm  **=  mf  ■*-.  (ntrfei  0.  1 .... .  jW).  i 

_ ,  v _ _  ■ 
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let  define  tie  grid  fmciicc  df  at  tie  points  cf  grid  ( 5/ ,  daccting  by  tie 

«*>  X 

value  cf  tie  fsreticr  at  tie  point  x-  =  ih,  t  =  it.  let  us  replace  releticcs 
(2)-(4 )  ty  tie  algebraic  relations 


-  "7  -r>  -c  —  "y JT> <s-, 

- ■'vTTtTBtg j 


?cr  a  fixed  c  tie  quantities  u^T  (i  =  1,  ...,  5,  ere  ecnpccects  cf  tie  5-disecsicral 
Teeter  u®  fer  which  £  giver  ten  car.  be  defined,  fer  exaiple: 

—  r-5~  --  *-rr~  m/ir*  "'Tfl 


if  •  ~  . 


Ordinarily  tie  grid  dure  tier,  if*  is  extended  ir  sene  fashion,  for  exarrle  ty  inter- 

i 

pcleticn,  to  the  entire  detain  under  consideration 

C  x  <  jc ,  C  <:t<:  tQ. 

A  preef  of  the  convergence  cf  uf  to  u(x,  t)  can  be  obtained  by  denenst rating  the 
convergence  cf  the  function  u(x,  t)  obtained  by  intepolation  to  u(x,  t)  or  by 
proving  that  (iCj — ►  |u(ih,  c  t)|  for  all  T,  h  — ►  C,  C  <-  i  <^j£/h,  0  4^$  t0/t. 
We  can  readily  see  tnet  the  solution  cf  the  mixed  problem  (2) -(4)  reduces 

tc  the  solution  cf  Cauchy's  problem  for  equation  (2)  with  initial  condition 

»(*.  0)= «„{*),  —  oo<x<co,  (6 


imposed  on  the  entire  straight  line  t  =  0  if  the  function  uc(x)  is  periodic 
witn  period  2 SL  and  is  odd  at  the  integral  JiJ ,  Actually,  in  this  case  the 
initial  function  uc(x)  end  the  solution  u(x,  t)  of  problem  (2),  (6)  are  represented 


by  the  series: 
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t: 


&rd,  therefore,  initial  data  (3)  srd  acstibary  conditions  (4)  are  satisfied. 

Here,  the  solution  u{x,  t;  cf  prcblen  (2},  {6;  viii  be  a  periodic  function 
cf  the  variable  x  vita  period  <£,  --rich  ir  the  strip  C  ^  £,  coincides  vith  the¬ 

se  lutirr  cf  the  idxed  precise  (2,-14). 

let  us  replace  Cauchy’s  profclea  (2),  (£)  vith  periodic  fore  tier.  u  (x)  by 
the  relieving  difference  problem: 


t 


■  —  co  <  x<  oo. 


(8> 


fer  the  function  u(x,  t). 

Under  this  considers  tier.,  bcunuary  conditions  vanish,  end  initial  condition 
(8)  in  combination  vith  difference  equation  (7)  enable  us  tc  define  the  function 
u(x,  t)  at  straight  lines  t  =  k  (k  =  1,  2,...;. 

Thus,  for  a  fixed  t  -  kt  the  functions  u(x,  t)  and  u(x,  t)  are  defined 
over  tha  entire  straight  line  -  oo  <  x  <  oo .  Frccf  cf  the  convergence  of  u(x,t) 
tc  u(x,  t)  reduces  tc  proving  the  convergence  of  the  functions  of  one  variable  at 
this  straight  line  t  =  constant.  Clearly,  this  examination  is  net  possible  for 
any  boundary  con  ’itiens  (4) . 

In  these  cases  when  we  trust  consider  problems  associated  with  bcundary 
conditions,  we  ’will  convert  to  grid  functions.  In  the  following  subsections 
ue  give  a  comparative  analysis  of  Cauchy's  problems  for  difference  and  differen¬ 
tial  equations. 
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I*  --enclosing  his  subse cticr,  lei  us  agree  on  the  fcilc.-ing  notation. 

If  the  function  u(x,  t)  for  arbitrarily  fixed  t  belongs,  as  a  function  cf  x,  tc 

nanash  space  3,  ve  can  re^r-d  it  es  a  cce-pararetric  fard.1 y  cf  elements  cf  the 

suace  arc  denote  it  vita  u(t]  f-  3.  In  particular,  ilT.^C  {a,  b,  signifies  that 

c 

u(x,  t^  for  fixed  teas  at  the  Interval  /s,  b/  c  continuous  dei.vatives  with  re  meet 
tc  x;  u(t)  ^  l2v-i,  l,  signifies  that  J^cr(x,  1,=!  <  oo.  Screiines  for 
brevity  we  will  emit  the  iecait  cf  definition  cf  the  functions  end  sicply  -mite 

Cc»  L2’  20  Cr  ’ 

2.  Ccrrectness  cf  Cauchy's  problem  in  lane ch  space  for  linear  systems  of 
differential  equations.  The  t-hecry  cf  generalized  sciuticns  cf  differential  equa¬ 
tions  fcegsn  to  develop  fairly  recently,  since  the  194C1.  Referring  the  reader 


desiring  a  closer  treat sent 


to  the  monographs  /4~2 /,  we  present  in 


brief  a  sore  specialized  theory  that  ices  net  require  the  concept  cf  the  gene¬ 
ralized  function  end  derivative  (cf  /3,  £/).  In  the  strip  G:  |x|<Cc>o,  C  ^  t<  t 
let  us  consider  the  system  du/e>  t  =  L(b)u,  ('. ) 

vhere  u=  £u..(x,  t) ,  ub(x,  t)}  is  a  vector  function  cf  x,  t;  L(D;  is  a 

differential-c-.atricel  operator  whese  coefficients  depend  cn  x,  t: 


L (D) = oa(x, |o D°,  a=l . p,  0  =  -^.  (2) 

aa(x  /)  =  |a£/(*»  OJ  (4  J—  1. - »;  0=1 . P>-  (3) 


Tne  soluticn  cf  system  (l)  is  the  term,  giver,  tc  the  furicticn  u(x,  t)  that 

has  ccntinucus  derivatives  appearing  ir.  (1)  end  satisfying  equation  (l).  It  is 

required  that  the  solution  u(x,  t)  thus  exhibit  differentiability  with  respect  tc 

t  and  that  a  continuous  derivative  exists  for  any  t,  i.e.,  u(t)^C  . 

3Xp  p 

The  initial  data 

U(x,  tc)  =  uc(x),  C  ^  tc^  t.  (4; 
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r-.-i  cr  svszzt  (*;. 


r-es.  v  -?  viu  iss-uxe,  iuis r,  ansc  :c-r  cn  arz.2zrc.ry  «=•  yu,  c/  s. 

fjy.c;ici  u  •, x  •  <S  C  le  there  exists  £  crime  sclrticr  »(x,  t}  de 

c  '  c  * 

t-he  strip  hi  i  $  t. 


?  correspondence  u{t_.,  — uit;  (t  ^  i  $  ,  which  -e  can  write  as 

*(Q—S(f.  y*9(x)=S(f.  ye(^  < 

2S  zr&SEfoTZ  coer? tor  S{l,  c  .  If  fcr  anr  u  (x,  ^  C  u(t,  6  C  ,  t  < 

c  c  q  G  c 

- ,  cner.  we  car  state  about  the  system  (':’  that  it.  exhibits  the  property  of  exten¬ 
sibility  ir  C  .  Ir.  this  case  the  family  cf  S(t,  t,J  exhibits  the  property  of 
cc.—csitirn  ir  C  i.e., 


S(4.  y-S(g  yjft.  g.  o<4<*,<^<7. 


quality  (6,  signifies  that  multiple  use  cf  the  transform  operator  ices  net  remove 

the  function  u(  t/  from  the  soa.ee  C  .  If  in  this  cose 

c 

</W(o.  o</,<b,<Z  *  (7) 


then  we  can  cell  Cauchy's  problem  (1),  (4’,  correct  in  C  .  If 

a 


5S(/+t.  Oii^Ci-HSCflT.  (s) 

then  we  v/ill  cell  the  problem  ('>),  (4)  uniformly  correct  in  Ca.  We  will  slso  cell 
eperster  S(t2,  t-j)  the  solution  cperetci’  of  Cauchy's  problem,  sr.d  we  will  also 
call  operator  S  the  solution  operator  cf  Cauchy's  problem  and  call  operator  S(t  + 
■C,  t)  —  the  step  operator. 

If  the  initial  date  do  net  belong  to  C^  or  if  system  (l)  does  not  have  the 
property  cf  extensibility  in  C  ,  it  becomes  necessarv  to  define  the  seneralized 


a  *jr 


scluticr,  a  seiuticc  belccgirg  to  a  acre  extensive  space  than  the  space  Cg. 

Me  mil  assure  that  there  is  ■»  Busch  spaoe  3  containing  Cn  as  £  cense  class 
and  such  that  the  operator  Sti^,  t, )  is  bocsded  it  the  corn  <£  3  fir  the  class  u(t) 

C  .  Thee  the  operator  Stt^,  t^)  car  be  ex  tec  he:  is  3  with  rem  preserved.  equa¬ 
lity  (5),  -where  S(t,  tQ)  refers  tc  an  extended  operator,  end  u(x,  t)  refers  to  a 
function  of  3,  defines  the  generalised  solution  u(x,  t)  of  Cauchy’s  p roller  , 

(4)  that  is  ccrrest  ia  3  providing  that  (7)  is  satisfied  and  is  uniformly  correct 
in  3  when  (S)  is  satisfied.  Clearly,  in  this  case  system  (l)  exhibits  the  property 
of  extensibility  in  3. 

Let  us  clarify  the  concepts  we  have  introduced  with  a  number  of  examples. 

Define  the  displacement  operator  T(h)  by  rears  cf  the  equality 

T(i)e(x)-i*(x+iXj  (9) 

We  can  readily  see  that  in  the  space  C  and  L  of  periodic  function 


Consider  the  equation 


with  initial  data 


fiT(h)i|  =  i. 


WX  .  ..vr  - —  j  -  -  y 

0.  .  a-=c6«J>0;  - 


u(x,  C)  =  u  (x) . 
o 


If  u  &  C„ ,  then  Cauchy's  problem  (ll),  (12)  has  a  solution.  The  transform  operator 
can  be  represented  as  SCt^,  t^)  =  T/-a(t2  -  t^)/.  (13) 

Suppose  uo  ^  L2,  uo^rC  .  Then  the  solution  cf  the  problem  (11),  (32)  does  not 
exist  in  ,  but  the  equality  u(t)  =  T(-at)u0  (14) 

is  physically  meaningful  and  defines  the  generalized  solution  cf  Cauchy's  problem 
(11),  (12)  in  L2.  An  analogous  approach  is  possible  also  for  equations  of  acous- 

Ucs  £-£-»•  •-«*• ,  (15> 

a (x,  0) *rn  «0^x),  .  V (X,  0)  **  v0(x).  ( 1 6) 
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Zf  ac£C,,  T0  ^  j  then  u{t Cr,  v(t’,^rC..  and  equations  ("15}  &re  equivalent 


to  a  sysien;  in  invariants 


4r  .  ir  A  4*  #*  „  | 

'3F+fl?T=l0--  Y7'#'Cr=°--' 


where  r  -  a  -  ev,  s  =  u  +  ev  are  Kieram  invariants,  rrt  11"  c 
then  r0^  L^,  sc  ^  L„  and  the  equalities 


e  v  €:L- 

»-  ^  o  2 


<7iO=T(-ot)rS  s(Q*=T(*fti i  {  (IS) 

define  the  generalized  scluticr.  in  the  space  Lj.  Here  ve  have  in  the  ncrr. 

^W|=|r,l  Ji(0|=Kl _  (19) 

if  the  initial  functions  are  r  ,  s  (u ,  v  )  are  periodic  with  period  2£%  If  we 

o  o  c  *  o 

define  the  ncm  as  the  vector  function  f  =  {  u,  v  }  by  rears  of  the  equality 

I  ft—  /  («,+flV)rfx,  (2G) 

then  from  equalities  (18)  and  (19)  fellows 


c  * 

n/(oip=7  J  ir»(jc.  o+«*c«.  oi<**= 

-i 

i 

=-j  J  l rHx,  0)  +  s3(*.  0)} dx= ||/(0) IP.  (21) 

-i  _ 

i.e.,  the  generalized  solution  is  extensible  in  norm  (2C).  From  equalities  (18) 
it  follows  that  Cauchy's  problem  (15),  (16)  is  uniformly  correct  as  C<t<coin 
the  C-|  class,  and  from  equality  (21)  it  follows  that  it  is  uniformly  correct  also 
in  the  class  L^. 

3.  Fourier's  method.  A  solution  operator  can  be  effectively  constructed 

for  the  system  (1.2.1)  with  coefficients  s^. (t) dependent  only  on  time  by  means 

of  Fourier's  method*).  Suppose  u  *^C  is  s  periodic  vector-fur.cticn  with 

c  q 

period  2n  .  The  vector-function  u (x)  is  represented  by  the  Fourier  series 


£  cn  following  page/ 
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.1 


where 


*»'(*)=  2 
t«— oo 


X 

co(*)*=-&-  J*o(x)«^dx.  t 


_ ~_fc_  ±- 


which  when  q  -  1  converges  to  ujx)  absolutely  and  uniformly.  Assuming  q  to  be 
sufficiently  large,  we  will  seek  the  solution  of  problem  ( 1.2.1)  and  (1,2. 4)  in 
the  form  of  the  Fourier  series  u(x,  t)  =  ^  C(k,  t)  ,  (3) 

*.  =  -<30  ’ 

i.e.,  as  the  superposition  cf  the  functions  v(x,  t)  =  C(k,  t)eikx,  (4) 

.■ie  will  call  these  functions  harmonics, 

bet  us  establish  the  condition  Ui.der  which  a  harmonic  is  a  Bcrfution  of  (1.2.1). 
Substituting  (4)  into  (1.2.1),  we  find 


[4— £(£>)]*=[£-*(/*.  acp*.  j  (5) 

where  L(ik,  t)  is  the  matrix  L(ik,  t)  =  a^UHikf',  =  1,  p.  (6) 

From  (5)  it  follows  that  harmonic  (4)  is  a  solution  of  i^  i.2.1)  if  the  vector 
C(k,  t)  satisfies  the  differential  equation 

- L(lk,  0 C (k,  0  =  0-  ( 7) 

Con.  equently,  for  series  (3)  to  be  a  solution  cf  Cauchy's  problem  (1.2.1), 
(1.2.4),  C(k,  t;  must  satisfy,  when  k  =  C,  +1,  +2,  ...,  equation  (7)  and  the 
initial  conditions  C(k,  tQ)  =  CQ(k),  k  =  0,  +1,  +2,  ...,  (8) 

*)  Cf  monographs  /10-12/  for  a  treatment  of  Fourier  series  theory. 
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so  that  when  t  =  t  series  (3)  must  transform  into  (l).  If  series  (3)  belongs 
to  Cr,  r  p,  then  it  is  e  solution  of  Cauchy's  problem  (1.2,1),  (1.2.4). 

Let  us  estimate  the  smoothness  of  solution  (3)  as  a  function  cf  the  smooth¬ 
ness  of  the  initial  data.  As  we  know,  the  following  estimate  of  its  Fourier 
coefficients  is  valid  for  uQ(x)^  C^: 


S  !X*P<°°'  '{  (9) 

J^u0(X) 


where  A  ,  of  the  Fourier  coefficients  of  the  function  - - 


Suppose 


S(k,  t2>  t^)  is  the  transform  operator  of  system  (7),  corresponding  to  an  arbi¬ 
trarily  fixed  k.  We  will  csll  the  operator  S(k,  t^,  t^)  the  spectral  image  or 
the  Fourier-imsge  of  operator  S(t^,  t^).  By  definition  of  S(k,  t^,  t^),  we  hsve 

C (k,  tJ==~S (k.  tv  t).  (10) 

We  will  assume  that  in  the  interval  /o,  t J  system  (7)  of  ordinary  differential 
equations  is  a  uniformly  stable  system  with  respect  to  k,  i.e., 


»uPl|5(*.  /,.*,)  1- f,)  <oo. 

4  * 


(ii) 


where  ||  S(k,  t?,  t  )  }f  is  the  Hermitian  form  of  operator  S(k,  t  ,  t  )  in  the  space 
1  2  1 

U  of  components  C(k,  t) .  If  u(t  )  £C  ,  then  by  virtue  of  (9)  and  (11)  the 


following  estimate  is  valid: 


.!?(*•, OKA*  *| 


from  which  it  follows  that  u(t)  ^  ^ .  Consequently,  if  q^-p  +  1,  then  there 

exists  a  solution  of  problem  (1.2.1),  (1.2.4)  which  is  net  necessarily  extensible 


in  C  . 
9 
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icw  let  us  consider  the  generalized  solution  of  the  problem  (1.2.1),  (1.2.4) 
in  L^-H  ,  TT ) .  If  u(t)  L2(-tT  »  ^  >  then 


I « (0 IP  —  2«  2  |C(*.op. 

— CD 


(12) 


1 

| 


Hence,  taking  (10)  into  account,  we  have 


II- S  (t2.  /1)|(ti  =  sup ||  5  (k.  t2.  /,)  |^  =  W(4.  /,)<oo. 


(13) 


Consequently,  a  generalized  solution  exists  in  L0.  Condition  (13)  thus  is  the 
condition  for  the  correctness  of  Cauchy's  problem  (1.2.1),  (1.2.4)  in  L?(-T7,  h). 
Let  us  give  an  explicit  expression  for  the  transform  operator  £(tp,  t^)  in  terms 
of  S(k,  tp,  t  }.  From  equalities  (3)  and  (2),  we  have 


wnere 


oo 

U(x.  2  5(*-  h’  *i)C(k,  tl)elt*= 

*—-*00 

=  i  2  s(*-  *2-  *,)(  /«(*.  Ve-'^ds'j  e,k*  = 

n 

=  2J  J  ^(^2-  *1-  *  —  s)u(s.  /,)*.  (14) 


K(tv  tv  x-s)  =  2  S<M*.  f,)  (15) 

*«-00 


When  the  order  of  integration  end  summation  vas  changed,  we  used  the  theorem  of 
the  possicility  of  termwise  integration  of  the  Fourier  series. 

Thus,  in  this  particular  case  the  transform  operator  S(t2,  t^)  is  a  convo¬ 
lution  type  irtegral  operator.  Let  us  consider  a  special  case  when  equation  (1.2,1) 
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is  an  equation  with  constant  coefficients.  The  matrix  L(ik,  t)  =  L(ik)  does  not 
depend  on  t,  and  the  solution  cf  problem  (7),  (8)  is  of  the  form  (cf  /9_/) 


C(k,  f)  =  eLM ('-« C0(k). 


(16) 


Here  e^^)t  the  mgtrix  (exponential)  which  can  be  represented  by  the  series 


From  (16)  follows 


«*(“>*=  g+%  L-(lk)£_ 


m-1 


S(k,  t2.  tl)  =  eL 

S(k,  t2,  ti)  =  S(k,  t2  —  tv  0). 


(17) 

(18) 
(19) 


Wa  obtain  the  estimate 


||  S  (t2,  tx)  ||  =  sup  |  <  sup  e 

k  * 


m 


a 


for  the  transform  operator  S(t^,  t_^ ) .  Thus,  Cauchy's  problem  with  constant  coeffi¬ 
cients  is  correct  if 


sup||i(/*)(/2  — f,)|!  <N(f), 

k  un 


(21) 


We  can  interpret  condition  (21)  in  the  following  msnner. 

Let  us  consider  the  harmonic  solution  to  system  (1.2.1): 

i  U(X,  = 


(22) 


where  uc  is  a  constant  vector.  If  (22)  is  the  solution  cf  (1.2.1),  then 


Det  j|  af  —  L  (Ik)  j|  =  0. 
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(23) 


mmm 


mtgsnms. 


J 


Clearly,  for  the  correctness  of  system  (1.2.1)  it  is  necessary  and  sufficient  that 

Rew4M,  (24) 

where  p  is  a  constant  not  dependent  on  k. 

Condition  (24)  signifies  that  any  harmonic  solution  increases  an  amplitude 
not  more  strongly  than  e/^. 

In  other  words,  solutions  of  system  (1.2.1)  are  of  the  same  order  of  growth 
as  the  solution  of  a  certain  system  of  ordinary  differential  equations.  This  signi 
fies  that  system  (1.2.1)  can  be  majorized  by  a  system  of  ordinary  differential 
equations. 

Let  us  consider  that  the  system 


y  '\v 

a  **  — 


with  constant  matrix  A.  If  system  (25)  for ^LK-  C  is  hyperbolic,  then  by  linear 
transformation  in  the  space  of  components  u-j ,  . . . ,  un  we  can  reduce  it  to  the 
canonical  form 


dr.  .  _  dr,  ■  d*r,  '  r 

■  ^ 1 . .  (2fi)  ) 


The  Fourier  transform  of  system  (26)  leads  to  a  system  of  equations  for  Fourier 

coefficients  C.;(k,  t)  of  functions  r-(x,  t): 

J  J 


Hence 


J 


+  (/=!,  ....  rt). 


Cj(k.  Q^e-^'+WCjik.  0), 

St*.*/,.  /l)-|*-(*“,+'¥)('.-'.)ftyj|  (J,  /  =  1 . »). 

II  S(/,.  /,)|N»up||S(ft.  tv  /,)  ||=  sup  I  «-(,l*,+,¥)  (,i-,i)|  =  j .  (30) 


(27) 

(28) 
(29) 


t  ' 
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System  (25)  is  correct  in  L.>  when  M  ^0. 

The  Fourier  method  is  sn  effective  method  of  estimating  the  norms  of  opera¬ 
tors  and  analyzing  properties  of  solutions  in  L^.  It  is  directly  transferable 
to  the  theory  of  difference  equations  with  coefficients  dependent  on  t. 

The  investigation  of  correctness  is  severely  complicated  for  equations 
with  coefficients  dependent  on  x  and  t. 

With  the  example  of  equations  of  acoustics  with  variable  speed  of  sound 

-y-  —  =  0,  0<«o<a(*,  0<<«i<^oo,  (3l)J 

we  will  snow  the  application  cf  another  method  of  studying  correctness  —  the 
method  cf  energy  inequalities,  or  the  energy  integral  method.  Multiplying  the 
first  equation  in  (31)  by  2u,  the  second  by  2av,  and  carrying  cut  the  manipula¬ 
tions,  we  obtain 


dence  we  arrive  at  the  inequality 


(b5  -F  cr*)  <  2  (aav)  +  6  (a5  av3).  >  (33) 


where 


d  In  a  .  1  da 

b  =  max  — - Fma*  77=  ~z  • 

dt  Ya  dx 


Suppose  functions  a(x,  t),  u(x,  t) ,  v(x,  t)  are  periodic  relative  to  x  with  period 
2  Tt .  Then  by  integrating  (33)  with  respect  to  r.  over  the  interval  Tf ,  if/,  we 


135)  i 


where 
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rrcr  (35)  follows 


\y\  --  r*' -  . 

r/(0=l«(0.®(0)‘  I/f-  /(<+«*><*•  c3® 


!/(0f 


(37)  ] 

*  i 


Thus,  Cauchy's  problem  for  equations  (31)  is  correct  in.  the  norm  (36). 

The  dependence  of  norm  (3S)  cr  t  is  inessential:  the  solution  f(t)  = 

^u(t),  v(t)j-  of  system  (31)  with  variable  coefficient  a(x,  t)  is  correct  in  the 
term  (3&)  with  constant  a,  ac  ^  a  ^  a.. 

In  concluding  the  subsection,  we  will  dwell  on  a  local  analysis  cf  the 
correctness  cf  equations  with  variable  coefficients,  which  is  also  called  the 

/W 

method  cfnfreezingn  of  coordinates.  Let  us  associate  with  each  point  ?  =  (x,  t) 

a  system  with  constant  coefficients 

L{p,  D>—  fl.(i.  0O“-  (a=l . f).  (38) 

where  x,  "£  ere  considered  as  parameters. 

The  harmonic  solution  {.: 2 ;  cf  system.  (38)  corresponding  to  sere  point  P  - 

-V  'vy 

(x,  t)  for  sufficiently  large  V:  is  a  strongly  oscillating  function  cf  the  variabl 

<V, 

x.  In  a  sufficiently  small  region  G  :x-g  <a  x  x  -  £ ,  t-  £  <.  t  <  t  ■»•  £ 
the  coefficients  e^(x,  t)  cf  system  (1.2.1),  which  we  assure  tc  be  continuous 
end  smooth,  can  be  approximately  assured  as  constant,  while  the  harncr.ic  solution 
(22/  varies  quite  strongly.  Clef rly,  tne  harmonic  (22 ),  being  a  solution  to  syst 
(36)  with  constant  coef r'ieients,  is  at  the  same  time  an  approximation  cf  the  sole 
tier,  cf  system  (1.2.1)  in  the  domain  Gg  with  a  hig^  segree  of  accuracy.  There¬ 
fore  the  behavior  cf  (22)  in  the  domain  Gg  affords  a  concept  cf  the  properties 

cf  the  correctness  cf  system  (1.2.1). 
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A  hypothesis  exists  that  is  valid  for  many  equations,  to  the  effect 
that  a  necessary  and  sufficient  condition  for  the  correctness  of  system  (1.2.1) 

0^  0^ 

in  is  the  correctness  of  the  local  3ystom  (38)  in  L2  for  any  point  P  =  (x,  t) 
(hypothesis  of  local  correctness). 

This  examination  becomes  more  exact,  the  larger  k  is  (high-frequency 
harmonics) ;  therefore  this  criterion  of  correctness  will  also  be  called  the  crite¬ 
rion  of  asymptotic  correctness. 

Local  analysis  of  solution  stability  is  employed  also  for  nonlinear  systems. 
Let  us  at  once  emphasize  the  substantial  difference  between  linear  and  nonlinear 
equations  from  the  viewpoint  of  their  stability  properties. 

The  property  of  superposition  is  valid  for  linear  homogeneous  equations. 

This  signifies  that  if  u-](x,  t) ,  u^(x,  t)  are  solutions  of  the  linear  homogeneous 
equation  du/(3t  =  Lu,  (39) 

then  t?.(x,  t)  -  C-jU^x,  t)  +  C-ju^x,  t)  is  also  a  solution  of  (39).  Thus,  a  space 
of  solutions  of  (39)  is  linear.  In  this  case  we  can  speak  about  the  stability  of 
the  solution  of  system  (39)  not  only  relative  to  small  perturbations,  but  also 
relative  to  arbitrary  perturbations  belonging  to  some  normcd  linear  space.  For 
the  case  of  nonlinear  system,  the  property  of  superposition  is  not  obtained, 
therefore  we  must  speak  about  the  stability  of  a  concrete  solution  relative  to 
sufficiently  small  perturbations. 

The  procedure  of  investigating  this  stability  of  nonlinear  solutions 
adopted  in  practice  consists  cf  a.  chain  cf  simplifying  the  assumptions,  which 
ultimately  culminates  in  the  harmonic  analysis  of  stability.  First  of  all,  for 
a  given  nonlinear  system  and  its  specific  solution  a  linear  equation  is  constructed 
in  variations  (equation  for  small  perturbations). 


-  420  - 


/ 


Suppose 

«=»0  (40) 

is  8  quaailinef.r  system.  If  u(x,  t)  is  a  soluticn  of  system  (40),  and  u(x,  t) 
is  some  ether  solution,  then  the  vector  v=  u  -  u  satisfies  the  system  of 

equations 

T?  +  A  (“)  TZ  + 1-4  (®)  —  A  («)]  -jj  +  M  («j  —  /!(«)]  £  =  0.  (41) 

Zquaticn  (41)  can  bo  transformed  to  become 

+  (42) 

whore  the  matrixes  B*  and  C#  are  formed  from  the  throo-indicial  matrix 


(46) 


Secondly,  lot  us  uao  as  cur  working  hypothesis  the  assumption  that  the  correct- 
nans  of  linear  system  (46)  is  a  necessary  condition  for  this  stability  of  the 
solution  of  quasilinear  system  (40).  Finally,  the  correctness  of  (46)  is  investi¬ 
gated  by  the  method  of  local  harmonic  analysis,  which  is  based  in  tux."  jti  the 
hypothesis  of  local  correctness.  This  analysis  is  employed  when  inveetigating 
the  stability  of  many  physical  processes  (cf  for  example  3  &  1^7). 

Clearly,  this  procedure  of  investigating  stability  based  on  two  hypotheses 
—  the  hypothesis  of  correctness  of  the  system  in  variations  and  the  hypothesis 
of  local  correctness  —  is  a  rough  estimate  in  many  cases.  Let  us  clarify  this 
procedure  with  s  simple  example. 

Let  us  consider  in  the  strip  0^'t  $t,  |x|  <  <po,  the  Cauchy's  problem; 

•^p4* u  IfZ  “  a(x>  0)mx,u0(x).  (47) 

The  linear  system  in  variations  is  of  the  form 

do  j  „do  _  dll  fAO\ 


Suppose  u(x,  t)  is  a  solution  of  (47)  corresponding  to  the  initial  data 

u  (x)  =  a  =  constant. 

O 

Then  u(x,  t)  e  and  equation  (48)  take  on  the  form 


(49) 


Equation  (49)  i3  correct  in  C  in  the  strip  |xj  <  00,  C  <  t  <.  t,  where  t 
is  as  large  as  we  wish.  Harmonic  analysis  applied  to  (49)oonfirms  this.  At  the 


same  time  tho  actual  problem  (47)  is  correct  in  only  in  the  narrow  strip 

0  <  t  <  E*  where  t#  dan  ends  cn  initial  data.  We  aosume,  for  oxampla, 
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u  (x)  =  a  +  £  sic  kx, 
c 

Tha:  Cauchy’s  problem  (47)  reduces  to 'the  gradient  catastrophe  at  the  tine  instant 
t  =  t*  =  ,  which  tends  to  C  as  k  — *•  oo.  This  example  indicates  that  the  test 

cf  local  asysptctic  correctness  is  applicable  only  to  linearized system  (46/ ,  and 
net  to  initial  systen  (40) .  Let  us  indicate  one  further  detail  in  the  investiga¬ 
tion  cf  the  stability  cf  nonlinear  systems. 


If  we  construct  for  the  ecruaticn 


h ‘  8°)  i 


at  once  a  local  equation  (with  "frozen"  coefficients),  ar.d  then  vary  it,  we  get 


the  ecuaticn 


i  ’■  * ■  p sit 


But  if  we  initially  construct  a  linear  equation  in  variatiens,  then  "freeze"  the 
coefficients,  then  ve  arrive  at  the  equation 


s*‘ + *  s + = •*  w  + 2  iy {fl)  w + 

+ [f*'  (*)  (g-p)  +  p'  («)  gpr]  «•  (52) 

If  solution  u(x,  t)  cf  equation  (50/  is  identically  equal  to  a  constant  u(x,  t) 
a  -  constant,  equations  (51)  er.d  (52)  coincide;  if  the  solution  cf  u(x,  t)  has 
large  gradients,  then  (51)  end  (5?)  differ  widely. 

k  similar  procedure  was  employed  else  for  difference  nonlinear  equations 


in  the  work  by  Neumann  ar.d  Richtnyer  /I*/  (cf  sub _ee‘icr 


:f  sccticr.  ii  . 


4.  Cauchy's  difference  problem..  Let  us  formula' e  Cauchy's  pro'clev  (1.2.1), 
(1.2.4)  in  correspondence  «ith  Cauchy's  rifferrrc^  .  real--: 


-  - 


=  V+1 (*) + V-  (x).  ,  0) 

_  «?(x)  =  B0(x).  (2) 


where  A,  .  Art  are  operators  defining  3,  dependent  cr.  t  ,  X.  and  else, 

'  °  c  mtl 

generally  specking,  cr.  ''ther  parameters,  and 

im  =  h->r  ^ 

(we  have  assumed  at  the  cutset  (1.2.1,,  (l.?.4)t  -  C). 

Ihe  correctness  of  the  problem  (l),  (2)  is  de^irea  sralcgcusly  to  the 
preceding. 

1st  us  rewrite  relations  (1)  as  1  =  £_um,  (4/ 

where  A  -  E  -  r  A.  ,  a  -  Z  ->■  t  „  A„ .  We  will  assume  that  operator  A  is 

Pi  p-t-i  /  ’  n  r ri-  i  0  r  a 

invertible  ir.  b  for  ell  values  cf  the  problem  parameters.  Then  system  (4)  can 

be  solved: 


®  —  ^*+i®  >  _  ^.*+i  —  Am  Ba. 


(5) 


Sir.ca  operator  C„  is  defined  in  B,  then  the  system  cf  recursion  relations  (5) 
or  a  system  cf  relations  (4)  equivalent  to  it  define  the  sequence  cf  functions 
u ^(x;  b,  if  and  only  if  u°(x)  ^  5.  Thus,  th  ■;  problem  (1),  ^2)  is  formulated 
in  the  space  3. 

From  (5)  it  follows  that  u^  =  C  ,  uK,  (6) 

m,x 

where  C  ,  :  C  C  ....  C,  „ . 

:r,k  ir  r-\  k-rl 

We  will  call  operator  ^  the  transform  operator,  operator  C^.  -  n  ^ 

—  the  step  operator,  and  operator  C  —  the  operator  cf  the  solution  cf  problem 

9  O 

(1),  U). 
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Definition .  Problem  (1),  (2)  is  correct  in  B  if  there  exists  e  number 


of  M(t)  >  C  such  that 


(7) 


for  all  G<  k  <  m,  t^  $  t  and  for  sufficiently  small  >0;  it  is  unifondL/ 


correct  if  there  exists  N  >  C  such  that 


m3 


for  all  e  of  (3/  and  for  sufficiently  small 

Regarding  system  ( 1 )  as  an  algorithm  for  the  determination  of  um(x)  with 
respect  to  the  initial  function  uc(x),  we  will  call  relation  (l)  a  difference 
scheme.  If  Cauchy's  problem  (1),  (2)  is  correct,  we  will  call  scheme  (1)  stable. 
Let  us  give  a  definition  of  an  approximation. 

Definition.  Problem  (1),  (2)  approximates  the  problem  (1.2,1),  (1.2.4) 
in  the  space  B  if 


I  a  (*»-i)  la  =  V*  (**).  (9) 

tm-i ).b(0  =  5(#,  0)«o(xJ  is  the  generalized  solution  of 

the  problem  (1.2.1),  (1.2.4),  u  (x)  is  an  arbitrary  element  of  B,  and 


where  S„  = 
m 


C  is  uniform  relative  to  r.  or  'Y  -  m&x  T  ■ — y  C. 

m 


Definition.  Solution  um(x)  of  problem  (1),  (2)  converges  in  B  to  the 
solution  u(x,  t)  a  problem  (1,2.1),  (1.2.4),  if  for  arbitrary  initial  function 


uc 


max|j«*  —  «{#m)ila  =  maxij(C1B,0  —  S(tm,  0)] «o (J*  — ►  0  (10) 


i: 

1 

i 

j 

1 

6S  <  — C. 

c. 

1 

1 

- 

nrst 

1  j 

l 
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-  425  ~ 


V  J 


2)  problem  (1),  (2)  approximates  problem  (1.2.1),  (1.2.4)  then  the  solu¬ 
tion  um(x)  of  problem  (l),  (2)  convenes  in  3  to  the  solution  u(x,t)  of  the 
problem  (1.2.1),  (1.2.4). 

Proof.  Let  us  use  the  representation 

?  ...  ■Si.  q  =  CmCm_t  ...  Ct.  (11)- 

to  estimate  the  quantity  (1C).  Hence  it  follows  that 

Ca,g  S (tm,  0)  —  •  •  •  Cf 

*=  Cm  ...  Ci+l  (Ct  —  Sg)  S4_j  ...  S,  = 

=  2  C*,  k  (^*  —  S*)  S»- j,  a-  (12) 

--1ml  1  -  . 

Using  (12),  we  obtain 

!«"  — a(/J||  =  f(@^  -  5  (t^  o)I  flj|  < 

M 

jS  R  C*.  *  II  |(  (C*  —  5j)  S  (/*_,,  o)  a0 1|  = 

m 

=  2fiC«,*l|||(C*—  ■S*)a(/,_1)||.  (13) 

Employing  the  correctness  estimate  ('’j  and  the  approximation  estimate  (9),  we 
find 

« 

11®"*  B (*») II ^ M (t)  2  T*e*  (**)  <^  (/)  / maxet(Tj).  d4) 

Hence  follows  the  convergence  'f 

II- «*—«((»)  0- ->0  when  C  — ►  C,  (l 
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end  the  theorer  is  proven. 

Convergence  theorems  of  this  type  were  formulated  in  the  works  of  V.  £. 

Ryaben'kiy  /To/,  K.  N.  Meyman  /17/,  ?.  Lax  and  R.  Richtmyer  /18/.  Our  proof 
scheme  Delongs  to  Lsx  and  Richtmyer. 

* 

Vie  defined  approximation  in  terms  of  bounded  operators  ,  C^.  Actually, it 
is  more  convenient  to  define  approximation  in  terms  of  unbounded  operators  L, 

| 

A{j  A0  .  In  this  case  the  estimate  of  proximity  is  made  net  for  the  generalized 
solution  u(t)^r  3,  but  for  the  solutions  cf  the  problem  (1.1.1),  (1.1.4)  u(t)^C  , 
Definticn.  Problem  (1),  (2)  approximates  the  problem  (1.2.1),  (l.i.4)  in 
the  class  C  ir  the  norm  3  if 

q 

max  ||  Rm+l  ||fl  =  max  J  =JLM  -  A,«  (W  -  \fi  \\B -  ° 

(16) 

as  X  =  max  T  — ►-  C  for  an  arbitrary  fixed  solution  u(t)  6  C  of  problem 

JT:  q 

(1.2.1),  (1.2.4).  call  the  quantity  ?y  the  remainder  of  the  difference  equation 

(1). 

Second  convergence  theorem.  If 

1)  problems  (l),  (2)  end  (1.2.1),  (1.2.4)  are  correcting  B,  and 

?>  II  Am il  =  II (E  —  tm+i A,)'1  |j# < N (7).  ,  end 

3)  probier  (l),  (2)  epproximates  the  problem  (1.2.1),  (1.2.4/  in  the  sense 
( 1 6) ,  then  the  solution  cf  problem  (l),  (2)  converges  to  the  solution  of  problem 
0.2.1),  (1.2.4). 

Proof.  The  solution  cf  the  inhomogeneous  difference  problem 

^l  =  Cm+lu”  +  FmH 
“m  =  Cm,iP°+CmtaFtt  (a==  1 . m). 


is  of  the  form 
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(17) 

(18) 


This  cen  be  verified  inductively  without  difficulty. 


The  difference  vm  -  um  -  u(t  )  satisfies  the  difference  equation 

ra 

+  (19) 

*Wt+l 

dy  virtue  of  the  invertibility  of  A  ,  relations  (19)  ere  transformed  to  become 

(cf  (4),  (5)) 

1  =  C)n+1vm Fm+l~  Rm+h  (20)  ^ 

in 

Using  for  v  formula  (1?)  and  noting  that  v°  -  0,  we  find 

^'  =  CmaFa  (a=  1 . m).  (21)’; 

Hence  follows  the  estimate 

||t^j|<Al(l)Af(7)*max||tfa||B.  (22) 

.  _  .  a  -  1 

■denoting  the  convergence 

|(  vTl  II  — ►  9  where  f — ►  C,  end  sc  cn.  (23) 

ti 

Wow  we  establish  the  structure  of  scluticns  cf  difference  one  differential 
Cauchy's  pr,  ulema. 

Lot  us  consider  the  linear  space  X  of  fur colons  u(x,  t)  of  two  independent 
variables  x,  t  defined  in  the  closed  domain  G:  t  /t^,  t, where 
/t-|  >  /c  t  l_/ ,  where  the  functions  are  periodic  relative  to  variable  x 

with  period  ?A.  If  for  ary  fixed  t  £  .  n u(t)  -  u(x,  t)  £'3,  then  we  can 

s tate  that  u(x,  t)  ^  X. 

Introducing  -he  norm  a  into  X:  ||  u  ||  =  suo  |l  u(  t)  ||  .  (24) 

Taking  account  cf  the  uoifir.ir.  cf  detcr’iir.scy  G  cf  the  functirrs  u(x,  t),  the  space 
X  with  norm  o  “’1  be  denoted  by  b^(G;.  by  virtue  of  the  correctness  cf  Cauchy's 
problem  (1.2.1),  (1.2.4),  the  solution  u(x,  t ,  t A  this  problem  belongs  to  the 
space  B.,(G0},  -,2-ere  G&  is  th3  ,;cmtin  /D>  tJ  x  ^  ^ 
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Suppose  A  is  an  operator  effective  in  B.  Obviously,  operator  A  is  mea  ~<r- 
ful  also  in  the  space  t  [iu(z,  t)]g.  The  converse,  of  course,  is  invalid*  an 


operator  defined  in  B^  generally  speaking  is  not  defined  in  B.  Let  us  define  in 


B.  the  displaceaent  operator  T(h, c  )  by  the  equality 


v(x,  t)  -  T(h,  r  )u(x,  t)  -  u(x  +  h,  t  +  r).  (25) 

Obviously,  the  operators  ?(h,  0),  ^ /dx  *  I),  exist  simultaneously  in  the  spaces  B 
and  B^,  but  the  operators  >/dt  »  Dq,  T(0,  r  )(t/  0),  definedinB^  are  not  defined  in 
B. 

Let  us  denote  for  brevity 

T(h,  0)  -  T1§  T(-h,  0)  -  T_1  -  T~\  > 

-  T*1.  J 


T(0,  r)  -  To,  T(0,  -r)  -  T_r 


(26) 


*o  o 

Definition.  The  metrical  operator  defined  in  B^ : 


A  (T)*=ftpi(x.  t.  x, 

Po=  —  Qv  — ?o+ !»••••  fo*  Pie='~7i* 


(27) 


?!• 


where  the  matrices  b^  ^  act  in  the  space  of  components  of  vector-func¬ 

tion  u(x,  t)  will  be  called  a  difference  operator. 


Operator  A  is  defined  for  the  function  u(x,  t)  g-  B^G),  where  G  • 


[qoX,  t  -  q  v]  X  [-i,  £]. 


Operator  (27)  is  called  finite  if  qQ,  q1  ^  Q,  where  Q  does  not  depend 


on  x,  h. 


Clearly,  the  sum  and  product  of  finite  operators  is  again  a  finite  operator. 
The  operator  that  is  the  reciprocal  of  a  finite  operator  is  not,  generally  speak¬ 
ing,  finite. 

Suppose 

i  Q  —  ao=Q>  1 . p0,  a,==0.  1 . Pv  (28) 
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is  a  matrical -differential  operator.  Let  us  define  the  approximation/^  ^  SI  > 
where  A  is  operator  (27). 

Let  us  consider  the  function 

R(x,  t,  T,  h)  .  R(r,  h)u  -  [A  (t,  h,  T)  -  i2(D)]u(x,  t),  (29) 

where  u(x,  operator  A  (t,  h,  T),  .ft(D),  R(  r ,  h)-A(r,  h,  T)  - 

JZ(D)  are  considered  in  .  If  for  any  u(x,  t)  6C  <2.  providing 

x2  +h2  <  t2q,  (30) 

where  t0  depends  on  the  choice  of  u(x,  t)  the  following  estimate  is  validi 

(|R(x,  t,r.  h)  |J  B  -  o(r«t)  +  0(hP),  ^>0,  p  >  0,  (31) 

then  we  will  state  that  operator  A  absolutely  approximates  operator  <3-  in  norm 
B.j  for  class  with  order  cL  with  respect  to  t  and  with  order  /3  with  respect 
to  x.  But  if  relation  (31)  ia  violated,  that  is,  if  it  does  not  hold  for  arbitrary 
r,  h  from  the  neighborhood  (30),  but  the  following  estimate  is  valid  for  a  certain 
law  of  passage  to  the  limit  h  -  h(r)j 


||R(x,  t,  r,  h(r))||B  -  O(x^),  oi^O, 


(52) 


then  we  speak  of  the  conditional  approximation  of  operator  SI  by  operator  A  of 
order  ai .  For  the  case  of  conditional  approximation,  the  exponent  oL  depends  on 
the  law  of  the  limit  process  h  -  h( X  ).  As  a  rule,  estimates  of  the  form 
||r(x,  t,  r,  h)  II  -  0(rot)  +  0(hP  )  +  0(-cv  hs  ), 
where  V  and  S  can  be  even  negative  are  valid  for  a  conditionally  approximating 
operator  in  the  neighborhood  (30 ) . 

The  equality 


"(*  +  *•  /4-t)==7’(A,  x)u(x,  t)—  2j  2j  dxadfi  0,  pi  — 


a-0p-0 


=  S  S  (^rr  ) u  <*•  '> = ehD,"D,u  '>•  (33) 


a-0P-0 
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is  valid  for  the  analytic  function  u(x,  t).  Thus,  the  relation 

T(h,  t  )  -  ehD1+rDo  (34) 

is  valid  for  the  class  of  analytic  functions.  We  will  use  relation  (34)  also 
for  nonanalytic  functions,  interrupting  the  expansion  of  the  function  e^+r^° 
in  series  at  the  corresponding  tern. 

Then  the  determination  of  approximation  A  ^J2  can  be  carried  out  as  follows. 

Expression*) 

-  ••  — ; — — -—r,  .  T~Kr~~r~~rr~Z — yr  “r— —  w 

a  -  a=  -  C'T7-  r-  •  " 

~  U  t.  (x,  f)  Dpo?  (35)"; 

is  expanded  in  exponential  series  with  respect  to  T"  and  h.  Then  we  verify  the 
condition  for  the  absolute  approximation  (31 )  and  the  orders  cL  and  ^  .  If  we 
are  interested  in  approximation  for  specific  limit  processes,  then  we  insert  into 
this  series  h  ■  C  Tv  (  V  >  0),  after  which  R  becomes 

H  -  A-  Si  .  P(t,  Dq,  1>1 ),  (36) 

where  P(<  ,  Dq,  D1 )  is  a  fractional -exponential  series  in  x  and  exponential  in 
Dq,  D1 .  Then  the  smallest  power  of  t  in  (36)  determines  the  order  of  approxima¬ 
tion  for  the  law  of  the  limit  process  h  ■  C  'tyl.  The  order  of  approximation 
A  ~  SI  depends  on  the  class  U  of  the  comparison.  If  0^  CL  U,  the  order  of 
approximation  in  class  can  only  be  increased  compared  with  class  U. 

*)  In  equality  (35)  the  expressions  for  R,  A, -flare  operators.  However, 
in  several  cases  we  will  signify  by  the  symbols  D^,  not  operators,  but  quanti¬ 
ties  DjU,  T^u  defined  for  sufficiently  smooth  functions.  In  this  sense  algebraic 
relations  can  exist  between  the  expressions  for  Dq  and  . 
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Let  us  consider  several  examples  that  illustrate  the  concept  cf  order  of 


approx illation,  absolute  and  provisional  approximation. 

Let  us  define  the  order  of  approximation  A  for  the  operators 

^Q=D0+aDv  A=l!=£+a£=£=i.  a>  0.  (37) 

Following  the  general  algorithm  (34) ,  (35 )»  we  find 

A-a=jrT£^+jrt’°i+  -  -^*a+4ThVl-  ...  ,38, 

From  (38)  if  follows  that  for  the  class  (■  ^2)  the  approxiaation  is  absolute 
and  is  of  the  first  order  with  respect  to  x  and  h. 

Let  us  consider  the  approximation  A  ~  SI  for  the  class  U  of  analytic  solu¬ 
tions  of  the  equation  iZu  -  0.  Here  we  must  formally  put  Dq  -  -aD^  and  equality 
(38)  becomes 

*  =  A-C  =  jjiD?(x-l)— ^D?(x2-l)-}-.7. 

... +(-ir— piDr(x“-‘-l)+ ...].  (39) 


where  }€  -  ar/h. 

When  }i  m  1 ,  the  approximation  A  ^-51  for  the  analytic  solutions  of  equa¬ 
tion  jZu  -  0  is  of  infinite  order. 

It  is  convenient  to  establish  the  approximation  in  harmonic  polynomials 

n  ~~ 

PN=  2  C*e*+“*.  ;  (40) 

k--N 

» 

for  equations  with  constant  coefficients  in  the  norm  In  this  case  we  convenient¬ 
ly  convert  to  spectral  images  A  ,  Jl  of  the  operators  A, 12,  which  are  defined  by 
the  equality  A(Cke*l+i*r)=(KCjea,+lkJt,  1  Matrices  a,  11  and  A,  12 

Q(V+^  =  (Qg^+iu  (  ^ 

operate  in  the  space  of  components  C^.  and  are  derived  from  the  operator-matrices 
A(Tq,  T^,  i2.(DQ,  D1  )  by  the  formal  substitution 
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.  -  -i  , 


jjffalfrwr jjifrfr  Y'iiwtS'i 


T e-**"-  *><**•  "  (42) 

fben  to  equality  (36)  there  corresponds  the  ecualit} 

5  -  A  -  £  -  PCr.o:,  ih).  (45) 

Equations  (36)  and  (43)  are  equivalent  by  virtue  of  (<2}f  fewswr  the  r 


ticn  (43)  is  Talid  fcr  fare  tiers  expandable  in  Focrier  series,  wrile  (56)  is 
valid  only  for  analytic  functions .  be  taming  vitfc  this  point  of  t ~ew  to  nr 
example  (37),  we  see  that  an  infinite  cr_er  of  appreri  nation  A/v  j7  obtains 
also  when  J-C-  1  and  for  disccatirecos  functions  represented  by  the  Fourier  series. 
It  is  not  difficult  to  see  that  this  is  associated  with  the  coincidence  of  opera¬ 
tors  of  the  solution  of  the  equations 

An  -  0  and  £Zu  -  0. 

Actually,  when  X*  1  we  have 

S(t  +t,  t)  -  a-  !,(st),  t  -  ar. 

Bow  let  us  show  at  enaaple  of  a  scheme  with  a  provisional  appraTi nation. 

We  put  the  equation 


Os  =  ar  +  3  =tD.^-cD-)s  =0.  c  =  cocsi 

df  '  ox  ■  v  * 

into  correspondence  with  the  difference  equation  (Lax  scheme) 


fr  L. ±Lzi  ]’ 

*  2  t  t,  —  t  , 

!  =  [ - - - Jt  =  ( 


Let  us  represent  operator  A  as 


*  _  T,-E  .  _  Tt-T.l  k>  + 

“  -  - - - r»  - 3rd - *35 - .  1 


Using  this  scheme  for  verifying  the  approximation,  we  see  that  equation  (45) 

under  the  law  of  the  limit  process  h  -  constant  -  X.  approximates  equation  (44): 
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under  the  law  of  the  limit  process  h2  -  2 JUX%  it  approximates  the  parabolio 

equation 


j 


*»  ,  .  da. 

■5r+fl‘aF! 


This  example  shows  that  in  the  case  of  conditional  ^provisional J  approximation 
the  difference  operator  can  approximate  different  differential  operators  for 
different  laws  of  the  limit  process* 


Now  we  can  give  a  third  definition  for  the  approximation  of  Cauchy's  prob¬ 
lem  (1.2.1),  (I.2.4)  Toy  Cauchy's  difference  problem  (l),  (2). 

Cauchy's  difference  problem  (l),  (2)  characterizes  Cauohy's  problem  (1.2.1), 
(1.2.4),  if  the  operator 

A«=I^pfi_.A1r0--v 

t _  »  __  _ _  J 

approximate*)  as  — >•  0  the  differential  operator  JZ  -  3y&t  -  L(D)  (49) 
from  any  smooth  solution  u(x,  t)  ^  Cq  of  the  problem  (1.2.1),  (1.2.4).  Now  let 
us  compare  different  definitions  of  approximation.  The  third  definition  is  the 
most  formalized  and  most  effective.  It  is  not  difficult  to  see  that  from  it  stems 

the  second  solution. 

Actually,  if  u(x,  t)^rC^  is  a  solution  of  (1.2.1),  (1.2.4),  then  as  shown 
above,  u(x, 

Let  us  form  the  quantity  (remainder  of  the  scheme) 

R(r  ,  x,  t)  -  R(r  )u(x,  t),  H(c)«/\(r)-5£. 

If  u(x,  t)  is  a  sufficiently  smooth  solution,  then  R(r,  x,  tJgB^  Noting 
that  HUa+1,  x,  tm)  -  H(-Cb+1)u(x,  tB)u(s,  tn)  -  Rm^,  from  (16)  we  have 

*)  Since  the  dependence  of  operators  A1  and  A0  on  parameters  h,r  is 
not  indicated  here,  the  approximation  A>o/i2oan  be  both  absolute  as  well  as 
provisional. 
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f  iaaxf^Yfo^maij  x.  OHs*  ®'<*  i 

l'"’»  •',  •■;  ■  ■*  •-  _ • - - i 

from  whence  follows  our  assertion,, 

Let  us  show  that  if  the  operator  A  -  E  -fyA-j  is  invertible,  then  fro*  the 
second  definition  of  approximation  (formula  (16))  follows  the  first  (formula  (9)) 
in  the  class  C  C.  B  in  which  (16)  holds. 

Suppose  I!  A-1  llg  ^  H(t).  From  (16)  there  follows  _ _ 


Ssnce  iLi  Vi' ;  4 


*  '■  ■  r  - 


vs;  t 


1 K^«h — ^«+i)  P 


..  | *'•+1^*  (*•)  Its  <  ^  (OTfl  /?»+|  ||j|. 


and  ©quality  (9)  is  satisfied,  since  mgx  ^m+I^B  0  as  T— ►  0. 

Third  theorem  of  convergence.  If 

1)  problems  (l),  (2)  and  (1.2.1),  (1.2.4)  are  correct  in  B, 

2)  Ha-1!! e  -  ||  (e  -  xa  1  r1!^  N(t), 

5 )  J\  ^  +  A  ^  L  In  # 

then  solution  of  (l),  (2)  converges  to  solution  (1.2.1),  (1.2.4)  in  31 
Proof.  Actually,  in  B  we  have 

v  Al^0‘4~A*?v'A«.  “ii~  Ao'*“>  ••  1 

W  .  *  -  ‘  ,  H  ’  *  •  ■  *  «  '  *  '•  /  t  ,  y  | 

From  whence  it  follows  that  ijy  q,  ^  —  At7,0--A<))'-oQ  •=*•&  —  £(/>). 

By  what  has  been  proven,  (16)  is  satisfied,  and  we  are  under  the  oonditions  of 
the  second  convergence  theorem. 

5.  Stability  criteria  of  difference  schemes.  The  theorems  formulated  in 
subsection  4  enables  us  to  establish  the  convergence  of  a  difference  scheme  as 
soon  as  we  have  established  approximation  and  stability.  Approximation  oriteria 
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are  relatively  simple,  are  local  in  character,  and  for  the  moat  part  are  reducible 
to  a  Taylor  aeriea  expansion.  Stability  criteria  are  much  more  complicated.  In 
this  respect  we  present  brief  review  of  various  stability  criteria. 

If  the  scheme  is  uniformly  stable,  then  of  course  it -is  stable.  Thus, 
uniform  stability  is  a  sufficient  condition  of  stability.  This  enables  us  in 
most  cases  to  reduce  stability  to  the  definition  of  tho  norm  of  the  step  operator. 

Let  us  first  consider  equations  with  coefficients  dependent  on  t.  In  this 
oase  the  Fourier  transform  is  possible  for  scheme  (1.4.1).  If 

«*(*)  -  £  C*(*)^  .  (1) 

t«m-0O  . _ _  „ _ 

- assdttt  _ _ . ..  ^  ;  * 

is  the  representation  of  um(x)  by  a  Fourier  series,  then  for  (^(k)  we  obtain  a 
system  of  difference  equations 


where  Aq  »  AQ  are  spectral  images  of  operators  A Aq. 

The  Fourier  transform  places  the  step  operator  (E-ta,  J**1  (E  +  rA  )  of 

•  o' 

scheme  (2)  into  correspondence  to  the  step  operator  (E  -tA  )-1(e  +-f/\  )  of 

1  o' 

scheme  (1.4.1).  On  analogy  with  formula  (1.3.1J),  we  have 


where  Cffl^(k)  is  the  transform  operator  of  the  difference  scheme  (2)  transforming 
C-^(k)  to  Cm(k). 

If  the  estimate 

^  II  ^m+i,  m  (A)  llt/^  1  -j-  C  ( t )  t,  (4) 

is  valid  for  the  step  operator  CB+1  (k)  of  system  (2),  then  by  virtue  of  (3) 
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scheme  (1.4.1)  io  stable  In 

equality  (3)  enables  ua  to  reduoe  the  stability  problea  to  a  purely 
algebraic  problem  of  defining;  the  norm  of  the  step  operator  C  . 

f®' 

We  know  that  the  epeotral  radius  cf  a  matrix,  that  is,  the  aodolas 

of  its  characteristic  root,  does  not  exoeed  the  matrix  non*  Htnoe  we  obtain 
the  necessary  stability  criteriuo  (Beumann  oriterion)i 

For  the  scheme  (I.4.I)  to  be  uniformly  stable,  it  is  necessary  that  the 
inequality  "i  1  **(')'!  (5) 

bo  valid,  where  (C)  is  the  speotral  radius  of  matrix  C. 

For  the  case  when  Cm+1 ^(k)  is  a  normal  matrix,  that  is,  interchangeable 
with  its  adjoint  counterpart,  its  norm  ooinoides  with  the  speotral  radlua  and 
criterion  (5)  is  a  necessary  and  sufficient  condition  for  unifon  stability  of 

scheme  (1.4.1).  A  detailed  analysis  of  different  estimates  of  matrical  norma 

can  ba  found  in  [9]. 

The  stability  estimate  for  schemes  with  coefficients  dependent  on  x,  t  is 
much  more  involved.  Here  we  use  the  following  methods  of  estimating  the  correct¬ 
ness  of  difference  problem  (1,4,1),  (l .4.2)1 

1 .  method  of  m® jorant  or  a  priori  estimate 

2,  local  algebraic  method. 

The  simplest  majorant  estimate  in  an  estimate  for  sohemea  with  positive 
coefficients.  Let  us  consider  for  the  equation  _ 


the  following  difference 

I  f*"  H  (*)  —  rw  (x)  , 

t 

f  * 

! 


-.-si.. 


- &iaagm(x)rM(x).  (t) 
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We  rewrite  ■ obese  (7)  in  tbe  fare 


,*+1  (jc)*={i  —  (x)j  /« (*>+**  (*)  r"  (x-t) -j- ig*  (x)  r*  (*>.  <«_ 
where  _ 

Under  the  condition  0<  1  -  X*(x)  ^  1  (9) 

tbe  eatinste 

►  1  f**1  (X>K  I1  —  <XM  I W  H"  *” {X^  (l)j  jr*  (x)  1-  (10) 


i*  valid.  Selecting  &s  tbe  nor*  of  tbe  solution  tbe  quantity 


find  free  (10) 


|r«l=sax  r*(x)l 

S 

1  r*Hl<(l+rFi. 


(H) 

(12) 


where  we  denote 


.  g  =  sux’s*(x)J. 

X  _ 


(13) 


Hence  follows  unifoi*  stability  of  8  obexes  (7)  and  tbe  apace  C(-  ^  )  with 

nara  (11 ). 

Let  us  show  unifera  stability  of  (7)  in  ^(-1,  jt)*)-  Ifaltiplying  equality 

(6)  by  and  using  (9) »  we  bare  - - - - 

[r*4:(xjj5  =  [1  —  x*(x)]  r-(x)r*^  (x)+x“f^r^— ,*}r*+l(x)4- 

+  xg*  (x)  r*  (x)  (x)  -<  - — 2  ^r*  _r 


l 


*  .  rr-ixW  +  f^+'O)}1 

(xtf  +  T*  ^  = 

'  ^ic;^(x)p-f  l~^—  [r--(x)J*-5-^^;»-  (J-«l2+ 

^.^fr-wr+j^wc..  (i4) 


*)  Stability  in  j£)  follows  fro®  the  stability  in  C(-_£  ,  £)  only 

for  finite  ^  . 
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Froe  whence 


(j-r|) if*' (*>?<  *~f-- [/-«**+ ^ ‘"*(x “  A) 

(x>p  =  1~^‘—  e*>p+  ""r* 1  i*-  (*  -  *> 

l/«(x)Fv  «*^-ftx-JI[^(x-*)P. 


05) 


Integrating  inequality  (l 5)  with  respect  tc  i  within  the  11*1  ta  iron  -  £  \c  &, 


where  we  pat 


lr-*1|<l±jC±^l|r-?s=Ii+0(T)llr«?I  (16) 


C=^.4|j‘--)  f(X  *}|-  i^P=  J{r“(x)prfx.  (17) 


Vbence  follows  toe  unifore  stability  of  scheae  (?)  in  if  condition  (9)  is 
satisfied  and  jc  B(x)  is  Lipsciitz  as  continucns. 

These  estimates  are  transferred  without  salting  changes  to  scheae  a  approxi¬ 
mating  ays  teas  of  equations  in  invariants 


<^r*  _Lt  —  £T»r  O,  *  =  I . *■  (l3) 


'+^^57-  =  ^ 


~a  r^_aJr 

K.  0.  Friedrichs  (cf  [l 9 1 )  introduced  general  concept  of  positive  schemes  — 
difference  schemes  with  positive  matrices  —  and  established  for  then  the  suffi¬ 
ciency  criterion  of  correctness  in  L^.  Ve  formulate  the  Friedrichs  criterion, 
limiting  ourselves  to  the  case  of  a  single  space  variable. 

Suppose  the  linear  system  3u^t  -  A(x,  t)3u/ai  (19) 


is  approximated  by  the  exnlicit  difference  scheme 

o*fl(x)=  2  Ba(x-  (•  t,  h)ux(x  +  oft). 


(20) 


Here  A  -  jj  |j ,  »||  j|  are  matrices  in  the  space  of  the  components  of  vector 


u. 
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3c bene  (20)  can  be  also  written  »s 


s-+l=»C^-.  Cm  =  8Jr  o  =»— ft 
Suppose  scbene  (21)  satisfies  the  condition 


S1  B. 


S. 


(21) 


(22) 


vhicb  signifies  that  the  constant  vector  n*(r)s  u  »  constant  is  a  solution  of 
(21).  Then  schene  (20)  apprazlaste  equation  (19)  given  the  condition 

c  i  |T^V=*  ;  (23> 


ffce  Friedrichs  criterion  is  foraulated  thoslyj 

Scheae  (21)  is  correct  in  Iv,  if  as trices  B  ^  are  synoetric,  positive,  and 
Lipschitz-continaous  relative  to  z,  so  that  the  condition 


is  satisfied. 

Multiplying  equality  (20)  scalarly*)  by  u®*1 ,  and  taking  condition  (22) 
and  inequalities 


( Bji.  v) <  «)  c)  (25) 

i  ' 

to  account,  we  have  ~  i,  < 

(b-+i.  •“♦*)«  J  (B,(z)«-{x  +  aA).  b*+»(*>)<  -  - 

<  7  (  fl  fliW  «*+,(*).  «“+1<*)]  + 

*  - 

-f  7  S  (<(*)*"  (*+«**  b«(x+oA))- 
+  7  £  (B.(*  +  a*)«*(*+aA)‘  if(*  +  a*))- 

B-*  -*f, 

#!  ;  ‘  ‘ 

—  y  ^  (!*«(*  +  di)-B8Wl*-(Jt-aA).  B-(z  +  aA)).  (26) 

0»-*i  — 

[*)  on  following  page] 
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Integrating  Inequality  (26)  within  the  limits  from  ~  i  to  Jl ,  we  find 


TWcing  the  periodicity  of  fonction  u(z,  t)  and  condition  (22)  into  account,  we 
asks  the  following  transformation! 


t  «■ 

f  5  (fl«  (*+•<*)  «“(*+«*)•  «“(*4*a h))dx  — 

“I  a** -#i  mi  ■ 

J  (fla(x+aA)«*(Jt4-aA).  «*(x-j-aA))dx= 

— *  -» 

=  ^  J(fle(-*) “"(*)’  )<**  =  /  j  (fla«*C*).  «"(■*) )d*== 

-l  a— f, 

=  J  ^  2  «"(*)>  b"  (x)jdac  =  ||  H*|p.  . 


Finally  we  have 


•  #-r-f I  -I 


(28) 


The  assertions  stand  proven. 

Schemes  with  positive  coefficients  and  matrices  represent  a  bounded, 
though  extremely  important  class  of  difference  schemes,  is  a  rule,  these  are 


*J  We  refer  to  the  scalar  product  in  the  space  of  components  u1 ,  ...,  uri 
(u,  v)  -  (<L  -  1,  ...,  n). 
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schemes  of  first-order  accuracy  in  which  the  der  stives  are  approximated  by  one¬ 
sided  difference  relations.  For  approximations  of  higher  orders  of  accuracy 
when  centered  differences  are  taken,  as  a  rule  we  do  not  obtain  positive  coeffi¬ 
cients.  In  this  case  mojorant  estimates  of  stability  are  complicated.  This 
kind  of  estimate  is  called  apriori  estimate. 

The  apriori  estimate  method  for  difference  schemes  is  analogous  to  the 
corresponding  method  for  differential  equations,  wherein  the  difference  case  its 
realization  encounters  major  difficulties,  ltois  is  obviously  associated  with 
the  specific  details  of  difference  analysis  in  which  many  relations  of  ordinary 
analyses  then  do  not  hold  cr  take  a  more  cumbersome  form. 

Let  ua  consider  the  apriori  estimate  method  for  the  example  of  equations 
of  acoustics  (l.3*3l)»  in  whose  integration  will  use  the  implicit  scheme; 

I  II*  + 1  _  it*  A 

- =  am+l  (29) 

t^+i  —  A.,  ^ 

- j - “f4*  •  A,=.r,_£.  A_,  =  £— f.,.  (30) 

The  apriori  estimate  for  this  scheme  is  analogous  to  the  energy  inequality  for 
the  system  (1.3-31)  establishing  subsection  3«  ttiltiplying  (29)  by  2um+\  (30) 
by  2aB+1vm+\  and  manipulating,  we  obtain  after  the  uncomplicated  transformation 

( (a*+i)2  4. 0»+i  (t^+'^I  —  [  (a")2  4-  a"  (o'")2!  = 

B  _(Bm+l_Bm)J_am  +  l(w«+l  _  v*)2 -f- (fl"  + 1  —  fl"*)  (o*)2-)- 

4.  2La"«+1(B",+1A1v'"t,-f  vm+I  A_,B"fI)-  (31) 

Taking  formulas  of  the  difference  differentiation  of  the  product 

A,  (fg)  =  (A,/)  g  +  (Txf) A,g  -  A,/  r,g  +  /  A xg,  i 

A.,  (Jg)  =  (A-,/)  g  +  (T.xf)  A.,4-  =»  A _,/  T.xg  +  f  A_.g.  ' 
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into  account,  let  us  transform  the  expression 

X  c«+r^3T+'i  a,c*+>+ e-*1  A_,s*+^ 

to  the  following  formi  “  -  — —  " 


a«+i  [B«+i  Ajc«+i +p*+i  A_^«+iJ  =  a*+,  [A1(#*t,v«<+1)  __  .r  7- 

— r,c"+1A1B*+1-4-c*+1A_jB*+1J=a*+1A1(c*^e,"+1-e*MA_,B'«+»J=» 
=  a«+i  Aj  le»+»r_,Bf  ^  lfl«+V+l7_,B«+^ — 

— VrH7’i  le*+17,-,a*+I]  =•  A,  [a*  ►1e*+ir_,B«+>l  — 

—  o*+I7'Io*+1  A,a*+1.  (32) 


Then,  '’roe  (31 )  we  can  obtain  without  difficulty  the  equality 


where 


[  (b"  +1)* + a"+1  (^*+1)Jl  —  I  («*)* + «*  (®*W  < 

<  -^-Aj  (a««+ V,+,7‘_,a*+I)+ b{X  [  (umf  +  am  (V)2]  4- 


A74f 


Integrating  (33)  relative  to  x,  we  obtain 


I®"*'  P- f  <  + vl  ®"+I  f. 


where 


fence  follows  the  estimate 


||3>|p=  j  (u'+av^dx. 
-« 

\ 


which  proves  the  uniform  correctness  of  the  scheme  (29),  (30)  for  the  case  j£ 
Lipschiiz-continuous  function  a(x,  t). 
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Similar  estimates  are  established  fo-  the  scheme  in  which  the  quantities 
in  the  upper  layer  appear  with  weight  <4  and  in  lower  layer  with  weight  j 

P**I~P*-  =-^-Io2«-+1 + 

^  (lass  1,2). 

Now  let  us  proceed  to  the  local  algebraic  method  of  investigating  correctness. 
Underlining  this  method  is  the  study  of  the  properties  of  a  local  difference 
operator. 

Suppose 

|  *'  T<  A)7o’7t1,  — ?0 . fy*  Pi=*  — ?t.  •  ••>9V 

is  a  difference  operator  with  variable  coefficients.  Then  the  operator  with 
constant  coefficients  A(x,t)  »  bg  g  (x,  t,  r,  h)T^  tA 

corresponding  to  the  fixed  value  x  -  x,  t  -  t,  will  be  called  the  local  operator 
corresponding  to  operator  A  at  the  point  x  -  x,  t  -  t.  Local  criteria  of  the 
stability  of  a  scheme  enables  us  to  establish  this  stability  of  the  difference 
schemes,  based  on  the  stability  properties  of  the  loca?  difference  operator  of 
the  scheme.  Local  stability  criteria  are  thus  a  generalization  of  the  method  of 
freezing  coefficients  employed  in  the  theory  of  differential  equations  (cf  sub¬ 
section  j). 

We  consider  the  local  algebraic  method  for  the  example  of  the  scheme  for 
equations  of  acoustics  with  variable  speed  of  sound.  Let  us  show  the  equivalence 
of  system  (38)  to  a  second-order  difference  equation. 

Write  system  (38)  in  operator  formi 


-^-«"‘  =  (a1am+17’04-Mm£)xvm>  (391 

T°"  =  (a27’o+M)Vfl"  \=To~E-  (40) 


A-i 

Multiplying  equation  (39)  operator  by  operator  by  {</.  +  £  2E)  “JJ“»  e<TJation 

(40)  by  ^o/f  ,  and  manipulating,  we  cancel  out  um  and  obtain  for  vB  the  equation 


_ vm+i  —  2vm'M  -|- 


. 


=  (<*70  +  Pj£)  +ir0  +  = 

=  V  [a,^*2  A  +2  +  (a^  +  a#,)  a* * '  A v*+ 1  -f  A ©«] . 

Shifting  the  time  index  by  1  and  denoting 

aiaa==^r  aA  +  “2Pi=Y0.  P,P2  =  Y_t.  (41) 


m  _4l  ,.m  — 


we  obtain  a  three-layer  scheme 


vm+ 1 — 2t/m  -f-  vm~ 1 


1  2  YJam+i  0“ 


(42) 


Clearly,  V„i »  VQ»  V-|  satisfy  the  condition  V.1  +  VQ  +  V'1  -  1.  (45) 

For  further  analysis  it  is  more  convenient  to  us  to  convert  to  the  space  of  grid 
functions  defined  over  the  grid 


x  =  lh  (1  =  0.  1,  2 . W-H); 

t  —  nx  (m  =  0,  1.  .....  M).  (N-\-\)h=n,  Mx 


-t.  } <“> 


For  equation  (42),  which  we  will  rewrite  in  indicial  form,  let  us  formulate  the 
mixed  problem: 
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c?+1  — 2v?-f  trf  1  ,--i  <+y 

7i  —  A» 


«0 

*— 1  '"T 


ft3-*[(<+iK*+H!  /=B|*2, . ^)* 

«!«=  <p (<*)=»,.  'Lr-L='tm=*i 

{l=i,  .N), 

^  =  0,  CJ»+1  =  0. 


(45) 


(46) 


At  each  step  t  ■  t  the  solution  vm  of  the  difference  problems  (45)  and  (46) 


can  be  given  by  the  N-dimensional  vector 

=  ...  <$.  *£♦>=<*}• 

We  will  consider  the  case  when  a(x,  t)  ■  b(t)a(x). 


(47) 


Let  us  formulate  for  equation  (42)  the  difference  boundary  problem  for  the  eigen- 

k  k  k 

values:  find  the  eigenfunction  w  -  {wq,  ...,  w^j  and  the  eigenvalue  of 
the  equation 


if 


Aw  =  a  (x)  t »j=  X„w, 


®o=»Wy+i  =  0. 


(48) 

(49) 


This  problem  is  the  difference  analog  of  the  Stunn-Liouville  problem  for  a  self- 
ad joint  second-order  differential  equation,  Hie  indicial  notation  of  equations 
(48)  is  of  the  form 


*  *  »  * 

*  x  (»/+,  — w/)~a  1  (»/  —  »/_,) 


1  + 


7  f 


h1 


■  =  X»w, 


(50) 


(*=l. 


N;  <=1,2 . N). 
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> 


The  matrix  of  equations  (49)  ana  (50)  is  a  iyt  tiical  t tree-diagonal  Jacobian 


aatriz.  la  we  oov  (cf  far  example  [47 ] ) ,  this  natrix  is  sijple  ia  structure 

and  shea  a(x)  >  0  its  eigenvalue ■  A  are  real  and  negative.  To  each  of  these 

k 

eigenvalues  there  corresponds  the  fraction  w  of  the  problem  (48),  (49),  de¬ 
fined  with  an  accuracy  op  to  the  arbitrary  multiplier.  The  normed  system  of 
1  I 

I  eigenfunctions  w,  v  of  problems  (48),  (49)  forma  an  orthanonsed  basis 

in  the  space  kj  of  rectors  with  I  components.  Therefore  the  rector  v*  »  ^0, 

v",  ...,  r*,  o},  being  the  solution  of  the  problem  (45),  (48),  can  be  uniquely 
1  a  k 

represented  if  the  form  of  a  combination  of  rectors  w: 


*?=(£*/ *>  (a=l Afc 


_  .  <Sl) 


Substituting  representation  (51)  into  difference  equation  (45),  taking  (48)  and 

k 

(47)  into  account,  and  noting  the  linear  dependence  of  rectors  w,  we  obtain 


pr’-atf+p?-4 


'[Yj^^+Ydfr-PT+T (52) 


where  b*  -  b(ax  ). 

The  problem  of  defining  the  stability  of  difference  equation  (42)  or, 
which  amounts  to  the  sane  thing,  system  (59),  (40)  reduces  to  defining  the  stabi¬ 
lity  of  equation  (52)  where  k  «  1,  2,  ...,N. 

Difference  scheme  (42)  or  (59),  (40)  is  stable  providing  condition  (47) 
is  met,  if  for  sufficiently  small  the  estimate 

|P?l<*(To)-  *=»■  2 . W  «<4— Af.  (53) 

ie  ralid.  The  problem  is  solved  especially  simply  when  a(x,  t)  does  not  depend 


*)  Recall  that  summation  is  to  be  carried  out  with  respect  to  the  repeat¬ 


ing  Greek  subscripts. 
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en  t. 


ve  cm  pat  b(t)  -  1  sad  57s let  (>2)  bectae* 

5fce  solution  /»*  of  srste*  (54}  is  given  by  the  formula 

pf“c,»(ir+cu*«r-  -  's® 

1  2  ■■  —  — 

viie re  x^,  x^  are  the  roots  cT  the  characteristic  equation*)  (multiplication  coef¬ 
ficients) 

^=M+V.  +T- J y  _  ^ 

In  this  case  the  criterion  on  naif ore  stability  is  of  the  fern 

,  |sft|ajfl'+Ct  '<*=77^^777=1.  21  (57) 

where  OO  is  a  constant  not  dependent  onr,  h,  k. 

This  stability  criterion  is  not  effective  enough,  since  for  arbitrary 
a(x)  are  unknowns.  We  can  formulate  the  following  effective  stability  crite¬ 
rion: 

1  _  2 

Suppose  z^(x),  z^Cx)  are  the  multiplication  coefficients  and  A^(x)  are 
the  eigenvalues  corresponding  to  local  operators  A(x)»  If  the  estimates 

.  1  _  “ .  “  ‘  '  •«:.  :» 

'  I**(*)I<1+Ct  (4=1,2 . IV;  5=  1,2)  (58) 

hold  for  all  1  and  if  the  constant  C  does  not  depend  on  x,  k,  then  difference 
scheme  (>4)  is  correct. 

This  local  criterion  of  stability  reduces  the  problem  of  determining 
the  stability  of  operator  A  with  variable  coefficient  a(x)  to  a  purely  algebraic 

*)  Investigations  of  stability  were  similarly  pursued  in  the  works  [20 J , 

[2l].  For  difference  boundary  problems,  cf  also  [22]. 
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problem.  —  is  ten 


ng  at  if  at  local  A{x), 

local  operator  A (x)  ectatiat  (yO)  arcane* 


L  •  "  _  ^ 

- =  x**v  c  =  cCt%  * 


5*roe  fellows  list  eigMfsoc'. ase  of  t±>e  problem  4=,,  U?)  for  *  local  operator 


sir  tx  (x  -  lb,  i,  £•  •>,  ....  J) 


H=~- 


Ib  toe  pirticalar  case  when  V,  -  y_,  -  0,  ^  '  *crc*s"1  laeat,  cf  example  > 

following  subsection),  cent  1  cicat  $7 ) ,  {y&)trt  satisfied, 

«  CD  <‘ 

If  condition  (59)  is  satisfied  at  each  point  x  *  jh,  j  »  ' . 1,  tier  scne-me 

(42)  providing  V-  *  V_,  -  *  veil  be  stable.  Condition  (59)  is  'fee  local 
Ccurant  criterion*). 


Let  ns  prove,  following  tie  work  of  Yu.  Te.  Boyarintsev  [2Aj,  tie  for 


—  tlU»  1  ft  a^S. 


stability  criterion  (>8).  Siis  criterion  follows  froa  the  property  of  r-onc tena¬ 
city  of  the  characteristic  roots  of  the  Jacobian  matrices . 


We  will  consider  the  Jacobian  s 


1 ,  . . . ,  H,  of  the  fora 


ynsetrical  matrices  1  »  ^a^  A  ,  i,  j  • 


°U  ~  ~~  (°< -in  +  ai *Lt) +  °< xi/j*/”1-  (60; 


corresponding  to  positive  functions  a(x).  Suppose  A  «  fa8.\,  where  A,  ccrrss- 
ponds  to  (x),  -  a2(x),  ag(x)  0. 

Let  us  consider  the  pencil  of  matrices  B*^  +  (A^  -  A^.  (6') 

*)  Criterion  (59)  was  first  formulated  as  the  condition  for  the  conver¬ 
gence  of  the  "cross"  difference  scheme  for  the  weighed  equation  with  the  constant 

speed  of  sound  a  in  the  work  by  R.  Courant,  K.  Friedrichs,  and  G.  Lewy  [25]. 
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PWI"  *  * 


Ve  have  for  the  nonned  eigenvector  x(«C)  of  matrices  B(o6)  and  the  eigenvalue 
X  (o')  corresponding  to  it 


Bx  (a)  -a  X  (aj  x  (a). 


(63)  : 


(64)  . 


Multiplying  equality  (63)  scalarly  by  x,  and  taking  the  orthogonality  of  x  and 
dx/dc£  into  account,  along  with  equality  (64),  ve  obtain 

|  ((4j-;*i)*-  *>—■ a£*  v  <&> 

If  a2(x)^  a1  (x)  >  0,  then  ((A^  -  )x,  x)  ^  0,  and  frois  equality  (65)  follows 

1  Aw  <£  A*  <  0,  |  Xjj |  j  ^  |  X,*  |,  (66)  I 

1  ■  ....  ...  ■ 

where  A  v  are  the  eigenvalues  of  matrix  A  . 

BiC  9 

Thus,  we  have  proven  the  monotonic  dependence  of  tho  roots  A^  on  the 
function  a(x). 

Let  us  now  consider  the  dependence  of  the  roots  z^  of  equation  (56)  on  ^ . 
We  assume  for  simplicity  V1  *  "0,  V  ■  1.  Then  for  z^  we  have  the  c  ->res- 


J  - i t*I x*  1  ±  y  1  - ■*. t*i x*  1-1. 


If  the  roots (56)  are  conjugate,  then  they  both  equal  modulus  1,  since  their 
product  equals  1.  If  the  roots  z^  are  real,  then  the  following  estimate  is 


valid: 


1  » 


«"«{!**  1. 1**1)  f  t**! 


It* -4)-  1. 


Hence  it  follows  that  corresponding  to  the  larger  value  |Ak|  is  the  largervalue 

9  a 

ra®x  jz.j.  These  properties  of  monotonioity  of  AV|  max/z. /  enables  us  to  prove 
8  .  * 
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the  local  stability  criterion.  Actually,  if  all  looal  schemes  art  stable,  then  . 

in  particular  the  scheme  with  aQ  «  max  a  (x)  is  stable.  But  then,  by  virtde  of 

the  property  of  the  monotonicity  of  A^,  the  eigenvalues  A^  corresponding  to 

a(x)  <  aQ  are  smaller  modulmswise  than  the  corresponding  eigenvalues  of  operator 

A  with  constant  coefficient  a  .  Based  on  the  property  of  monotonioity,  the 
s  0 

quantity  max|sk|for  the  equation  with  coefficient  a(x)  will  also  be  less  than 

3 

the  corresponding  quantity  for  the  equation  with  a(x)  •  a  .  Hence  follows  the 

o 

stability  of  the  scheme  with  variable  coefficient  a(x),  which  is  thus  proven. 

For  the  case  of  explicit  schemes  for  the  system  of  hyperbolic  equation 

^u/fet  +  A^u/^x  ■  0 

Lax  [23]  proved  the  validity  of  the  local  Neumann  criterion.  Yu.  Ye.  Boyarintsev 
proved  the  local  criterion  for  the  implicit  scheme  (42)  of  the  general  form, 
when  a(x,  t)  is  not  of  the  form  (47)  and  the  local  operators  A  depend  on  x,  t,and 
are  noncommutative. 

The  local  criterion  of  Yu.  Ye.  Boyarintsev  is  founded  on  the  following 

theorem  of  comparisons 

If  the  difference  scheme  (42)  is  stable  for  a(x,  t)_»  »2(x,  t),  then  it 
is  stable  also  for  a(x,  t)  -  a^x,  t).<;  a2(x,  t).  If  the  difference  scheme  (42) 
is  unstable  for  a(x,  t)  ■  a1 (x,  t),  then  it  is  unstable  also  for  a(x,  t)  - 
a2(x,  t)  .>.  a1  (x,  t). 

Hence  at  once  must  follow  the  local  criterion  of  stability  for  (42)1  if 
all  local  schemes  (42)  are  stable  (unstable),  then  scheme  (42)  is  stable  (unstable) 
as  well.  We  refer  the  reader  to  the  work  [24]  for  the  proof  of  these  theorems. 

The  local  stability  criterion  . 

[missing  pages  359“370  in  text] 
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....  a  similar  patters  is  also  observed  is  ecus ticcs  with  partial  dariTatires. 


Fez 


rcr  the  equities* 


’*■  ,  *■  .  . 

~sr  =o. 


(<5) 


where  a  b  are  positive  cans  torts ,  the  explicit  sebeoe  of  roming  cceputatian 

-s.  c  4-  ie*  =  0 

t  * 

is  stable  where  J£-  ^r—  ^  "■ ,  bat  is  act  strongly  stable.  Ictouly,  when  r^(x) 


constant,  we  bare 


.V 


>&en  b  r  >  2,  v»  get  the  solstice  of  r*f  which  for  sufficiently  ^arge  c  deviates 
fro*  the  solstice  cf  equation  (d>).  Sote  that  for  saff icienriy  large  b  the  reetric- 
ties  f  <  2/b  a*-  be  stranger  than  tie  restriction  doe  to  Conrast’s  cri terror. 
a?/b  <  1 .  ”be  rcpiicit  scbe»e 


is  also  not  strongly  stable. 
"The  inniicit  scheme 


/-»< — r*  A  j*ti 

— ; - h«— C  -r^-=a 


r**1 _ r*  *  *  i 

- l*r**-=C 


T  ‘  ~  k 

is  strongly  stable. 

7.  Dispersion  analysis  of  difference  schemes.  Appi. — i cation  viscosity. 
Suppose  the  difference  equation 

A*=iS*/t7t*  =  0.  ^,  =  —  90.  ....  qj  fc  =  —  9, . 9,.  0} 

approximates  the  differential  equation 

G*  =  <WW«  =  0.  «o  =  0 . p*  a,  =0 . p£.  (2) 

If  the  matrices  ^  and  bg  g  have  constant  coefficients,  then  we 
esplcy  a  Fourier  analysis  to  investigate  both  stability  and  approxiaation. 

For  the  naraonic  u  =  u  e  to  be  the  solution  of  equation  (1 )  or  else 

o 

of  equation  (2 ),Co  and  k  must  satisfy  the  condition  Det  UaH  m  0  {l) 

or,  correspondingly,  Det  ijJZK-  0,  (4)  where  the  matrices 

A.  =  b^ie^rrelk^h,  Q  =  (lk)a'  (5) 
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ar»  spectral  images  of  operators  A  end  # . 


Equations  (3)  and  (4)  are  called  dispersion  relations,  corresponding  to 
equations  (l)  arc  (2). 

ffce  solution  &)-  *i{  T ,  fc,  k.)  {tom  a/x))  of  eqsaticsi  (3)  (and  those  cf  (4)) 
yields  complete  inform  Sian  about  the  properties  cf  solutions  of  equation  (1) 

(and  those  of  (2)). 

9sus,tbe  approrisBtian  condition  A ~ J2  is  cf  the  fore  u>{  r,  b,  r)  -*♦» 
a>(k)  (6)  for  sn  arbitrarily  thick  k  and  X  ,  h  — 0-  If  relation  (6)  is 
▼slid  for  arbitrary  approach  of  X.  and  h  to  zero,  then  the  apprcxies 1 1  on  is 
absolute,  otherwise  it  is  conditional. 

Equatioa  (t)  defines  a  stable  s obese  if  far  sufficiently  ssell  Tend  b 
Beoi{-c  ,  fc,  k  (7  }  =ae  the  cans  ant  Jj  docs  not  depend  on  k*). 

The  seise  a*  is  absolutely  stable  if  eatisate  (7)  holds  when  0<r^  +  h2<-r^, 
and  it  is  conditionally  stable  or  unstable  otherwise. 

tfe  will  licit  ourselves  to  considering  the  hyperbolic  systea 
^u/at  +  A^u/31  ■  0,  (8) 

where  A  is  a  constant  r&trix  with  real  distinct  eigenvalues  J- *  -  1,  n). 

Proceeding  to  invariants,  we  get  the  systes 

1 F-i-kir  =  0  ('=1 . »)•  _  (9) 

The  dispersion  equation  is  of  tie  fora 

(•+ 6,») (®+  -  (®-K.iA)  =  0.”  (10) 

Thus,  for  the  case  of  a  hyperbolic  systes  we  have 

Re©  =  0,  j  p  { =  I .  p  =  «®*.  (11) 

v  .  _ 

Suppose 

,\s=(ii^£+A1r3-f.v0)B=o  02) 

is  a  difference  scheme  corresponding  to  (8). 

*)  Condition  (7)  is  the  familiar  Ifeinann  condition  which,  generally  speaking, 
is  only  a  necessary  condition  for  the  stability  of  scheme  ("<).  In  several  cases 
it  is  also  a  sufficient  condition  (cf  [9]). 
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We  will  state  that  scbeae  (12)  exhibits  approxima ti anal  viscosity  if 
IPI  <  1  for  k/0,  \  (13) 

I  p  |  -  1  for  k  -  0,  .  e^(r»  h*  k)*J 

where  <-t  (■£,  h,  k)  is  the  solution  of  the  dispersion  equation  corresponding  to 
equation  (12). 

For  example,  for  equations  of  acoustics  let  us  coipare  appr. >ii aati ana  of 
the  running  computation  type  (l .6.24)* 


0- 


T.-E 


rr  *  6' 

*7 


t  -  2  k* 

&l  +d_, 

5 


and  of  the  "cross"  type  (1.6.25): 


5 


rt  —  E  <A  A,A_, 

T  5“  *’ 


Tt-E 

T 

A,r. 


T,-E 


(:)=' 


0- 


04)  f 


(15) 


For  equation  (14)  we  hare 

p,j=  1  —  2xsln4£-^s!a  ±  l cos  4p) , 
I  Pi  P  =  I  Ps  P==  !  —  4x(l  —  xjsln2-^-. 


Whence  it  follows  that 


tolHfclo.  **<>• 

|pIj  =  |pJ|=l,  A  =  0. 


IPil  I P2 1  1  •  k  =  any  number. 

For  the  "cross"  scheme  we  have 

p,tJ=l  —  2x5sln5-y-±  Y  (l  —  2x2  sin -^-)2  —  I , 


*<!•  1  (16) 
*<  I.  ( 

imber,jd*  1  J 


07) 


I  Pi  I  =  I P2 1  ==  *  •  k  =  any  number 

From  (16)  and  (17)  it  follows  that  the  running  computation  scheme  exhibits  appro¬ 
ximations!  viscosity  where }{<1,  the  "cross"  scheme  exhibits  this  property  where 
jC.  <.  1 ,  and  the  running  computation  scheme  does  not  exhibit  approximational 
viscosity  when  *  1 . 
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Let  us  dvell  in  sore  do tail  on  this  fact.  Inequalities  (l 5)  signify  that 
the  amplitude  of  a  hamonic  solution  decays  with  tiae.  Parabolic  differential 
equations  exhibit  a  similar  property. 

Thus,  the  difference  equation  approximating  a  hyperbolic  equation,  provid¬ 
ing  that  condition  (13)  is  aet,  exhibits  the  properties  of  a  parabolic  equation. 

Let  us  consider  scheme  (14).  4s  was  shown  in  section  VI,  it  is  equivalent 
to  the  gunning  computation  scheme 


t  •  "  ( 

— 0 


(18) 

(19) 


Each  of  these  equation  approximates  the  corresponding  equation  in  invariants! 

ds 

sr-*' 3T 


dr  .  „  dr 

SF+a'57! 


ds  „  ds _ n 

=  0.  -B-  —  fl-rr  =  0. 


where  r  ■  u  -  av,  s  -  u  +  av. 

Let  us  limit  ourselves  to  analyzing  one  of  the  difference  equations (l 8). 

We  will  show  that  solution  (18)  behaves  emphatically  as  a  solution  of  some  para¬ 
bolic  equation.  We  obtain  the  most  characteristic  pattern  for  the  case  of  dis¬ 
crete  initial  data.  Suppose  function  r  (x)  is  of  the  form 

j>? .  (20> 

We  will  show  that  when  the  Courant  criterion  J£m  a^h  <;  1  is  satisfied, 
scheme  (16)  exhibits  the  property  of  monotonicity  (cf  [28]),  that  is,  the  mono¬ 
tonic  profile  rm(x)  converts  to  the  monotonic  profile  ^  ‘ (x).  Actually,  suppose 

A  .r”  -  r?  -  r?  .  ^  0  for  all  i. 

-1  i  1  1-1 


Prom  (18)  we  have  ;  rm+ i  =  (i  _x)r7+xr» 


—  r“_+le=(l  —  x)A_,r74- 

where  }C  $  1 ,  which  in  fact  proves- the  assertion. 

Let  uc  follow  the  variation  in  the  profile  of  rm(x),  which  initially  had 
che  form  of  a  "shelf"  (20). 

Prom  equality  (18)  we  have 
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|  /•+»  oCr".  C*=afi-f-pr_,(  a  —  1  —x,  p  =  x, 

j  r*  -CV«=  (a£  +  (J  r_,)*V°  =  J  (*)  ,^-yrV. 


Converting  to  indicial  notation,  we  find 

>r=S(l)a-Vrt,  (23) 

*-o 

Proa  formula  (23)  it  follows  that  where  r®  -  1  when  i  ^  0{  r®^  1  when 
i  ^  mj  r®  -  0  where  i  &  m  +  1 ,  and  the  values  of  r®  (i  -  1,  2,  m)  depend 

monotonically  on  i,  varying  fror,  1  to  0. 

Th”?,  »*  the  E-+h  step  the  profile  of  r®  has  the  form  of  a  curve  shown 
in  Figure  3*6. 


-2  '-1  0  1  Z  3  i.j 


m  m*7 


Figure  3*6 

For  example,  where  X*  ^  and  for  an  even  number  of  steps  m  ■  2k 

the  mean  value  r  ■  £  will  lie  at  the  point  k  ■  m/2.  The  profile  of  r®  will  be 
symmetric  relative  to  the  point  i  -  k,  r  -  £. 

The  mean  value  of  r  will  travel  over  the  grid  x  with  velocity  a,  while 

the  profile  becomes  symmetrically  smoothed  relative  to  the  central  point.  Here 

we  have  a  complete  analogy  with  the  smoothing  of  the  initial  discontinuity  in 

Cauchy's  problem  for  the  equation 

F  du  ,  da  d’u 

-3T+o-gj  =  Mj;r- 

Clearly,  this  smoothing  of  the  discontinuity  is  the  result  of  the  opera¬ 
tion  of  approximations!  viscosity. 
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an  fen  more  graphic  example  of  the  operation  of  approximational  viscosity 
is  given  by  the  analysis  of  the  propagation  of  unit  error  by  means  of  the  so- 
called  t  -scheme  (cf  [28,  29]). 

Suppose  that  at  the  time  instant  t  ■  0,  the  initial  data  of  r°  are  of  the 


0.  / = #  c. 


4-.  i='j. 


Then  formula  (23)  yields 


m 

n  -j  JLUr  M'-*=7r(/j°  p- 


Bere  the  profile  of  r“  is  of  tte  form  of  the  binomial  law  of  distribution,  and  the 
profile  maximum  is  shifted  at  the  rate  dx/dt  -  a. 

Using  the  analogy  with  probability  theory*),  it  is  not  difficult  to  show 
the  limit  profile  to  which  the  function  tends  for  suitable  norming  x  -  ih  and  r™. 

Using  Stirling's  formula,  we  have 


1  /  l-rta  \2 

’'**  +*«•  126 


where  c^  is  a  quantity  dependent  on  d,  but  not  dependent  on  i,  and  )0|  <  1, 
For  large  m 

_  1  f  m  -l-mg  \2  _ 1  /  wp-<  N2 

rm  j—  ■  l  »'=*  j  =—L=-  -^e  2  V  /map  ;  .  (27) 

1  h  V 2rtmaP  h-V 2iT  /map 

Let  us  introduce  the  quantities 


Rm  =  rmY™$.  y  = 

r  /Wp 


/T(  y)- 


1  -4 

7=r«  3  » 


A/2jT 


*)  A.  I.  Zhukov  [30 J  pointed  to  the  analogy  of  asymptotic  properties  of 
difference  decisions  with  limit  theorem  cf  probability  theory.  Our  analysis 

mainly  follows  that  of  A.  I.  Zhukov. 
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if  m  — *■  <x>  ,  and  i  varies  so  that  y  is  finite. 


We  will  show  that  asymptotic  properties  of  the  profile  of  rm  are  asso¬ 
ciated  with  the  asymptotic  properties  of  the  operator  of  solution  C  from  (21). 
Let  S  ■  T(-sT  )  denote  the  step  operator  of  Cauchy's  problem 

(D0±aD1)r=%f+a%r  =  0.  r(x.  0)  =  ro(x).  (30) 


and  let  r(x,  m  f)  -  r  (x)  stand  for  the  solution  (20),  and  r(x)  —  the  solution 
(22).  Then 


rm  =  Cmr°,  rm  =  Smr°, 
rm  =  CmS~mrm  =^(CS~1)" 


~rm.  } 


(31) 


The  operator  CS  1  characterizes  the  deviation  by  one  step  of  the  difference  solu¬ 
tion  from  the  exact.  Let  us  convert  to  spectral  images  of  the  operators  C,  S, 

CS  .  The  corresponding  multiplication  coefficients  are  of  the  form 


pc  —  1  — x(l  — «-'**)  =  (1  — x)-f-xe-,4A,  ps  =  e~laxt, 
P cs- 1  =  pcPs‘  = (1  —  *  +  xe"  UA)  e‘aix  = 


a'f  k,+,0(k3x3). 


l»2) 


-1  vin 


Now  let  us  consider  asymptotic  properties  of  the  deviation  operator  (CS  ) 
we  fix  k,  then  as  m  -c  —+-  0,  we  have 


If 


K(cj-i)" 


=[> 


1  — x  a1  tj 


f-*»  +  0(t^>J* (33) 


1  — x  a*x 


Thus,  the  operator  of  the  solution  s(t)  difference  equation  (18)  is  asymptn- 
tically  represented  as  2  (t)  -  S(t)fZ(t),  where  S(t)  is  the  operator  of  the 
solution  of  differential  equation  (30),  and  J7( t)  is  the  operator  whose  spectral 
images  yielded  by  formula  (33)* 

We  can  show  that  the  operator  of  solution  2-(t)  asymptotically  coincides 
with  the  operator  of  the  solution  of  the  differential  equation 


dr  .  dr  .  7  0  V 

>  W+a-5I=b 17*' 
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(34) 


I'. 1  _i>  "j  •pitfl'^T 


Let  us  pose  for  equation  (34)  a  problem  with  initial  data  of  the  £- 
function  types 


W? tv  4 


The  solution  of  the  Cauchy's  problem  (34)*  (35)  is  of  the  form 


r^.~  "  vC-atf  T  " 


as  h  — ►  0,  the  approximation  formula  (36)  becomes  exact. 

Setting  i  ■  x/h,  a  ■  t/r  ,  we  see  that  expressions  (27)  and  (36)  coincide. 

Equation  (34)  can  be  derived  from  equation  (18)  as  follows.  The  operator 

*  T»-E  \  M  f'  £-«*«>, 

Aaf*  T  +^T'S= — 1 — 4 a - - 

is  expanded  in  a  Taylor  series  relative  to  r  and  h  with  an  accuracy  up  to 
second-order  terms 

A  is  0  D9 4-  ofi,  4-  -j  iD] — ^  a!lD\-  (37  ) 

Kext,  expressing  Dq  from  equation  (30)s  Dq  -  -a^ ,  and  inserting  in  (37)* 

we  obtain  the  differential  6QU3tiOQ  - T-  T~  -  WiJuarrW . mt  ■ 

1  'dr  _i_fl  «r  ; 

2 

where  b  -  ^ah(l  -  K/)»  which  coincides  with  equation  (34)- 

We  will  call  equation  (34)  the  first  differential  approximation  of  differ¬ 
ence  equation  (18). 

We  can  readily  note  that  difference  equation  (18)  approximates  equation 
(34)  for  solutions  u  <£  C,,  and  does  so  for  equations  (>0)  with  an  accuracy  of 

5  2  2 

the  quantities  of  the  order  -t  and  h  .  Therefore  with  an  accuracy  up  to  quan¬ 
tities  of  the  second  order  we  can  state  that  the  difference  scheme  (18)  "adds" 

/  \  2  3  r 

to  equation  (30)  the  "viscosity"  b  --g-. 

o  X 

This  algorithm  of  the  first  differential  approximation  of  the  difference 
scheme  is  due  to  A.  I.  Zhukov. 
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The  method  of  the  first  differential  approximation  can  he  extended  to 
the  symmetrical  difference  scheme 


w«+'_u" 


a 2  A|  j~,A- »  tr”  —  v  *  u" 
a  2S  v  v  A>  lr^ 


v"+,-vm  A,  +  A_,  ^  A,A_,  _ 

- r - v_7F_tr> 


(38) 


2  2 

which, when  V»  h  /2f,  is  the  Lax  scheme,  where  v»  a  x/2  —  it  is  the  predictor- 
corrector  scheme,  and  when  V-  ah/2  —  it  is  the  running  computation  scheme. 

After  converting  to  invariants  r  ■  u  -  av,  s  -  u  +  av,  scheme  (38)  decom¬ 
posed  into  equations  for  each  of  the  invariants: 


<,*■  +  *-»  r»— f  r” 

t  ^ 0  2  h  ■ v  T  • 


I  s«+l_s* 


■p~ 


(39) 


and  asymptotic  analysis  by  means  of  the  first  differential  approximation  is 
wholly  applicable. 

Let  us  note  that  symmetric  schemes (38)  are  asymptotically  monotonic  and 
only  one  of  them  —  the  running  computation  scheme  ■—  i3  strictly  monotonic. 

In  the  general  case  of  nonsymmetric  approximation,  operators  of  the  con¬ 
version  of  difference  and  differential  equations  are  noncommutative  operators 
and  asymptotic  analysis  becomes  complicated.  In  any  case  it  is  clear  that  pro¬ 
perties  of  monotonicity  of  nonsymmetric  schemes  are  poorer  than  for  s.nnmetric. 

Thus,  for  the  "cross”  scheme  with  viscosity 


A,  ,4* 


A|A_!  m  ua  A,A_,  m 

V— £3—  “  =  v0fl«  —*1—“  • 


^m+!  —  ym 


\,ut 


ffl  +  l 


(40) 


the  scheme  in  invariants  is  of  the  form 


t  J* 


+  («;*"-'  -  1  +»)<•*]  -  -'*£— %M>*  +  O. 


**+1-J 


v#*0-1  -f  1  —  x 

r;  - 


, r .  £*-*  >*.  ,  _*i- 

]+-Trt-sr-(^  4- A 


We  can  readily  see  that  the  solution  (41 )  with  constant  invariant  r  or  s 
does  not  exist,  whence  follows  the  nonmonotonicity  of  the  difference  profile  of 
the  acoustic  shock  wave. 

Section  II.  Method  of  Constructing  Difference  Schemes  for  Equations  in  Gas 
dynamics 

1 .  Methods  of  describing  gas  dynamic  flows  and  construction  of  difference 
schemes.  The  nature  of  the  schemes  of  integration  used  for  equations  in  ga9 
dynamics  depends  heavily  on  the  method  of  describing  hydrodynamic  flow.  In  the  pre¬ 
ceding  chapters  we  employ  the  following  three  ways  of  describing  flowj 

First  method.  The  region  G  of  the  phase  plane  x,  t  in  which  motion  is 
considered  is  partitioned  by  strong  and  weak  discontinuities  into  regions  of 
smooth  flow  ir.  which  equations  of  gas  dynamics  are  satisfied,  while  compatibility 
conditions  are  satisfied  at  the  discontinuities.  In  this  consideration  the 
generalized  solution  is  a  set  of  smooth  solutions  defined  in  the  regions  G^  and 
adjoining  each  other  across  discontinuity  lines  with  the  observance  of  compati¬ 
bility  conditions.  In  this  description  it  becomes  necessary  to  numerically  integrate 
the  equations  of  gas  dynamics  in  the  region  G^  with  conditions  for  contingency 
at  the  discontinuity  lines  being  satisfied.  Here  any  identity  transformations 
of  the  equations  are  admissible  in  each  of  the  regions  G^,  as  is  an  arbitrary 
and  sufficiently  exact  difference  approximation  of  equations  and  contingency 
conditions. 
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The  best  known  is  the  difference  method  corresponding  to  the  first  tech¬ 
nique  of  description,  namely  the  method  of  characteristics.  Actually,  among 
the  lines  of  separation  we  have  weak  discontinuities  and  contact  boundaries, 
which  as  the  characteristics  which  make  the  characteristic  difference  scheme 
convenient. 

A  total  detailing  of  the  description  of  a  flow,  which  is  a  positive  feature 
of  the  method  of  characteristics,  at  the  same  tine,  rupees  its  realization  on  a 
computer  owing  to  the.  complicated  logic  calculating  singularities  and  constructing 
of  the  calculation  front. 

Of  course,  the  method  of  characteristics  is  not  the  only  difference  method 
that  can  be  employed  within  the  framework  of  a  detaileu  description  of  flow. 

Second  method.  A  generalized  solution  is  defined  by  integral  laws  of 
conservation  in  Eulerian  or  Lagrangian  coordinates.  This  description  is  unique, 
since  both  equations  in  gas  dynamics  and  the  compatibility  conditions  are  conse¬ 
quences  of  the  laws  of  conservation. 

Difference  schemes  corresponding  to  the  second  technique  of  description 
are  obtained  by  the  unique  approximation  of  the  laws  of  conservation  indepen¬ 
dently  of  the  nature  of  the  flow  and  therefore  are  called  homogeneous  schemes  or 
schemes  of  continuous  computation*). 

Third  method.  The  generalized  solution  is  defined  as  the  limit  of  the 
classical  solution  of  some  system  of  quasilinear  parabolic  equations  with  small 
parameters  at  the  leading  derivatives. 

If 

du  ,  ftp(«)  _  ^ 

— 35 —  — /(«) 

is  the  initial  pystem  of  equations  in  gas  dynamics  written  as 
tion,  then  the  corresponding  parabolic  system  is  of  the  form 

+  —  +  g~)- 

*)  The  concept  of  homogeneous  schemes  was  introduced  and  studied  —  in  a 
somewhat  different  sense  —  in  studies  by  A.  N.,  Tikhonov  and  A.  A.  Samarskiy 
(cf,  for  example,  [42]).  -  462  - 


(1) 

laws  of  conserva- 

(2) 


> 


Here  u  -  u(x,  t)  is  the  vector-function  describing  flow;  f(u),^?(u)  are  certain 
functions  of  vector  argument  u;  B(u)  is  a  square  matrix;  and  jJ-  is  a  small  para¬ 
meter*). 

The  matrix  B(u)  must  be  chosen  in  such  a  way  that  the  solution  u(x,  t)  of 
system  (2)  exhibits  sufficient  smoothness  and  as  /X  — *•  0  approximates  in  some 
sense  to  the  solution  of  system  (1). 

Difference  schemes  based  on  the  third  method  of  consideration  thus  partake 
of  the  nature  of  continuous  computation  schemes.  In  several  cases  the  second  and 
third  approaches  lead  to  identical  schemes.  We  will  begin  our  consideration  of 
schemes  with  the  method  of  characteristics. 


2.  Method  of  characteristics.  The  method  of  characteristics  is  one  of 
the  most  widespread  of  the  methods  of  interpreting  systems  of  hyperbolic  equations. 
Its  typical  feature  compared  with  other  difference  methods  is  the  minimum  use  of 
integration  operators  and  the  related  maximum  proximity  of  the  region  of  dependence 
of  the  difference  scheme  and  the  region  of  dependence  of  the  system  of  differen¬ 
tial  equations.  Smoothing  of  profiles  that  is  characteristic  of  difference  schemes 
with  a  fixed  grid  is  at  a  minimum  in  the  method  of  characteristics,  since  the  grid 
used  in  this  method  is  constructed  with  allowance  for  the  region  of  dependence 
of  the  system. 

The  method  of  characteristics  has  been  presented  in  detail  in  the  mono¬ 
graphs  [31,  32],  therefore  we  will  limit  ourselves  to  a  brief  presentation  of 
the  features  of  this  method  and  elements  of  the  difference  algorithm. 


The  method  of  characteristics  begins  from  the  approximation  of  a  system 
of  characteristic  equations  of  gas  dynamics  in  a  characteristic  grid.  Here  both 
Eulerian  and  Lagrangian  coordinates  can  be  used. 


We  will  first  consider  the  method  of  characteristics  as  applied  to  a  system 
of  quasilinear  equations  in  invariants: 

(■wl  =  w+^r’  *•  *•  * 


(1) 


*)  In  some  schemes  with  artificial  viscosity,  JX-  becomes  a  function  of 


iu/3x 
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As  we  know,  equations  of  gas  dynamics  reduce  to  a  system  of  equations  of  the 
type  (1 )  in  the  case  of  plane,  cylindrical,  and  spherical  symmetry  and  constant 
entropy  (Eulerian  coordinates)  and  in  the  case  cf  plane  symmetry  and  variable 
entropy  (isgrangian  coordinates)  (cf  Chapter  Two). 

Suppose  for  system  (1 )  a  problem  with  the  initial  data 

r  (x,  0)  -  rQ(x),  s (x,  0)  -  sq(x),  a  ^  x  ^  b,  (2) 
is  posed,  with  a  smooth  solution  in  some  region  G  containing  the  segment  [a,  b] 
of  the  x  axis  (Figure  3 *7)* 

Let  us  decompose  the  segment  [a,  b]  into  the  intervals  [x^,  x^+1J,  xq  - 
a,  Xjj+1  m  b.  The  points  (x^,  0)  form  the  first  series  of  calculated  points 
(series  I).  The  next  series  of  calculated  points  (series  II)  contains  the  points 
of  intersection  of  r-  and  s-characteristics  omitted  from  the  series  I  points. 

If  the  m-th  series  of  calculated  points  (x™,  t™)  is  defined,  then  the  next  series 
(x”+1 ,  t^+1 )  is  defined  by  means  of  the  formulas  (first  approximation) 

x?+l-x? 

xi  ZJZLtl 

where  =  £,,(/•  f,  sf.  x *  tf).  o=I,  2.  and  r”,  s™  are  values  of  the  invariants 

at  the  points  x^,  t^. 


-a 


(3) 


(3) 


Figure  3.7 
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next,  the  invariants  r“,  s“+1  with  the  corresponding  increments 


i  Ar?~  r7+FZ{G+'-*tf),  . 

G*}  ■=  *"+» -f  A**i  “  *p«  +  /f1+1{rr+‘  —  /T+i). 

K^,(r".  f7.x7.  if),  B— 1,  2. 


are  shifted  to  the  point  (xf ,  t“+1 ).  ft.  fir8t  approximation  scheme  signifies 
the  change  of  characteristics  passing  through  the  points  of  the  lower  series 
t±  with  straight  lines  (3)  and  the  approximation  integration  of  equations 
(1)  along  characteristics  by  Euler's  method. 

To  revise  formulas  (3)  and  (4),  let  us  employ  the  recalculation  of  both 
points  of  the  series  (x“+1,  t®+1),  as  well  as  the  values  rm+1 ,  sm+1.  in 

formulas  (3)  the  right  sides  (slope  of  lines  approximating  the  characteris¬ 
tics)  are  replaced  by  the  half-sums 


where 


.  2 


«r  s 


(5) 

(6) 


and  *•♦«.  in  ferula  (6)  are  calculated  by  means  of 

formulas  (3),  (4). 

The  invariants  rj,  s°  with  increments  refined  by  the  trapezoidal  formula 
are  translated  to  the  points  (x”+1 ,  tj+1)» 


'r+,-=rr-fAr?«i 

*=  1  -f  AjJ*.,  =>=  +  ZLLtl+^!.  (/p+t  tm  \ 

-  -  2  Vi  — 


(7) 


wr*»«wtw  W  W  '■l'*M***f ’f  WWW*! 


In  (7)  F^,  F^  retain  their  former  values  from  (4),  and  F^*1 ,  F^*'  are  defined 
by  the  formulas 


f-+W.(rr\  xfr.  J*1)  (0=  !,  2). 


(8)  j 


where  ,  s”+1  have  been  calculated  by  (4),  and  x“+1 ,  t°+1  —  by  (5). 


Reconversion  by  formulas  (5)  “  (8)  increases  the  order  of  accuracy  of 
this  scheme,  but  the  additional  conversion  does  not  lead  to  the  following  in¬ 
crease  in  order  of  accuracy,  and  therefore  it  is  sufficient  to  limit  ourselves 
to  a  single  order. 


From  a  polytropic  gas  with  V  ■  3*  flat  symmetry,  and  constant  entropy 
equations  (l)  become  (cf  Chapter  Two,  Section  II,  subsection  9) 


dr  ,  „  dr  ‘  A  ds  ,,ds  A 
-3r  +  r^  =  °. 


(9) 

-  a*,  J 


In  thi3  case  even  formulas  (3)  and  (4)  yield,  without  conversion,  an 
exact  solution  of  Cauchy's  problem  for  (9),  since  the  characteristics  (9)  are 
straight  lines. 


Scheme  (3),  (4)>  with  the  first  order  of  exactness  for  smooth  functions, 
in  this  case  exhibits  an  infinitely  large  order  of  accuracy  for  the  class  of 
smooth  solutions  of  system  (9). 


At  the  same  time  the  scheme  of  any  order  of  exactness  with  constant  grid 
yields  only  an  approximate  solution  of  problem  (9). 


This  example  clearly  illustrates  the  advantages  of  a  characteristic  grid 
which  minimizes  the  difference  of  regions  of  dependence  of  the  scheme  and  of 
,he  equation  and  thus  of  the  residual  term. 


Construction  of  the  calculation  fror.t  can  be  carried  out  in  a  regular  case 
also  in  a  different  fashion,  not  relative  to  spatially  similar  series,  as  indi¬ 
cated  in  Figure  3>7»  but  relative  to  characteristic  lines.  This  calculational 
algorithm  is  extended  to  more  general  systems  of  equations.  Suppose 


/!(-£), =<i(^+6.3r)=/.  (*'a=l . ">  <'0, 
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is  a  hyperbolic  system  in  characteristic  fora  for  which' invariants  exist. 

the  equations  dx/dt  -  (x,  t,  u)  define  n  one-parametric  families 

of  characteristics.  In  the  general  case  any  pair  of  families  form  a  characteristic 
grid  which  does  not  coincide  with  the  grid  corresponding  to  the  other  pair. 

Suppose  for  definiteness  that  we  have  selected  a  pair  of  characteristics  corres¬ 
ponding  to  the  indices  k  -  1 ,  k  -  n,  M  is  the  calculated  point  on  the  grid 
(Figure  3*8),  A^  is  the  basis  of  the  k-th  characteristic  descending  from  M  at 
the  line  AB.  The  points  A^  and  are  grid  points,  the  points  Ag,  ...,  A^  are 
located  between  them,  and  the  determination  of  u  at  the  points  Ag,  ...,  A^ _ 
requires  interpolation  relative  to  the  values  u(A^)  and  u( Aft).  Thus,  besides 
translation  along  the  characteristic  there  appears  the  interpolation  opera¬ 
tor,  which  leads  to  smoothing  effects  that  are  inherent  in  ordinary  difference 
methods. 


Figure  3.8 

KEY:  2.  m-th  aeries. 

In  the  general  case  equations  (10)  do  not  have  invariants,  and  we  must 
convert  to  the  more  complex  extended  system  (cf  Chapter  One,  Section  V).  None¬ 
theless  the  method  of  characteristics  in  this  case  as  well  preserves  with  high 

» 

accuracy  the  domain  of  dependence  of  the  hyperbolic  system. 

This  regular  algorithm  of  the  construction  of  a  characteristic  differ¬ 
ence  grid  and  the  approximation  integration  of  equations  in  invariants  is 
possible  in  the  domain  of  a  smooth  solution.  If  the  neighborhood  of  a  calcu¬ 
lated  point  contains  any  singularity  (shock  wave,  contact  boundary,  arbitrary 
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discontinuity,  site  of  initiation  of  a  shock  wave,  and  centered  rarefaction 
wave),  then  the  formulas  are  modified  based  on  the  nature  of  the  singularity 
and  the  configuration  of  the  grid. 

Let  us  consider  several  typical  configurations. 

l)  Contact  boundary.  Let  us  ii lustra te  the  algorithm  with  the  example  of 
a  plane-symmetric  piecewise-isentropic  flow  and  the  Lagrangian  system  of  coordi¬ 
nates. 

Now  the  calculated  points  must  lie  not  only  on  the  r-  and  s-characteristics, 
but  also  at  the  contact  boundary,  which  is  the  coordinate  line  q  -  constant 
(Figure  3*9)*  The  inhomogeneity  of  the  calculation  associated  with  boundary 
leads  to  two  calculation  fronts. 

Suppose  P-|  and  are  the  last  calculated  points  at  the  contact  boundary 
f ,  located  on  the  left,  and  correspondingly  right,  aide  of  it;  M  and  K  are 
points  of  the  calculation  fronts  neighboring  them.  The  points  N  and  L  are  com¬ 
puted  in  regular  fashion.  In  the  first  approximation,  starting  from  the  point 
N,  we  can  calculate  the  point  Pg  of  intersection  of  the  r-characteristic  MN 
with  boundary  and  determine  in  it  the  value  of  the  invariant  vM  .  Similarly, 
starting  from  the  point  M,  we  can  define  the  point  Qg  and  the  invariant  s  in  it. 
The  value  of  r^  is  interpolated  relative  to  the  points  P1  and  Pg  at  Q^. 

The  conditions  for  the  continuity  of  p  and  u  at  the  contact  boundary, 
taken  at  the  point  Qg  lead  to  the  relations 


P  -  rM  Sm)  -  ^*0  (*^||*  r  B  -  $o). 


(11) 


rn  and  s^  are  defined  at  from  (11).  Thus,  the  calculation  front  from  the 
right  advances  by  a  single  step,  and  in  the  first  approximation  we  can  find  the 
points  R  and  ^  end  the  invariant  8  n  at  the  latter.  This  makes  it  possible  to 
calculate  in  similar  fashion  to  the  preceding  point  after  which  the  calcula¬ 
tion  cycle  is  completed  in  the  first  approximation.  Second-approximation  for¬ 
mulas  can  also  be  constructed,  which  are  quite  complex. 
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Figure  3.9  Figure  3. 10 

KEY: 

Z  —  shock  wave. 

2)  Shock  wave.  Again  the  presence  of  a  discontinuity  leads  to  two  calcu¬ 
lation  fronts,  however  in  contrast  to  the  preceding  case  the  discontinuity  line 
no  longer  is  a  time-similar  line.  As  follows  from  Champlin' s  theorem,  the 
shock  wave  line  will  be  spatially-similar  at  the  forward  front  and  time-simi¬ 
lar  at  the  rear  (Figure  3-10 ). 

A  shock  wave  line  "cuts"  the  grid  of  characteristics  ahead  of  it,  and  all 
values  of  quantities  at  the  forward  front  are  known,  since  they  are  transported 
by  characteristics  from  below. 

At  the  same  time  only  the  invariant  r  (for  the  case  of  a  wave  travelling 
to  the  right)  is  translated  relative  to  the  characteristic  at  the  rear  front, 
while  the  invariant  s  is  swept  from  the  shock  wave  line,  being  defined  at  this 
line  from  Hugoniot's  conditions.  For  simplicity  of  our  treatment,  let  us  limit 
ourselves  to  the  case  of  an  isothermal  gas,  when  Hugoniot's  conditions  are 
written  in  invariants  (cf  Chapter  Two,  Section  IV,  Subsection  6): 

rt  —  rB  =  a<f(M),  (  2) 

s,  —  sn  =  <nf>  (M),  -13) 

fl-fo.,  <p(M)  =  jW  — A1J,  t|>(M)  =  Al—  -L-ln/M1, 

(14) 
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where  a  denotes  the  isothermal  speed  of  sound. 

Knowing  r^  ,  rn  ,  u„  from  (12)  and  (14)*  let  us  determine  the  shock 
wave  velocity  R,  and  from  (13)  determine  . 

Suppose  the  shock  wave  line  (Figure  3J1)  intersects  at  points  A  and  B 
the  element  (cell)  LMNP  of  the  characteristic  grid  already  computed,  and  suppose 
that  at  point  A  we  know  the  quantities  r„  bm  ,  rn  ,  s^  ,  and,  therefore,  R. 


KEY  1 

Z  —  Bhock  wave. 


Figure  3*1 1 


Then  the  characteristic  triangle  EAD  to  the  left  of  the  Bhock  wave  line 
is  wholly  defined.  From  point  A  let  us  draw  a  segment  of  the  straight  line  AB 


xb  XA 
‘a  ~  ‘a 


Ra 


approximating  the  trajectory  of  the  shock  wave  in  the  neighborhood  of  A. 
characteristic  PL  we  can  integrate  at  the  point  B  the  values  of  rn  ,  sn 
their  values  at  the  pointB  P  and  L. 


At  the 
by 


Since  the  segment  AD  haB  been  wholly  calculated,  then  on  it  we  can  find 
the  point  C  such  that  in  the  firBt  approximation  the  r-characteriBtic  drawn 
through  it  passes  to  the  point  B.  ThiB  problem  is  solved  by  linear  interpola¬ 
tion  of  invariants  r^,  b^,  r^,  at  point  C  given  the  condition  that  the  seg¬ 
ment  of  the  straight  line 


will  pasB  through  the  point  B. 


rc  +  sc 
2 


+  0 
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If  we  denote  the  parameter  of  linear  interpolation  along  AD  by  0,  then 
the  working  formulas  for  the  determination  of  0  will  be  of  the  form 


r 


*4— 1 1* + G  (tp — =  (“a  — •  («A1 ■+• o. , 


Ifoxt,  determine  all  quantities.  After  we  determine  (r^,  we  oan  calcu¬ 
late  Eg,  after  which  the  point  B  is  reconverted  by  the  trapezoidal  formula 


This  enables  us  to  recalculate  point  C,  and  also  variants  (r^)^  » 
(s^)^  ,  (rB)a  ,  after  which  the  point  B  1b  determined,  and  the  calculation  front 
to  the  left  of  the  shock  wave  can  advance  by  yet  another  step. 


Similarly,  with  some  complication,  we  perform  the  calculation  for  the  case 
of  flow  with  variable  entropy  when  we  must  introduce  trajectories  into  our  consi¬ 
deration.  > 


Of  course,  still  other  formulas  of  calculation  and  other  configurations 
of  the  mutual  arrangement  of  the  shock  wave  line  and  the  characteristic  grid 
are  possible. 

Similar  difficulties  arise  when  considering  singularities  of  the  following 

types » 

5)  centered  rarefaction  wave; 

4)  breakdown  of  a  discontinuity; 

5)  intersection  of  characteristics  of  one  family  with  subsequent  forma¬ 
tion  of  a  shock  wave;  and 

6)  a  boundary  with  a  vacuum  when  degeneration  of  the  grid  elements  occurs. 

In  each  specif io  situation,  the  problem  of  the  advance  of  the  calculation 
front  by  a  single  step  in  the  neighborhood  of  a  given  singularity  ia  elementary 
and  reduces  to  interpolation  and  to  the  solution  of  problems  and  analytic  geome¬ 
try. 

Difficulties  of  the  method  of  characteristics  lie  in  the  construction  of 
the  calculation  front  when  a  large  number  of  singularities  of  different  types 
are  present.  Then  the  calculation  becomes  irregular , and  the  determination  of 
the  possible  configuration  and  the  ohoice  of  the  calculation  formulas  becomes 
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the  main  problem.  To  this  we  oan  add  the  difficulties  of  memory  distribution 
caused  by  bifurcation  •  by  the  shock  wave  of  the  characteristic  grid. 


Figure  3  .12 

let  us  consider  this  fact  in  greater  detail. 

As  we  have  noted,  the  method  of  characteristics  admits  of  the  tvc-layer 
construction  of  a  calculation  in  a  regular  domain,  so  that  to  determine  the 
(m  +  1  )-th  layer  it  is  sufficient -that  we  know  the  m-th  layer  and,  perhaps, 
one  point  of  the  (m  +  1 )-th  layer  (second  method).  If  after  calculating  the 
(m  1 )-th  layer  the  results  of  the  m-th  layer  are  blurred,  then  when  the  charac¬ 
teristic  grid  is  bifurcated  ty  a  shock  wave  the  latter  can  also  be  initiated  in 
the  calculated  and  "blurred'*  elements  of  the  grid  (Figure  3*12),  which  makes 
extension  of  the  calculation  impossible. 

In  spite  of  major  logical  difficulties  in  realizing  the  method  of  charac¬ 
teristics  on  computers,  programs  permitting  calculation  with  a  high  degree  of 
accuracy  of  flows  containing  large  numbers  of  singularities  have  been  formu¬ 
lated  in  the  USSR  (of  [32]). 

3.  Explicit  running  calculation  schemes.  The  olosest  to  the  method  of 
characteristics  are  the  running  calculation  schemes.  Like  the  method  of  charac¬ 
teristics,  they  begin  from  equations  in  invariants  or  in  characteristic  form, 
but  the  difference  grid  is  no  longer  a  characteristic  grid. 

We  will  begin  with  a  consideration  of  explicit  running  calculation  sohsmes 
for  a  one-dimensional  plane  piecewise-iaentropic  gas  flow  not  containing  shock 
waves.  As  we  know,  this  flow  is  described  in  Lagrangian  coordinates  by  a  system 
of  equations  in  invariants  (cf  Chapter  QVo,  Seotion  III) 
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where  a  «  o p  is  the  mass  speed  of  sound,  and  entropy  S  is  a  pieoeviae** 
constant  function,  whose  sites  of  discontinuity  are  oontaot  boundaries*  In  the 
following  a  will  be  considered  as  a  function  of  the  single  argument  6  ■  r  *  a* 

Let  us  formulate  the  problem  with  the  following  initial  and  boundary 

conditions  for  system  (1 ) 


|  r(q.  0)*=r0(q).  '/  ,  $ 

Boundary  conditions  (3)  signify  that  the  velocity  of  the  left  boundary 
and  the  pressure  at  th9  right  are  given. 

Of  course,  we  can  select  another  combination  of  boundary  conditions  (for 
example,  at  both  bounds  velocities  of  pressures  are  given).  The  equation  of 
state  is  given  by  the  formula*)  p  -  P(S,  r  -  e).  (4) 

When  no  shock  waves  are  present  in  the  flow,  the  entropy  ie  constant  at 
each  line  q  <■  constant,  including  at  the  boundaries  q  ■  0,  q  -  Q.  Therefore 
boundary  conditions  (3)  can  be  written  in  the  form 

r  r  (0,  f)+i(0.  !)  =  2~/  (t),  - - -  - - — -  •  - 

r  (Q.  0- i  (Q,  f)  =  k  (0  =  P~'  (p,  S)  =  P~'  S).  (&)  j 

The  ordinary  conditions  given  below  ore  imposed  on  the  internal  oontaot  boundaries 
q  »  qi«  p^  -  pit  u+  -  u”,  (6) 

which  in  terms  of  invariants,  are  of^  the  form 


*)  We  assume  for  simplicity  that  the  oontaot  boundaries  separate 
gases  which  have  the  same  equation  of  state  (4)»  but  with  different  entropy 
values.  The  problem  is  slightly  complicated  if  the  gases  are  assumed  to  be 
different.  _  .7*  _ 


(7) 


I  r?  +  ai=:r7  +  s7- 

Here  the  sign  M+M  denotes  quantities  to  the  right,  and  the  sign  **-"  denotes  quan¬ 
tises  to  the  left  of  the  i-th  boundary. 

Por  the  case  of  a  polytropic  gas  when 

[ <$> 

•  ■'  •  .  *  -- 

2  ^  ^ 

where  pC-  y  -  1  '  *  an<^  ©^pressed  in  terms  of  the  entropy  constant  A(S) 

(Chapter  Two),  conditions  (7)  become  linear t 


Converting  to  difference  equations  and  assuming  at  first  the  absence  of 
internal  boundaries ,  let  us  -obstruct  a  grid  that  is  uniform  relative  to  mass 

such  that 


I-  AS=A?/,=  ?/+l~  ckie-jyly, 

i'.ffff.-.O,  —  A*  !••• 


To  solve  the  problem  formulated,  we  can  propose  the  following  explicit 

running  calculation  scheme t 

[  rf+1  =*(1  —  xfjrj'-f  K«r*.p  '  ~VJ.  (II) 

+  ^  (/=*!.  ....  AO.  (12) 

. »»r -«?;•{•» 


to  which  the  following  initial  data  are  added i  r° 
as  well  as  the  boundary  conditions 

ro+  *o  »»2/", 

?n+\  —  *f}+i  “  km. 
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roi*  Bl  -  *oi 


(13) 

(14) 


rwiw 


3sing  relations  (ll),  r^  is  determined  successively  free,  i  -  1  to  i  »  5  +  1 , 
sad  s£,  is  determiner  fres  (14)- 

Similar  lj,  from  (12)  s?*1 (i  «  S,  ....  0)  is  dete rained,  sad  r“+  as  deter¬ 
mined  free  ( 1 3 ) -  lext,  the  («  ■*•  l)-ih  layer  is  calculated,  sad  to  determine  tie 
tit  ♦  2)-th  layer  tie  procedures  are  repeated  e;  tree .  Giver  tie  condition 

X*  <1  03) 

sms-ae  (it),  ('■  2)  is  a  suhese  inti  positive  coefficients,  vrici  ensures  —  as 
was  si of*,  in  subsection  3  of  Notice  I  —  its  stability.  Let  us  prove  the  cc ar- 
vergenre  of  tie  solution  of  tie  problem  (ll)  -  (14)  to  tie  solution  of  tie  problem 

0),  (5). 

Let  us  assume  that  tie  problem  (1)  -  (>)  has  the  solstice  r (q,  t),  s(q,  t), 
disc' eying  oantimous  second  derivatives  relative  tc  q,  t. 

let  arc  £  eE  stand  for  the  differences 

tr^  —  rf  —  r  (LK  xfX  ts?  =  r?  —  s  (&.  xtX 

where  r(ii,  it),  s(ih,  mr)  represent  tie  exact  solution  of  the  problem  (l)  - 
(3)  at  the  grid  points  q  -  in ,  t  -  ar. 

fbe  quantities  S r*,  4s'  satisfy  the  difference  equations 


ftrr:=( !-«?)*?  -x-Vr_,-T[C(r*-r^- 

,,  r  (ii.  *r>  — r  ({f—  1)  i.  ta)  ,  D«c 
-  _  \r  (Ik.  tn)  —  s Ilk,  «t)J  - ^ - r  «:r 

=  (1  -  xf  1 4s*  -r  x™  -r  t  {«  (rf-  vf)  — 

—c\r(il.  xt)  —  slli.  xifi - - - f - -Rti 


(16) 


vitb  the  relieving  initial  ana  boundary  conditions: 


^  =  D. 


6»?  =  C. 

I 


the  residual  tems  £L  .  and  ?„.  are  of  the  order  0(  r  ). 

1  1:1 


07) 


-  475  - 


i 

1 


Cane  the  aaoothaeas  of  tie  .elation  r(q,  t),  a(q,  t),  «#  rerrite 
ay.  tea  (16)  in  foe  fora 


where 


j*  _ a(^)  art)  — Silk,  art) 


are  bearded  quantities,  8  *  r  -  s,  8*  is  an  intermediate  9  rz Ice  in  the  fiidte- 
increment  formula. 

It  is  not  difficult  to  see  that  given  the  condition  (15),  the  following 
estimate  is  valid  for  the  step  operator  of  the  nroblec  (1?),  (^8); 

+  2AT  . 

vbere  A  -  J^ngx  ( } a* /  ,  /£*/ }  ,  and  the  iox*  of  the  vector  {^rs,  JaMJ  . 

l*Ti’  <*8il  *«4*fii*d«.  mz  *ax//^*  f.  U*\  1}  •  Consequently,  the 

following  estiaste  (cf  Section  I,  Subsection  4)  is  valid; 


frod  which  follows  the  convergence  J  <§  r*  j  -♦  9,  |Ss®  /  -►  0  as  T  —  0 

uniforaly  relative  to  i,  a  in  the  goes  in  of  existence  of  the  solution  r(q,  t), 
s(q,  t). 

If  contact  bcuccaries  are  present,  then  relation  (?)  at  the  boundaries 
i'Ll1  slso  eEter  “**0  tbe  difference  equations.  ?cr  sispiicity  of  cur  discussion. 
r.et  us  assune  that  there  exists  a  single  contact  boundary  located  at  the  point 
q  •  jD  of  the  grid.  Ihec  the  invariants  r,  s  are  discontinuous  at  the  point  q  * 
Ob.  Equations  (11),  (12),  which  becone  n  ,  - 

(rTI)_  =0  -  *7).  ('7)_  “K*3)_  r-_;. 

•  (i7a=(1-x7)J*7l+(x7)+*7+r 

are  valid  for  the  left  values  (r**1 )  and  the  right  values  (s’5*1  )  . 

J  j  + 

To  ^C'=  ve  oust  add  relation  (7): 
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(«r  v+(r  • ;  -ot.  -fr*?*1).- 

which  for  known  (r**1 )  (a**1)^  enables  ns  '.0  determine  (r**1  )+,  (***'  )_,  after 

which  the  computatio k*  is  coatirc^d  a*  usual . 

Vhjen  aeverel  contact  boon  la.ri.ee  are  present,  each  cf  the*  is  cal  cola  ted 
by  the  indicated  algcr.tha. 

If  shock  waves  are  absent  in  the  flow,  bat  the  entropy  changes  frow  eie- 
aent  to  element,  the  equations  describing  motion  become  inhomogeneous : 

£  —  •(**  '  —  -> 

-y +«<?■  f  — f}^  =*fj  (*.'  —  *)• 

5hen  Loe  left  sides  of  the  equations  are  approximated,  just  as  in  the  homogeneous 
case,  the  right  sides  are  taken  iron  the  m-th  layer,  and  the  convergence  is 
proven  analogue sly  ts  under  the  sane  condition  (15). 

In  the  general  case,  the  systes  of  quasi  linear  equations,  including  also 
equations  in  hydrodynamic*,  is  net  reduced  to  invariants.  Bcwevsr,  in  this  case 
sa  well  running  calculation  is  possible,  starting  fro*  the  equations  in  the 
characteristics  form.  Ihie  schene  was  proposed  in  the  study  [26]. 

Suppose  that  for  the  faypeibolic  system 

4(*i.  -w-.  . s«)-^f-]=/*(* . . #«)  (IS) 

_  _  '*•  a=  I . #) 

the  following  initial  data  are  assigned:  a r  (*.  0)  -  u  (x).  (20) 

<V  O 

Let  us  approximate  Cauchy's  problem  (1 9} »  (20)  by  the  Cauchy's  difference  probles 


•••  Bf)[-L— F  . *?)"r‘J= 

=/»(«? . O  <2i> 

«£<*)*■,*(*)■  ^2) 


where  u  (i)  is  the  solution  of  (21),  (22)  defined  at  the  instant  t  -  rtt,  and 
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A  “A-1  when  {•(«? . s?)>0'  l  (23) 

A  ■  A  1  when  t*(«? . *D<°-  ) 

We  can  rewrite  the  difference  scheise  (21 )  in  the  for* 

x?>o, ! 

=  x?<0.  j 

where  it  is  assused 

«r-<&  ••••  ff-t.(«r-  -o  <*9 

When  j  J£.®  |  <.  1 1  the  difference  operators 

(i-Xf)£+^.,  (*?>°>  (»+*f)£-*?7!  (K?<°) 

beccae  positive,  end  scbeue  (24)  is  analogous  to  the  scbeaes  that  are  positive 
in  the  Priedr?  .-ha  sense.  The  work  [26]  showed  that  given  the  condition/#"  |^1 , 
the  solution  of  u"(x)  of  the  boundary  problem  (21),  (22)  converges  in  C  to  the 
solution  of  the  problem  (19)»  (20). 

We  have  considered  two  variants  of  running  calculation!  a)  in  invariants 
and  b)  for  a  characteristic  ayste*.  2elative  to  the  fomnlation  of  the  boundary 
conditions  and  relative  to  the  simplicity  algorithm,  calculation  in  invariants 
is  preferable  [text  pages  393  -  435  Rinsing] 


CHAPTER  PODS  GEXSRALIZSD  S0UJTI01E  OP  HTF2&BGUC  STST36  CP  QDAS1LHEAR 
EQUATIONS 

Section  I.  Formulation  of  Cauchy ’ s  Proble*  for  the  Class  of  Discontinuous 
Functions 

1.  General  Seaar ka.  In  Chapter  Two  we  saw  that  differential  equations  of  gas 
dynamic u  are  consequences  of  aore  general  integral  laws  of  conse rrat i ons  — 

of  mass,  moaentum,  and  energy. 

The  transition  froe  integral  laws  of  conservation  to  differential  is 
possible  only  for  a  certain  smoothness  of  flow.  If  a  smooth  flow  does  not  exist, 
then  in  order  to  da fine  flow  (discontinuous  or  not  exhibiting  the  required  smooth¬ 
ness),  we  must  resort  to  integral  laws  of  conservation. 

The  same  approach  was  adopted  in  the  theory  of  discontinuous  (generalized) 
solutions  of  hyperbolic  systems  of  quasiline ax  equations,  conceived  in  recent 
decades. 

We  will  consider  the  conservative  systea  of  quasilinear  equations 

aT(a/~=/(c. J’  f>  /  '  0) 

(u,  f>,  f  are  vectors  with  n  components)  as  a  consequence  of  the  system  of  integral 
laws  of  conservation 

&udx  —  <p(s.  x,  l)dt+  j  j  f(B.  x.  f)dxdt  =  0,  (2) 

C  '  *c 

i  \ 

which  must  be  satisfied  for  any  piecevise-saooth  closed  contour  C  and  the  domain 
it  bounds. 
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If  the  function  u(x,  t)  satisfies  integral  lavs  of  conservation  (2)  far 
any  closed  contours  C  sad  doaains  ‘f-,  and  <f  &C. ,  f£C  ,  then  fro®  this  it 
follows  that  t Hj  function  u(x,  t)  satisfies  the  systea  of  differential  equations 
(1). 

It  is  also  obvious  that  any  solution  u(x,  t)  of  system  (l)  (u(x,  t )€?C^) 
satisfies  integral  lavs  of  conservation  (2).  Hhe  integral  relations  (2)  serve 
to  introduce  the  concept  of  the  generalized  solution  of  system  (l). 

¥e  will  confine  our  inquiry  to  the  class  X  of  functions  u(x,  t)  satisfying 
the  foil  owing  requirements : 

first  require  sent.  In  any  finite  portion  of  the  half-rplane  t  ^0 
there  exists  a  finite  number  of  discontinuity  lines  *  x  «  x(t) 

and  a  finite  rusher  of  discontinuity  points;  exterior  to  these  lines  and  points 
the  function  u(x, t)  is  continuous  and  has  continuous  first  deriva¬ 

tives. 

Second  requirement.  Left  u(x  -  0,  t)  and  right  u(x  +  0,  t)  limiting 
values  exist  at  the  discontinuity  lines  x  -  x(t);  for  definiteness  ve  will 
assume  that  u(x,  t)  *  u(x  +  0,  t). 

Ve  will  call  the  vector-function  u(x,  t) ^  K  the  generalized  solution  of 
system  of  equations  (l )  if  for  an  arbitrary  piecevise-smooth  contour  C  and  the 
domain  bounded  by  it  integral  lavs  of  conservation  (2)  are  satisfied. 

Other  definitions  of  the  generalized  solution  of  system  (l)  are  also  used. 

Suppose  g(z,  t)  is  a  finite  function  (it  tends  to  zero  outside  the 

finite  portion  of  the  plane  x,  t). 

Let  us  nultipiy  each  of  the  equations  in  system  (l )  by  g(x,  t)  and  inte¬ 
grate  the  results  of  the  nailtiplication  over  the  half-plane  t  ^0. 

Performing  integration  by  parts,  ve  get 

JJl-  0 -jj-f/a*-  x>  0 g(x.  f)\dxdt+ 

t>o 

I  00 

-1-  J  S  (*•  0)  (x,  0)  dx  =  0  (/  =  1,2 . n ). 
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Equations  (3)»  just  as  (2)  do  not  contain  arbitrary  functions  u(x,  tj  ana  are 
not  meaningless  for  discontinuous  u(x,  t).  Ve  will  call  the  function  u(x,  t) 

K  a  generalized  solution  of  system  (l)  if  equalities  (3)  are  satisfied  for 
any  finite  function  g(x,  t) £  . 

Finally,  using  the  concept  of  potential  (Chapter  One,  Section  V),  let 
us  introduce  yet  another  definition  of  a  generalized  solution  of  system  (l). 

Suppose  the  vector-function  <J>(x,  t)  -  t),  <£>n(x,  i)J 

is  continuous  and  has  first  derivatives  ’bQfdx  K.  Then  if  at  all  points  for 
which  the  derivatives  <*f,/3x,  d&fax  exist,  they  satisfy  the  system  of  nonlinear 
integral-differential  equations 

- -  ..  '•  -  x 

x-  ')= J^dr* 1  *)**  (<=1 . n)-  (4) 

then  the  function  u(x,  t)  ■  &<$! /d*-  (5) 

will  be  called  a  generalized  solution  of  system  (l).  We  can  easily  note  that 
each  of  these  definitions  naturally  is  generalized  to  broader  classes  of  functions 
u(x,  t).  Nonetheless  we  will  confine  ourselves  to  the  class  K,  since  more  gene-al 
classes  of  generalized  solutions  have  not  yet  been  studied  well  enough. 


Now  let  us  note  that  the  system  of  quasilinear  equations  admits  sometimes 
of  several  different  representations  in  the  form  of  laws  of  conservation.  For 
example,  one  equation  £  xx/dX  +  u  3u/j  x  -  0  (6) 

can  be  represented  both  in  the  form 
as  well  as 


*u/ZX  +  2>fax  (u /2)  -  0,  (7) 

4~(-r)+i  (t) = °'  -j*  (®) 


Thus,  any  solution  of  equation  (6)  satisfies  simultaneously  the  following 
integral  laws  of  conservation: 

r * 

(9) 


f 


udx - ^-dt  —  Q, 


f 


~dx -~dt  =  Q. 


(10) 


We  can  easily,  however,  see  that  the  discontinuous  function  u(x,  t)  can  satisfy 
one  of  the  equations  (9)*  (10),  but  not  satisfy  the  other. 
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This  situation  reflects  an  interesting  fact,  interpretable  as 
follows:  different  processes  can  be  described  by  the  very  same  differential 
equations,  but  by  different  integrrl  laws  of  conservation.  Therefore  the  dif¬ 
ference  of  the  processes  shows  up  only  in  the  discontinuous  solutions. 


Introducing  the  concept  of  the  generalized  solution  of  conservative  system 
(1),  we  uniquely  fix  the  integral  laws  of  conservation  (2). 

2.  Bugoniot's  conditions.  Suppose  u(x,  t)  K  and  x  ■  x(t)  is  an  equation 
of  one  of  the  discontinuity  lines  of  the  function  u(x,  t).  Let  us  denote 


D  =  x' (t),  u, (0  =  «(* (0 - 0.  0.  «, (0  =  «(* (0  +  0 ,t), 

!«l  =  l«(*.  <)]  =  «(* 4-0,  0-“(x-0,t). 

(«(*(<).  01  =  «o  (0  ~  um  (0-  ° 

(<P («.  ■*.  <)1  =  <P(u(jc4-0,  o.  *.  o  —  <f  (tt (JC  —  0,  0.  ■*.  0- 

. 

I 

Just  as  Hugoniot's  conditions  at  the  discontinuity  line  of  flow  (Chapter  Two, 
Section  4,  Subsection  1)  derive  from  the  integral  laws  of  conservation  of  mass, 
momentum,  and  energy,  likewise  from  the  integral  laws  of  conservation  (1.1.2) 
at  the  line  x  ■  x(t)  of  discontinuity  of  the  solution  u(x,  t)  there  follows  the 
satisfaction  of  the  equalities  D  [u]  -  [<p(u,  x,  t)]  (2) 

or,  in  components,  D  [u^]  ■  [<p^(u,  x,  t)].  Condition  (2)  relates  the 
left  and  right  limit  values  of  the  decision  at  the  discontinuity  line*). 

On  analogy  with  the  case  of  gas  dynamics,  we  will  call  these  equations 
Hugoniot's  conditions. 

If  the  function  u(x,  t)^  K  satisfies  the  Bystem  of  differential  equations 
(1.1.1)  everywhere  except  at  the  discontinuity  lines,  and  if  Hugoniot's  condi¬ 
tions  (2)  are  satisfied  at  the.  discontinuity  lines,  then  obviouely  integral 
laws  of  conservation  (1.1.2)  are  satisfied  by  any  closed  contour  C.  Therefore 
the  function  u(x,  t)  in  this  case  will  be  generalized  solution  of  system  (l.I.l). 

*)  The  same  conditions  follow  for  piecewise-continuous  u(x,  t)  and  piece- 
wise-smooth  discontinuity  liner  also  from  definitions  of  generalized  solutions 
(1.1.5),  or  (1.1.4),  and  (1.1.5). 
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With  the  simplest  examples  let  us  inspect  the  consequences  which  stem 
from  Bagoniot’a  conditions. 

3uppo«.  th.  system  of  .nustlons  (1.1.1)  1,  ssmllluar.  Hum 


MIS' ^ 

therefore  ajgonict's  conditions  (2)  are  transformed  to  beoone 

'■■■  7  '■"■■■  ■■ 

!'ov.»-|0d;i£i >u u?< .  ■  w V  ;•  v  :.*  : 


;  >:ww:\\*rw  !'ov.*jO0rM-v-A«f}C',w  .  '4  $  ••/  , 

r.,t hr, iixj,*.  ,f\) .’ 

,v  £<«*!<*•  6$  *ijP>  l«ypi*o  !  ■,  '•.(/  —  l ,  2,  ....  ny 


(4) 


..J 


If  the  solution  u(x,  t)  is  discontinuous,  then  £  [u  ]2  /  0  and 

d-i  ^ 

Det  t)  -  D^j))  -  0, 

i.e.,  the  quantity  D  -  x'(t)  must  ooinoide  with  the  eigenvalue  of  the  matrix 
A  -  Uj)).  Suppose  D-  £k(x,  t),  (5) 

U)en  fr]  -  Urk(x,  t)  (g) 

or,  in  components,  [uj  -  UrJ(x,  t).  (7) 

right  ol8®*™°tor  of  the  matrix  A(x,  t)  corresponding  to  the  eigenvalue 
S  J,(x,  t)  18  denoted  by  rk(x,  t)  -  frk(x,  t)}  . 

Thus,  for  the  semilinear  system,  by  (5)  dx/dt  -  ^(x,  t),  (8) 

i.e.,  the  aiscontinuity  lines  of  the  solution  are  characteristics  of  the  syste 
of  equations  (l.I.l). 


Analogous  to  weak  discontinuity,  strong  discontinuity  of  a  solution  of 

a  semilinear  system  of  equations  is  also  propagated  along  characteristics  of 

tho  system. 


Note  that  a  similar  property  is  also  exhibited  by  solutions  of  a  weakly- 
nonlinear  system  of  quasilinear  equations  (Chapter  One,  Seotion  X).  Aotually, 
it  is  not  difficult  to  verify  that  discontinuities  of  a  generalized  solution  of 
weakly-nonlinear  system  of  quaeilinear  equations  can  lie  on  the  characteristics 
of  this  system. 


For  the  case  of  a  single  quasilinear  equation' (n  -  1)  Hugoniot's  condi¬ 
tions  (2)  are  rewritten  in  the  form 
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(9) 


rV(0  Z:D  =.  *•'*>)  ^ 

.  .  [«]  , 

_  v(»n  (0.  Jf  W.  Q— (0.  X  (0.  Q 
~  »o(0— *j  (0 

Equality  (9)  can  be  interpreted  geometrically  as  follows.  The  velocity  D  ■  x‘(t) 
of  a  discontinuity  line  x  ■  x(t)  is  equal  to  the  slope  (tangent  of  angled)  of 
the  chord  AB  to  the  u  axis  (Figure  4«1)*  The  following  inequalities  cure  satis¬ 
fied  for  the  case  shown  in  Figure  4.1*  <p'u(u„(t),  x(t),  t)<D<^»  (u^t),  x(t),t). 


If  ^"uu^’  x*  /  °»  then  formula  (9)  the  value  of  D  is  distinct  both 
from  <p'u(un  (t),  x(t),  t)  and  from  <p'u(u^(t),  x(t),  t)  if  u„(t)  /  (t). 

Thus,  the  discontinuity  line  x  «*  x(t)  is  no  longer  a  characteristic  for  the  non¬ 
linear  equation. 


Note  that  different  Hugonoit's  conditions  correspond  to  different  integral 
laws  of  conservation  which  in  turn  correspond  to  the  same  system  of  quasllinear 
equations.  Thus,  from  integral  law  (1.1.9)  follows  Hugoniot»s  condition 


(10) 


and  from  (l  .1 .10) 

— sfps — * 


(11) 


It  is  not  difficult  to  present  an  example  of  discontinuous  functions  u(x,  t)  sat¬ 
isfying  one  of  the  Hugoniot’s  conditions  (10)  and  (ll)  and  not  satisfying  the 
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3.  Stable  and  unstable  discontinuities.  Stability  conditions.  A  solution 
(classical)  of  a  system  of  quasilinear  equations,  as  we  saw  in  Chapter  Okie,  is 
uniquely  defined  in  the  domain  of  definition  by  its  initial  value  at  t  -  0. 

It  turns  out,  however,  that  satisfaction  of  integral  laws  of  conservation  and 
integral  conditions  does  not  at  all  guarantee  the  uniqueness  of  a  discontinuous 
solution}  rather,  we  can  specify  a  set  of  essentially  distinct  discontinuous 
functions  u(x,  t)  satisfying  both  integral  laws  of  conservation  as  well  as  initial 
conditions. 


Let  us  confirm  this  by  a  very  simple  example.  Por  the  equation 


“ar+iipr 


(i) 


the  following  initial  condition  is  assigned* 

for  x<  0, 


f  u 

u(0,  x)  a  uq(x)  »  i  u+ 


for 


(2) 


x  >0. 

We  will  seek  the  bounded  piecewise-continuous  function  u(x,  t)  satisfying  integral 
law  of  conservation  (1.1 .9)  and  the  initial  condition  (2). 

Eugoniot's  condition  (1.2.10)  must  be  satisfied  at  the  discontinuity 

lines,  therefore  the  function 


(x,  t)  | 


u 


u 


for 

for 


x  <  ^t, 

*  >  n,t, 


u 


+  u 


W1 


(5) 


is  the  desired  solution.  This  function  is  constant  except  at  the  discontinuity 
line  x  o  Hjt  at  which  the  Eugoniot’s  condition  (1.2.10)  is  satisfied,  and  takes 
on  the  initial  values  (2). 

Suppose  u  <  u  .  Let  us  construct  another  solution  to  the  problem  (l), 

(2)  formula  it  ist 

u  for  x^tu", 


u0(x,  t) 


x/t 

+ 


(4) 


for  tu  ^  x  ^  tu  , 
u’  for  x  ^.tu+. 

The  solution  u  «  u2(x,  t)  is  continuous  when  t>0,  continuously  differentiable 
everywhere  except  the  lines  x  -  tu”,  x  -  tu+,  and  satisfies  equation  (l )  in  the 
half-plane  t<?0  in  the  large.  We  indicate  two  solutions  u  -  u1 (x,  t),  u  ■  u2(x,t) 
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of  Cauchy's  problem  (l),  (2).  Each  of  the  solutions  satisfies  integral  law  of 
conservation  (1.1.9)  and  initial  condition  (2).  Thus,  here  we  meet  the  fact 
of  the  nonuniqueness  of  the  solution.  However,  it  seems  natural  that  a  rational  - 
formulation  of  Cauchy's  problem  in  the  class  of  discontinuous  functions  must 
?«.ead  to  the  uniqueness  of  the  solution. 

To  single  out  the  unique  solution  of  problem,  we  make  the  following  assump¬ 
tions  t 

First.  Any  (classical)  solution  of  a  system  of  quasilinear  equations, 
when  it  exxsts,  is  the  "true"  solution  of  the  system  also  in  the  class  of 

•generalized  (discontinuous)  solutions. 

Second,  The  limits  of  (classical)  solutions  of  a  system  of  quasilinear 
equations  are  the  "two"  solutions  of  integral  laws  of  conservation  in  the  case 

of  discontinuous  functions. 

Let  us  clarify  this  in  somewhat  more  detail. 

The  first  requirement  is  a  natural  extension  of  the  fact  that  the  class 
oi*  generalized  solutions  of  Cauchy's  problem  for  a  system  of  quasilinear  equa¬ 
tions  is  an  expansion  of  the  class  of  classical  solutions.  If  we  rejected  this, 
then  classical  solutions  will  not  have  practical  importance  when  considering 
Cauchy's  problem  for  the  class  of  discontinuous  functions*). 

The  second  requirement  is  a  natural  consequence  of  the  first  requirement 
and  the  assumption  of  the  continuous  dependence  of  generalized. solutions  on  the 
initial  data  of  Cauchy's  problem. 

But  the  continuous  dependence  of  solutions  on  initial  data  of  Cauohy's 
problem  is  one  of  the  conditions  for  the  correctness  of  Cauchy's  problem. 

*)  If  the  first  requirement  is  rejected,  Cauchy's  problem  for  equation 
(l)  with  initial  condition  u(0,  x)  —  0  has  an  infinite  set  of  discontinuous  solu¬ 
tions.  For  example, 


f 0 

for 

x  +  t  0, 

u(x,  t)  -  <  2 

for 

-t  <x<  0, 

! 2 

for 

0  <  x  <  t, 

l  0 

for 

x  -  t  >  0 

will  bo  the  solution  of  this  problem. 
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Thus,  the  ordinary  concept  of  the  correct  formulation  of  Cauchy's  problem  ~ 
leads  us  to  the  first  and  second  requirements. 

A  fuller  formulation  of  the  requirements  imposed  en  a  generalized  solu¬ 
tion  will  be  given  below. 

Thus  far  we  are  only  making  qualitative  use  of  the  first  and  second  require 
ments  for  the  further  study  of  properties  of  continuous  solutions  of  systems  of 
quasilinear  equations  and,  in  particular,  for  deriving  the  unique  ("true")  solu¬ 
tion  u  «  u(x,  t)  of  Cauchy's  problem  (l),  (2).  Figures  4.2  and  4.5  give  the 
behavior  of  the  characteristics  x  -  xq  +  u(x,  t)t  for  the  solutions  u  -  ur(x,  t) 
and  u  «  u2(x,  t). 

Let  us  consider  the  solution  u  -  u^.  (x,  t)  of  equation  (l )  satisfying  the 
condition  u^  (0,  x)  -  u°  (x),  (5) 

where  u°  (x)  is  a  aonotonically  increasing  function  of  variable  x,  coinciding 
outside  the  segment  |xj<  £  with  uq(x)  (Figure  4.4). 


Figure  4.2 


Figure  4.5  shows  the  characteristics  for  the  solution  u  (x,  t).  Compar¬ 
ing  Figures  4.3  and  4.5  we  note  that  gli^  u^  (x,  t)  -  u2(x,  t),  (6) 

where  equality  (6)  holds  for  any  x,  t,  except  the  point  (0,  0),  where  the  limit 
U  5  (x,  t)  as  $  — ►  0  does  not  exist.  Therefore,  according  to  the  seoond  re¬ 
quirement,  the  "true"  solutions  of  Cauchy's  problem  (l),  (2)  oust  be  regarded 
as  u  -  u2(x,  t).  We  will  call  the  solution  u  -  u1 (x,  t)  the  unstable  disconti¬ 
nuous  solution,  since  smoothing  of  the  initial  function  for  aa  email  a  section 
an  wo  wish  load 3  to  a  classical  solution  (true)  far  from  u1 (x,  t). 
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From  a  comparison  of  Figures  4.2  and  4»3  we  oonolude  that  the  cause  of 
t-he  instability  of  solution  u^(xt  t)  is  that  at  the  discontinuity  line  x  •  D.  t 
of  the  solution  u1 (x,  t)  it  is  not  the  characteristics  issuing  froa  the  points 
of  the  initial  axis  t  -  0  (and  thus,  intrinsic  to  the  initial  data)  that  inter¬ 
sect  each  other,  but  the  characteristics  issuing  from  the  points  of  the  dis¬ 
continuity  line  x  m  D^t. 

In  this  sense  we  can  state  that  the  discontinuity  of  the  solution  shown 
in  Figure  4.2  is  "invented”  and  is  not  caused  by  the  intersection  of  character¬ 
istics  intrinsic  to  the  initial  values.  We  call  this  discontinuity  an  unstable 

discontinuity. 

But  if  in  the  condition  of  Cauchy's  problem  (l),  (2)  u">  u+,  then  the 
solution  u1 (x,  t)  given  by  formula  (3)  will  have  characteristics  shown  in 
Figure  4*6. 


Figure  4-4  Figure  4.5  Figure  4.6 

In  this  case  characteristics  intrinsic  to  initial  values  (arrival  ohai*ao- 

teristics)  intersect  each  other  at  the  discontinuity  line  x  ■  D^t.  In  this  oase 
no  continuous  solution  of  this  Cauchy's  problem  exists,  and  the  smoothed  solu¬ 
tion  ujx,  t)  is  also  discontinuoua.  Therefore  the  solution  u  ■  Uj(x,  t)  and 
the  discontinuity  line  x  -  where  u"  >  u+  will  be  called  stable. 

For  equation  (l )  the  oondition  of  the  intersection  at  the  discontinuity 
line  of  the  arrival  characteristics  is  described  by  the  Inequality  is 

Uyr  (t)  >  D  >  un(t),  D-r.'(t).  (7) 

for  the  more  general  quasilinear  equation 


du 

Iff' 


Xtt) 
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(8) 


ib<?  velocity  of  the  characteristic*  is  <p'u(u,  x»  t),  therefore  the  condition 
for  intersection  at  the  line  x  ■  x(t)  of  the  arrival  characteristics  is  described 

similar  to  (7)s 


(9) 


The  discontinuity  lines  of  the  solutions  are  characteristics  for  the 
e a mil inear  equation  (8)  x,  t)s0).  Thus,  if  we  seek  more  general 

stability  conditions  that  are  also  for  linear  equatione,  then  it  must  be  written 
in  the  form  (t),  x(t),  t)  ^  D  >  f>'u(u  (t),  x(t),  t).  (10) 

As  we  will  see,  conditions  (10)  ensure  uniqueness  and  admit  of  the  existence  of 
a  generalised  solution  of  equation  (8)  for  the  case  when  <p"uu(u,  x,  t)  does 
change  in  sign,  i.e.,  for  the  case  of  a  function  <p(u,  x,  t)  that  is  convex  rela- 
tive  to  the  variable  u.  We  will  oall  conditions  (10)  the  conditions  for  the 
stability  of  the  generalized  solution  in  the  case  of  sign-oonstancy  of 

But  if  <p',uu(u>  x>  t)  is  a  sign-variable  function  of  u,  the  conditions 
(IQ)  do  not  ensure  either  uniqueness  or  continuous  dependence  of  the  solution 
on  the  initial  data,  i.e.;  conditions  (10)  are  irregular  conditions. 


Actually,  suppose  ^-^(u),  f  =0  and  suppose  that  the  following  initial 

condition  is  formulated  for  equation  (^)i 

u(x,  0)  .  u  (x)  -  /  u_  for  *  <  (11) 

(.  u  for  x  >  0. 

suppose  the  graph  of  function  <^(u)  and  the  position  of  the  points  u~  and  u+  are 
as  shown  in  Figure  4*7*  The  funotion 

for  x  <  Dt , 
for  x  y  Dt, 


u  ■  u1  (x,  t)  *  |  UH 

u 


(u) 

satisfies  the  integral  law  of  conservation  dx  -f>(u)dt  ■  0 

of  equation  (o),  initial  condition,  and  tho  proposed  "stability  condition"  (10)« 
Th  •  latter  obviously  can  bo  inepeoted  from  Figure  4«7»  aino*  <p *  (u  7* 

,4,  ^ 

(p '  (u  )?  D  the  elope  of  the  chord  AB  to  the  u  axis. 
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Figure  4.7 


us,  fccwrrer,  construct  tie  second  sciuti.cc  u  -  i2(x,  t)  of  out  Cauchy's 
proties,  let  us  girer  tie  function  1^(1.  t)  3*  fciicvs: 

f  n  for  1  <  D^t, 

05) 


u2(x,  t)  -  j  f(Vt)  for  I*i<x  <  2*2t, 

C  u*  for  1  >  3*„t. 


vbere 


^,(,-.-,(g)  o;=»  («:)-« <■•>. 


«  -« 


(H) 


f(^)  is  detentined  frou  the  equation  [f(£)].  {15) 

and  the  xiints  afl  u#  (abscissae  of  the  points  C  and  2)  —  free  the  condition 
teat  the  straight  lire  3C  is  tangent  to  the  graph  of  the  functic-n  cp  (a)  at 
the  point  and  the  line  AD  at  the  point  2;  additionally,  it  is  assured  that 
/  0  - cr  u*  ^  (cf  Figure  4.7). 


Figure  4.6 


Figure  4.9 


I 


15*  so*.  *icc  u  •  ^(i.  *)  given  by  fcranlss  (l  5)  ~  (15)  satisfies  the 
integral  In  of  cc&*  -vatic*  fcr  eqosUce  (S)  arc  for  conditions  (10).  8&», 

if  (t,  i.  :}  is  t  *i£. — variable  function  of  arguaeri  a,  ties  the  “stability 

scea i ticca*1  (IQ)  Htisi;  two  solutions  u,{x,  t)  and  ^{x,  t). 

Fizzes  /..e  and  4-5  show  tie  field  cf  characteristic*  fcr  the  tcItUxs 
*  -  *V~.  t)«mc-  ^~U,  •)- 

<  4 


Figure  4.10 

Incidentally  let  us  note  one  interesting  property  of  solution  a^(x>  *)• 
The  discontinuity  line  x  -  u^Cx,  t)  is  a  characteristic  of  solution  n^(x,  t), 
calculates  cy  the  rules  cf  linit  values  cf  the  solution  un  (t)  on  it;  si  ad larly , 
the  discontinuity  line  x  -  I?*,  t  is  a  characteristic  calculated  free  the  values 
uT  (t)  at  the  line  x  »  D*.  (t). 

To  give  preference  to  one  of  these  tve  solutions,  let  us  sgair  euploy 
the  sethod  of  verifying  the  stability  of  the  solutions  by  ss-oc thing  the  initial 
function. 


corns* 


Let  us  snooth  the  initial  function  uc(x)  by  using  a  aonot  nic  function 
u^  (x)  vfcich  is  shevn  in  Figure  4.10.  The  points  (x  t,  u  (x  uH 
pond  to  the  points  2  arid  C  in  Figure  4.7,  and  the  points  u  ^  and  u+„  are  the 
points  of  inflection  of  the  graph  of  the  function  <f  (u),  i.e.,  * 

<pK  (O  m  0. 

V  uu  1 

let  us  represent  the  characteristics  of  the  solution  u  -  u  g(x,  t)  in 
Figure  4-11 • 
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A»  we  can  sec  f'-c*  Figtre  4-7.  ^'n(u)  cat  the  interval  [t  ,  a. .  is  a 
zoaotcaically  increasing  fare  t  ice  of  variable  a  and,  therefore,  the  slope  cf 
the  characteristics  {t  j  (z))  at  the  initial  axis  accotsr.icaily  declines 
ever  the  mgaest  [-  S ,  1;  aisalarlj,  «p  (x))  aopotopicalljr  increases  over 

the  servant  [xj ,  zT]  end  decreases  ever  the  segaent  [x^,  &  ]. 


Figure  4.11 

Careful  inspect'or.  of  the  pattern  ri  ' naracteristics  (Figure  4.11)  leads 
ns  to  the  conciusicr  that  the  discontinuity  of  the  solution  at  which  the  left 
value  is  the  quantity  u  and  the  right  u*  cannot  arise  for  a  scooth  initial 
function  u°  (x). 

Actually,  we  can  *ee  free  Figure  4.11,  two  discontinuities  cast  arise  for 
this  tc  be  true,  of  which  the  discontinuity  I  located  to  the  left  and  corres¬ 
ponding  to  the  values  u  and  u  ^  will  have  velocity  3*.  -  <f  *  (u  )  c<p*  (u+  ), 
and  discontinuity  II  corresponding  to  the  values  u  #  and  u  will  have  the  velo¬ 
city  3*^  *  «f,Q(Q+4.).  Thus,  the  lines  of  discontinuities  which  are  forced  given 
the  initial  function  u°  (x)  (they  are  shown  in  Figure  4. 11  by  the  bold  lines 
and  are  denoted  by  the  numbers  I  and  II)  will  behave  as  follows.  Discontinuity 
line  I  will  never  intersect  the  characteristic  issuing  Iron  the  point  x  ^  cf 
the  initial  axis  and  will  approach  it  asymptotically  as  t  — *-  00  .  This  obviously 


derives  fro®  the  inequality 


>»{»)—  9  («') 


<*«{*•') 


<  U  <  u 
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Qai*  analogously  we  conclude  that  the  discontinuity  line  IX  will 
asymptotically  approach  the  characteristic  issuing  fro*  the  point  x  #  of  the 
Imitxal  axis  sad  will  never  intersect  it. 


It  will  now  Decease  obvious  that  if  the  quantity  £  tends  to  zero,  the 
solution  =.x,  t)  will  tend  to  u^x,  t). 

Thus,  the  solution  u^  (x,  t)  ana  the  discontinuity  line  x  -  D,i  are  un¬ 
stable. 


And  so,  condition  (lO)  does  not  guarantee  this  stability  of  the  general¬ 
ized  discontinuous  solution  of  quasi  linear  equation  (8)  far  the  case  when 
4>*  (a,  x,  t)  ic  sign-variable. 


A  correct  generalization  of  stability  conditions  far  a  discontinuous  solu¬ 
tion  of  equation  (8)  far  the  case  when  <t>m  is  sign-variable  can  be  obtained 
upon  careful  inspection  of  the  solutions  which  are  derived  when  discontinuities 
are  saootbed.  Thus,  a  solution  of  the  type  u^  (v,  t)  (figure  4.8)  could  be  stable 
if  the  discontinuity  lines  I  and  IZ  (figure  4.11)  would  overtake  one  another, 
i.e. ,  the  pattern  of  notion  of  discontinuities  I  and  II  would  be  schematically 
of  the  fallowing  fora  (figure  4 .12). 


Figure  4.12 


Ibese  considerations  lead  us  to  the  following  stability  condition. 


Suppose  at  the  discontinuity  line  x  «  x(t)  of  the  solution  of  equation 
(8)  u^j  (t)  «  u  ,  un  (t)  -  u+  end  suppose  r'(t)  -  D.  The  discontinuities 
called  3tabie  if  the  inequalities 


?(«*.  jc,  0  —  V(b~.  0  n  ^  f  (a*  x,  Q  —  5 (b * 

- 0._0- - >  U  ^  a'  —  u- 

x  =  x(t). 


x.  0 


(16) 
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are  satisfied  for  any  value  of  u*  fro*  the  interval  (u  ,  u+), 

Ve  can  easily  note  that  the  discontinuity  solution  u^(x,  t)  does  not  sat¬ 
isfy  condition  (16).  Actually,  if  we  select,  for  exaaple ,  as  u*  any  nucber  fros 
the  interval  (u++,  u  *),  then  inequalities  (16)  are  violated.  But  discontinuities 
of  solution  (x,  t)  obviously  satisfy  these  inequalities,  which  is  clear  froa 
Figure  4.7. 

Finally,  we  note  that  conditions  (9)  automatically  derive  Iron  (16)  if 
we  assume  that  <£>"  ^(u,  x,  t)  /  0.  9ms,  the  stability  condition  (l6)  contains 
s tat ility  conditions  (9)  for  the  convex  function  x,  t)  as  a  special  case. 

The  question  of  the  stability  of  discontinuous  solutions  even  sore  in¬ 
volved  for  a  hyperbolic  system  of  quaailinear  equations.  The  point  is  that  for  cou¬ 
ple)  systems  we  actually  have  no  graphical  set  hods  of  constructing  discontinuous 

solutions.  Therefore  an  elucidation  of  the  correctness  of  any  given  stability 
conditions  for  a  solution  is  extreaely  laborious. 

when  formulating  stability  conditions  we  will  rely  on  the  analogy  with 
cases  of  a  single  quaailinear  equation  and  the  systea  of  equations  in  gas  dynamics 
(Chapter  Two). 

Let  us  iiait  ourselves  to  considering  the  systems  that  are  hyperbolic  in 
the  small,  i.e.,  we  would  assure  that 

£j(*.  x.  x-  0 <  •••  <u\b,  x.  0  (17) 

Just  as  in  the  case  of  a  single  equation,  the  stability  equations  must  require 
that  the  arrival  characteristics  of  a  single  family  intersect  each  other  at  the 
discontinuity  line  x  *  x(t).  Suppose,  for  example,  that  the  arrival  character¬ 
istics  of  the  fc-th  family  intersect  at  the  line  x  -  x(t),  then 

*(0 ,0>D> 

>l*(«c(0.  *(0.  0.  (18) 

If  nothing  more  is  required,  then  it  is  possible  that  the  arrival  characteristics 
of  other  families  as  well  will  intersect  each  other  at  the  discontinuity  line 
x  =  x(t),  and  for  several  families  the  arrival  characteristics  will  be  absent  at 
the  discontinuity  line. 
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Figure  4.15 

Therefore  ve  can  add  the  following  two  additional  inequalities  to  inequa¬ 
lities  (18)* 

*)  <  D  <  !,+,(«„(/>,  x(f),  f),  (19)! 

which  with  reference  to  (17)  lead,  in  the  neighborhood  of  the  discontinuity  line 
x  -  x(t),  to  the  pattern  of  characteristics  shown  in  Figure  4.13. 

In  Figure  4. 13  integral  curves  of  the  following  equations 

x.f)  (20)  , 


are  drawn  through  the  point  A  of  the  discontinuity  line  for  the  numbers  i»k- 
1 ,  k,  k  +  1 .  3y  conditions (17),  (18),  (19)  n  +  1  arrival  characteristics 
(at  the  rate  of  one  from  each  family  and  two  from  the  k-th  family)  reach  the 
point  A  and  n  -  1  departing  characteristics  (at  the  rate  of  one  from  each  family, 
excepl  for  the  k-th)  depart  from  point  A. 

And  thus,  we  will  state  that  stability  conditions  are  satisfied  at  the 
discontinuity  line  x  -  i(t)  of  the  piecewise-cont  uous  solution  u(x,  t)  of 
the  system  of  quasilinear  equations  hyperbolic  in  th  small,  if  the  following 
inequalities  are  satisfied: 


x{l),  O>0>S*(«„(O.  x(t).  0. 
U-x («, (0.  *  (*),  0  <  D  <  k+, (ua (0,  x (0.  / 


0.  ) 
.0.  I 


-  495  - 


Conditions  (21)  were  published  in  the  work  [38].  Wie  number  k  for  which  condi¬ 
tions  (21)  are  satisfied  is  called  the  index  of  the  discontinuity  line. 

On  analogv  with  the  case  of  a  single  equation,  it  Is  clear  that  stability 
condition  (21 )  can  ensure  uniqueness  also  for  the  continuous  dependence  of  solu¬ 
tions  on  initial  data  only  in  a  certain,  possibly  narrow,  class  of  systems  of 
quasilinear  equations.  However,  this  class  has  also  not  been  found.  It  is  possi¬ 
ble  that  conditions  (21 )  guarantee  the  uniqueness  of  the  discontinuous  solution 
for  systems  of  quasilinear  equations  satisfying  the  reouirement 

r*(«.  x,  Ogrtd}!* (a,  *.  0*0  (*  =  1.  2.  ., ..  «)  (£Z) 

(compare  Section  X  of  Chapter  One)  where  r^(u,  x,  t)  is  the  right  eigenvector 
of  the  matrix  A  »  ((3^/a  u*)). 

4.  Irreversibility  of  processes  described  by  discontinuous  solution  of 
systems  of  quasilinear  equations.  Suppose  when  0  ^  t  <  t. ,  the  solution  u  ■ 
u^(x,  t)  of  the  Cauchy's  problem 

£ + -  /<••  x'Q''r  •(*  = «o  (*>•  (0 


has  been  constructed.  We  will  state  that  the  solution  u  -  u^x,  t)  describes  a 
reversible  process  if  the  solution  of  the  inverse  Cauchy's  problem  with  the 
following  initial  condition  formulated  at  t  ■  t^ , 


1  du  ,  <*?(«,  x,  0  _ 
■*"* - 3 x - 


x,  0. 


«(x.  =  /,),  0  <*</>, 


(2) 


coincides  in  the  strip  0-6 1  ^  t1  with  u^x,  t);  but  if  the  solution  of  problem 
(2)  is  distinct  from  u^x,  t)  then  we  will  state  u1 (x,  t)  describes  an  irrever¬ 
sible  process. 

If  u.|(x,  t)  is  a  classical  solution  of  problem  (l),  then  obviously  it 
describes  a  reversible  process.  Actually,  the  smooth  function  u^(x,  t)  is  a 
unique  smooth  solution  both  of  problem  (l),  as  well  as  problem  (2), as  stems 
from  the  uniqueness  theorem  of  the  classical  solution  of  a  system  of  quasilinear 
equations  proven  in  Chapter  One. 
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Advancing  to  the  prcbien  of  tie  reversibility  of  tbe  prv  3eta  descrlbe-d 
iy  tbe  disecatl no gcs  solution  of  prccleu  {*),  vs  most  consider  that  ve  will 
re^rd  only  s title  solutions  is  sciaticas  of  this  problem.  Suppose  u^  (x,  t)  Is 
a  stable  disoao' .  .sees  sciatica  of  problem  (l)  and  that  x  -  x(t)  is  its  fliscccti- 
naiiy  line,  fberefore,  the  stability  caoditioss 


*»(»««.  *01  *«■  <V 


0) 


are  satisfied  at  tbe  lire  x  -  x(t). 

fce  will  also  label  as  solutions  of  tbe  inverse  Cauchy's  problem  (2)  only 
solutions  that  are  stable  with  respect  to  variation  and  tbe  initial  data.  Wa 
can  easily  see,  however,  that  variation  in  tbe  direction  of  notion  at  tine  t 
leads  to  stability  conditions  that  are  the  inverse  of  (3),  i.e., 

Q*< Q<^<Lf^W.^(OA 


since  here  the  right  ana  left  poritions  are  interchanged. 

Sms,  if  u^x,  t)  is  a  stable  discontinuous  solution  of  problem  (l),  then 
u  »  u.j(xf  t)  is  not  a  stable  solution  of  tbe  inverse  Cauchy's  problem  (2),  since 
it  does  not  satisfy  conditions  (4).  Ibis  means  that  the  function  u  -  u2(x,  t), 
clearly  distinct  from  u1 (x,  t)  will  be  a  stable  solution  of  the  inverse  Cauchy's 
problem  (2),  and  that  the  solution  u1 (x,  t)  describes  an  irreversible  process. 

Let  us  clarify  our  inclusions  here  with  a  very  simple  example.  Per  the 
equation 

00  .  a  *»  — - — — • 

ll: .  >  Ms4 


0*  ,  d  V  '  ; 

1 F+'3FT=s0  • 


with  the  initial  condition 


u(x,  0)  -  uq(x) 


c. 


for  x<0, 
for  x>0. 


(6) 


as  we  have  seen  above,  for  the  c«»e  u  >  u  the  following  function  is  a  stable 
discontinuous  solution: 

for  x  <  Dt, 


u^x,  t)  -  | 

C  u 


for  x  >  Dt, 


(T) 
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3at  if  ve  select  asy  inetant  t  *  t.  >  0  arid  salve  tbe  Inverse  Study's 
probier  far  equation  (>),  that  is,  the  prcbies  when  tbe  initial  pcsiticc 

f  n  for  x  <  x,, 

q(x,  (x,  V,)  *  j  x1  .  St., ,  (8) 

v  v.  for  x  >  Xj , 

is  assigned  at  t  •  t.  and  if  ve  seek  tbe  solution  where  0  <  t  <  t. ,  then  the 
following  function  will  be cose  tbe  stable  solution  of  this  problem 


**(*■  0  = 


tr  for  x  — x,<a-^,  — 0. 

for  0<Jt  —  xj <«*■(<,  —  o. 

«+  j°r  ■-  X-Xl>s+ {/,-/). 


(9) 


Figure  4«14  presents  a  pattern  of  characteristics  for  the  solutions  u,(x, t) 
ar  .  UgCx,  t).  Characteristics  of  solution  u,  (x,  t)  are  shown  by  solid  lines, 
and  for  solution  u2(x,  t)  —  by  dash  lines.  Thus,  the  solution  u.,(x,  t)  and 
u2(x,  t)  are  distil*  in  zone  I. 


And  thus,  a  discontinuous  stable  solution  ox  a  hyperbolic  system  of  quas i- 
linear  equations  describes  an  irreversible  process.  Ihis  conclusion  is  valid 
only  for  hyperbolic  equations,  since  for  equations  of  other  types  the  inverse 
Cauchy's  problem  can  prove  to  be  incorrect,  that  is,  the  irreversibility  of  the 
process  will  have  a  different  nature  in  this  case;  in  particular,  even  smooth 
solutions  can  describe  irreversible  processes. 


Finally,  we  wish  to  direct  the  attention  also  to  the  fact  that  this  con¬ 
clusion  is  valid  only  for  essentially  nonlinear  hyperbolic  systems  of  quasilinear 
equations. 


Actually,  discontinuous  solutions  are  linear,  semilinear,  ar,d  weekly- 
nonlinear  systems  of  equations  of  hyperbolic  type  describe  irreversible  processes. 
This  stems  from  the  fact  that  the  uniqueness  theorem  of  discontinuous  solutions 
for  the  systems  can  be  proven  only  on  the  basis  of  integral  laws  of  conservation, 
that  is,  unstable  solutions  are  nonexistent  for  these  systems. 
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Figure  4.14 


x 


KEY* 

A  —  Zone  I 

Let  us  state,  finally,  several  considerations  on  the  nature  of  the  conti¬ 
nuous  dependence  of  generalized  solutions  of  a  system  of  quasilinear  equations 
on  initial  values. 

From  the  examples  considered  above  it  is  clear  that  the  measure  of  proxi¬ 
mity  of  generalized  solutions  cannot  be  found  in  the  norm  of  space  C.  As  we 
have  seen  in  this  chapter,  for  the  case  of  a  single  quasilines-'  equation  stable 
generalized  solutins  exhibit  the  property  that 

(10) 

01) 

Here  <£  (*,  t),  (x,  t  )  are  potentials  of  the  generalized  solutions  u(x,  t) 

and  u(x,  t).  We  will  state  that  solutions  exhibiting  this  property  are  conti¬ 
nuously  dependent  on  initial  data  "in  the  potential  metric." 

This  property  of  stable  solutions  of  single  equations  enables  us  to 
assume  that  for  systems  of  quasilinear  equations  as  well  the  stability  general¬ 
izes  solutions  denotes  their  continuous  dependence  on  initial  conditions  "in 
the  potential  metric." 

Section  II.  A  Single  Quasilinear  Equation 

1.  Review  of  results.  A  single  quasilinear  equation  is  the  simplest  case 
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sup|<D(jc,  f)  —  <P(x,  /)|->0. 

X 

sup|<D(x,  0)  — Q(x,  0)|->-0. 


cf  a  system  cf  qu&siliaear  eqaaticcs  is  which  there  are  essential  simplifying 
ie  tails.  Jetcnli y,  therefore,  the  first  re  stilts  in  the  study  of  discc  utiaaocs 
solstices  of  O&ucfay's  problem  were  obtained  for  a  single  qaasilinear  equation. 

In  1950  £.  5cpf  published  the  classical  work  [63]  which  constructed  a 
disccntimoos  solution  of  Cauchy's  problee 

T+TB-(t)=0-  .(*•<>>=«.«-  -  ® 

The  E.  Sopf  method  consists  of  the  following. 

Instead  of  Cauchy's  problem  (l )  be  considers  a  different  Cauchy's  pro  tr¬ 
ie  a: 

^  +  0)  =  «o(x).  H>0.  (?) 

whose  solution  is  written  explicitly.  Ihe  generalized  solution  of  Cauchy's  prob¬ 
lem  \,1 )  is  determined  as  the  limit  u^  (x,  t)  a p  M—+“  Oi 

u(x,  0==lims_(x.  0.  (3) 

a-*o  ■  • 

An  explicit  expression  for  (x,  t)  and  formula  (3)  for  the  generalized 
solution  u(x,  t)  Cauchy's  problem  (l)  made  it  possible  to  study  in  detail  the 
properties  of  a  discontinuous  solution  of  problem  (l). 

Thus,  the  E.  Hopf  construction  can  be  regarded  as  the  first  of  result 
of  establishing  the  existence  and  uniqueness  of  a  generalized  solution  of  Cauchy's 
problem  for  a  single  quasilinear  equation  in  a  sufficiently  broad  class  of 
initial  functions  (it  is  sufficient  to  require  only  boundedness  and  measurability 
of  the  initial  function  uq(x)  for  the  E.  Hopf  construction). 

Let  us  note  that  Cauchy's  problem  (2)  has  been  also  considered  by 
Borger  [2,  3]  and  by  Cole  [23].  Germain  and  Bader  [ll]  established  that  the 
solution  of  problem  (1 )  is  unique  if  at  the  discontinuity  points  u(x,  t)  the 
stability  condition  >  un  is  satisfied. 

However,  a  vigorous  validation  of  the  solution  of  Cauchy's  problem  (l) 
was  given  first  by  E.  Hopf.  Ir.  particular,  E.  Hopf  was  the  first  to  state 

that  the  function  u(x,  t)  given  by  formula  (3)  satisfies  equation  (l)  in  the 
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cf  satlafjring  the  integral  eq^*Ii  tj 


ii J  ft*-  «KM**r°  (4)  ; 

far  an  arbitrary  smooth  finite  function  g(x,  t). 

In  1^54  0.  A.  Oleynik  [40,  41]  considered  the  foil  owing  Cauchy's  problem 


r  {i-  <  O  (5) 

*T  v-'S/  >4  .  A'  *  <{  -  <  .  t  '  ■-  -r  « 

.*  •..  ..  tfj 


assuming  that  condition  ^"^lu,  x,  t)  > 0  fa"m<  0)  «u  satisfied  in  a  class  of 
piecewise -continuous  and  piecewise -differentiable  solutions,  and  prove  the 

existence  and  uniqueness  of  the  solution.  In  1956-1957  0.  A.  Oleynik  [44,  46] 
extended  this  result  also  to  the  class  of  bounded  measurable  solutions  u(x,  t). 
A.  1.  Tikhonov  and  A.  A.  Samarskiy  [6l]  considered  the  following  Cauchy's  prob¬ 
lem  in  1954  for  an  ihhonogeneous  law  of  conservation: 


h  . . _ 

in  the  class  u(x,  t)^K,  also  assuming  the  convexity  of  the  function <p(u,  x,  t) 

(  fm  /  0). 

In  several  subsequent  works  the  properties  of  solutions  of  Cauchy's  prob¬ 
lem  were  refined  for  equation  (7).  Several  new  methods  of  solving  Cauchy's  prob¬ 
lem  were  proposed  for  equations  (5)  and  (7j,  including  the  "potential  method" 

[27]  and  the  "potential  smoothing"  method  [56]. 

The  works  of  I.  M.  Gel'fand,  0.  A.  Oleynik,  and  A.  S.  Kalashnikov  [lO, 

48,  50,  24]  considered  and  in  several  cases  solved  Cauchy' s  problem  for  a  non- 
convex  function  <£>( u,  x,  t)  when  the  quantity  <?"uu(u>  x>  0  is  sign-variable. 

Although  in  this  case  the  problem  was  solved  in  much  less  detail,  nontbe- 
less  the  main  features  of  this  case  were  clarified. 

In  this  section  we  consider  almost  exclusively  the  case  of  the  convex 
function  $?(u,  x,  t)}  the  case  of  the  nonconvex  <j?(u)  is  analyzed  only  in  order 
to  demonstrate  the  complications  that  arise. 
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Far  srepiicity  in  our  presentation  of  results,  ve  will  licit  ocrsexres, 
as  a  role,  to  tbe  class  of  solutions  u(x,  x)€r L,  trocgh  cost  of  tbe  results 
are  transferred  without  appreciable  ccapliaitiocs  also  to  tbe  class  of  boarded 
able  solutions. 

2.  3opf  considered  tbe  salutioo  u(i,  t) 


2.  £.  3opf  ccnstiucticn. 
of  equation 


with  tbe  initial  condition 


•  =  & 


u(x,  0)  -  u  (x) 


0> 


(2) 


as  a  liait  as  P-—~-  0  of  tbe  solutions  uM(x,  t)  of  a  different  Cauchy's  prcbless 


Vx*  Q)*=*j{x). 


(4) 


We  will  assure  the  function  u  (x)  to  be  bounded  over  tbe  entire  axis 

o 

jx/<oo,  exhibiting  a  piecewise-continuous  first  derivative,  and  with  a  first- 
order  discontinuity  point. 

We  will  assure  that  we  know  the  solution  u^(x,  t)  of  Cauchy's  problem 
(3),  (4)  and  that  it  is  continuously  differentiable  when  t  >  0.  Uien,  by  equa¬ 
tion  (3),  the  curvilinear  integral 


<*«<) 


(aoi 

does  not  depend  on  the  integration  path;  here 


®„(*;  0=  J  a*dx+\v-^- — (5) 


dO, 


~dT 


► _ 


“3T 


d«, 


4 


F-v-d-* 


(6) 


Canceling  function  u^,  from  (6),  ve  obtain  an  equation  which  <j>^(x,  t)  satisfies* 

formulas  (4)  and  (5)  lead  to  the  initial  condition  for 

S' " 

%  ( x ,  0)  =  <X>„  (x)  =  J  «0  0)  d\.  <8) 
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OCX  assumption,  no(x)  -  o(  f  z  I)  u  x  ioo.  (9) 

3ence  it  follows  that  #>Q(x)  -  o(x2)  as  x  — ioo.  (i0) 

obrioualj,  <£  q(x)  is  a  continuous  function  of  Tariable  x,  warying  the  pieoevise- 
ecntimeus  first  deriratiTe. 

We  now  solre  Cauchy's  pxoblea  (7),  (8)  for  :  we  find  u^(x,  t)  hy 
foraila  (6),  and  then,  as  0,  we  obtain  at  the  limit  the  function  u(x,  t), 

which  we  call  the  generalized  solution  of  Cauchy's  problem  (l),  (2).  the  sub¬ 
stitution  4^(x,  t)  -  -2// In  \^(x,  t)  (11) 

reduces  Cauchy's  problem  (7),  (8)  to  Cauchy'*  uroblem  for  the  equation  of 
tberwzl  conductirity 


with  the  initial  condition 


_ 

sr-vstT 


/ 


<^> 

V  ‘  > 

C  V  » 


8)  -  ^  (X)  ~ txp  {-  <X>,  (*)}  =  ep  |-  £  Js,<j)  d*  j.  ‘ 

formla  (lO)  \ftjf  (x)  .  o(e  )  as  x  — *»  ±00,  (14) 

and  therefore  Cauchy's  problem  (12),  (13)  has  a  unique  solution,  which  is  yielded 
hy  the  formula 


Now 


'-CO  ’ 

(15J 

from  formulas  (ll)  and  (6)  we  obtain  an  expression  for  u^t(x,  t)x 


«n(x.0  = 


—OD  9 


(16) 


where 


(17) 


It  follow  free  formula  (17)  that  the  function  A(t,  i,  |)  is  »  ccntinrcKS  func¬ 
tion  of  all  its  variables  as  t  >  0.  Baaed  an  condition  (10)  we  can  assert  that 
for  any  fixed  x,  t  >  0  A(t,  x,  §)  +  oo  as  2^  ±oo*  (18) 

Oils  vans  that  the  continuous  function  A(t,  i,  ?-/  takes  cm  —  for  fixed 

x,  t  >  0  —  the  saalleat  value  of  t)  for  sooe  bounded  set  of  values 

of  the  variable  £ .  Let  os  denote  this  set  by  c(x,  t). 

Let  us  introduce  into  our  consideration  function  v  (t,  x,  £)x 


v(*.  x.  *)=!</.  x.  *)- Wx.  0=®,(D+-^^— Wx.  t )  (19) 

$y  the  definition  of  the  quantity  A  J  (x,  t)  as  the  absolute  Finings 

AlH 

relative  to  the  variable  i-  of  the  ftnetion  A(t,  x,  ?)i  we  obviously  conclude 
that  V(t,  x,  5;  ^  0;  (20) 

and  here  the  equality  sign  in  (20)  holds  only  for  the  case  when  ^  belongs  to 
the  set  a(x,  t).  lfaltiplying  the  miners tor  and  denominator  of  formula  (16)  by 

A«ja(x»t) 


exp 


f 


2U 


}  ,  we  give  the  following  form 


•.<■*.  Q=-~  .  - . 


(21) 


Suppose  ^  (x,  t)  and  £+(x»  t)  are,  respectively,  the  exact  lower  and  exact 
upper  bounds  of  the  set  m(x,  t): 

t*(x.0  =  taf«(x.  0,  £+(x.  0  =  sup*(x.  f).  (x.  f) < Jj+  (x,  f).  (22) 


Let  us  graphically  clarify  the  definition  of  the  set  m(x,  t)  and  its  bounds  2-  , 
2^+.  To  do  this,  let  us  introduce  a  new  function  >?(t,  x,  2|): 


T)(f,  x.  D  =  l(f.  x.  D - tK<.  (23) 

The  functions  A(t,  x,  £),  v(t,  x,  £),  and  >7  (t,  x,  %)  take  on  the  smallest  values 
for  fixed  x,  t>0  of  the  same  points  IS;  £  m(x,  t). 
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Figure  4-lp 

Figure  4-15  shows  in  the  plane  of  variables  x  the  carve  x  -  >7(t,  0, 

J-  )  and  sosae  straight  line  z  -  x  !f/t  ♦  c.  The  inclination  of  this  straight 
line  is  given  for  fixed  x,  t  >  0.  Let  us  select  such  a  nasber  c  so  that  this 
straight  line  is  tangent  to  the  curve  z  -  rj(t,  0,  5)  fro®  beneath,  and  nowhere 
intersects  it.  Then  the  set  of  points  ]£  in  which  x/t  +  c  - 
vj (t,  0,1;)  constitutes  the  set  a(x,  t).  Actually,  if  curve  z  *  ^(t,  0,  5  ) 
"rests"  on  the  straight  line  z  «  x^/t  +  o,  then  this  means  that  at  ^(t,  0, 

2;  )  -  x  5/t  ■  (t,  x,  §  )  at  the  points  at  which  ^  x/t  +  c  -  7j(t,  0, 

£)  takes  on  its  smallest  value.  Let  us  note  that  the  number  c  coincides  with 

In  Figure  4*15,  the  set  a(x,  t),  except  for  the  bounds  £  (x,  t), 

(x.  t),  contains  further  the  segment  a^  E-  ^  b. 

Let  us  now  establish  the  following  properties  of  the  quantities  £  ,  §+: 

£+(x.  0<r(^.  0  vhen  1  <  x'»  (24) 

f(x~0,  0  =  S  (x,  0.  $+(*  +  0.  i)  =  V(.x.  0.  (25) 

r  (+oo,  0=  -f  oo,  |+(— oo,  f)—  —  cc.  (26) 

To  prove  property  ^24),  let  us  consider  the  difference 

TJ (t,  x-fAx,  I)  —  T| (4.  x-fAx,  £+(x,  0)  = 

=»>(#.  x.  y— tk;.  x.  £+(x.  o>— ^r-i|— £+(*.  01-  (27) 

By  virtue  of  the  definition  of  the  upper  bound 
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,0. a E- <*. o,  p°  ^  s  5 Vr- 

1  >  C  when  £  -  ^  (*,  i). 

Suppose  Ax  >0.  It  follows  fro a  fonaulas  (27)  and  (26)  that 


x  +  Ax.  y  —  qtf.  x 4- Ax.  £*(x,  /)) 
ry  tie  definition  of  5  (x,  t) 


>  0  when  £  £~(x,  t), 

-  0  when  §  ~+(x,  t). 


tj(f.  x-i-Ar.  *  (x-J-Ar.  /))  —  «|(4  x+Ax.  £*(x.  /))<0  (30) 

(Ax>0). 

Comparing  fcrsala  (30)  with  (29),  we  see  that  £  (x  +  x,  t)  ^^(x,  t).  3his 
then  proves  to  be  inequality  (24). 

5be  proof  of  inequality  (24)  is  illustrated  geometrically.  Actually, 
if  x'  >  x,  then  the  slope  of  the  reference  line  z  -  gx*/t  +  c'  is  greater 
than  the  slope  of  the  line  z  «  ^  x/t  +  c  and  from  Figure  4.15  inequality  (24) 
follows  at  once. 

In  the  sioilar  fashion  we  can  readily  establish  the  properties  (2y)  and 
(26).  Let  us  note  that  since  the  function  A(t,  x,  g)  is  a  continuous  function 
of  all  its  variables  when  t  >  C,  then  its  absolute  niniaua  \  .  (x,  t)  relative 
to  the  variable  £  is  also  a  continuous  function  of  the  variable  x,  t. 

Let  us  turn  to  foraula  (21 )  and  show  that  for  «ny  x,  t  7*0 

^ liming (x7,  0<»nisups^(x/.  0<— (31 ) 
n-*-o  p+e  f 

z'-*-z  z'+z 

I'+t  t'+t 

Proa  formulas  (31),  in  particular  it  follows  that  if  at  the  point  x,  t(t  >  0) 
the  condition  ^  (x,  t}  ■  ^+(x,  t)  is  satisfied,  then  at  this  point  there  exi3ts 
the  liait 


VmHQf,r)-  =  £=^tea- 


Proceeding  to  prove  formule  (31),  for  brevity  ve  denote  ^+(x,  t)  -  gf , 

^  (x,  t)  -  T£  .  Suppose  £  X)  is  an  arbitrarily  small  positive  number.  Let 
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n*  select  potltira  others  a  sad  b  that  are  sufficient!*  swll  tbst  for  all 
**les*  ^  ,  t*f  satisfying  the  cocci ties* 


V-xj-H r -*!<«.  lV»<t<r -bfc  •<*& 

the  fallowing  inequalities  are  satisfied  t 


*«  ? 


(33) 


(34) 


**•  functions  5  (x,  t)  sad  E+(x,  t)  are  sedccstisEscs,  xesaec  viwelj,  to  the 
left  sad  to  the  right,  sad  therefore  if  the  salce  of  a  is  snail  enough,  then 
yrwridiag  that  inequalities  (33)  and  (34)  are  satisfied,  we  can  assume  also 
that  the  following  bare  been  sett 


r  -  *  <  r  <*.  o  <  v  (*.  n<i* +* 

Write  forsaia  (21 )  as  applied  to  point  x*j  t1 » 

L-jll 


-- ! 


(35) 


(35) 


let  us  estimate  the  numerator  in  f areola  (36): 

74i^{_^sr}^- 

— «»  —CO 

>/Jeip|— J  [--p  A  —  /]  exp  |  —  5-}^+ 

—CO  —00 

+  J 

*++» 

(37)l 


-  507  - 


■ — — -  ■  ■r—i.nr  ,  niii.Tn.-1-itirit.-Mffiri^ 


mi 


In  obtaining  .57)  ve  use  the  condition  (34).  <feite  similarly,  «  obtain  for 
'Jbe  rsaserstcr  the  estinate  fro®  abor* 


**tr.  r,  q 

«■'  ' rV» 


+JS^~L. M-vK 


(38) 


Brriding  the  estimate  obtain  in  (57)  by  the  denominator  in  foraila  (36), 
obviously  get 


we 


0>*-f 


-+ 


+ 


(39) 


Let  us  show  that  the  last  two  terns  in  inequality  (39)  tend  to  zero  as  Jl— *-  0 
u  .if orcly  relative  to  x’,  t',  if  the  latter  satisfies  constraint  (33).  Noting 
that  the  linear  function  [  -  -£  ]  on  the  seni-intervals  (-  no,  f  -  2b] 

ann  [5  +  2b,  +00)  is  estinated  soduluswise,  respectively,  by  the  quantities 

and  *>(  5  *  5+)  and  the  value  of  *;  can  be  selected  independently 
of  x',  t*,  if  fche  latter  satisfies  ^3),  lev  us  write: 
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J 


fir  r» 


J  [  r  -  J  •(T“l)e«p{— ' 

<  FUTT^  (40) 

J  1 


J  H-sir}« 

v_...  -■* 


For  all  x* ,  t',  satisfying  (33)t  V  (t* ,  x' , %)  >  0  when  §  <  j;  "  2b  and 

p 

V  (t'f  x' ,  §)  ■  0(  5  / 2t')  as  §  — *■  -  o°.  Therefore  there  exists  the  number 
4  >  0  such  that  v(t' ,  x' ,  g  )  ^  A(  5  “  £  )2  when  §  <C  ^  -  2b. 

Using  tho  estimate,  let  us  write  the  following  expression  for  the  numerator 
in  formula  (40): 

—  ofc  ’ 

r-» 

<co  J  (r-y«p{— 2j[(£-n*}rf$=-3L«P{— 2^-}.  (42> 

—00  ■ 

fti  the  other  hand,  since  y  ( t* ,  x' ,  %  (t',  x'))  «•  0,  then  there  exists  a 
3  >  0  such  that  v(t' ,  x' ,  £  )  <L  4Ab  for  all  ^  from  interval  %  (x* ,  t')  - 
$  <•  <  %  (x' ,  t').  Therefore  the  denominator  in  formula  (40)  can  be  esti¬ 

mated  as  follows  2 
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■J5*  «mim« 


IWiO 


_ _ _  f"l*'.  «0 

J  W{-^}n>  «p{-^}^= 

:«„pj-if-J.  (43) 


The  right  side  of  inequality  (40)  does  not  exceed  the  ratio  of  the  right  aide 
of  (42)  to  (43)*  i.e.,  it  does  not  exceed  the  value  of  cbM/k$  ,  where  its 
estimate  holds  uniformly  for  all  x1,  t*  satisfying  (33)*  Since  a  similar  esti¬ 
mate  can  be  readily  obtained  also  for  the  second  term  in  (39)>  then  we  can  write: 


\MX'-  0>/  +  O(n). 

Similar  operations  for  (38)  lead  to  the  inequality 

1  8bU'.  0  <i+0(p). 


(44) 


(45) 


Estimates  (44)>  (45)  hold  uniformly  for  x1 ,  t',  satisfying  (33).  From  the 
definition  of  the  numbers  Ji  and  L  (34)  and  the  arbitrary  choice  of  the  quantity 
£  it  follows  that  estimates  (44)»  (45)  prove  formulas  (31 )  and  (32). 

Let  us  determine  the  generalized  solution  of  Cauchy's  problem  (l),  (2) 

by  means  of  the  formula  u(x,  t)  ■  lim  u>u(x,  t)  (46) 

/<— *■  0 

at  all  points  x,  t,  at  which  this  limit  exists,  i.e.,  4  (x,  t)  «■  4+(x,  t). 

The  function  u(x,  t)  is  continuous  at  these  points  over  the  set  of  argument 
x,  t. 

At  the  points  at  which  4  (x*  *)  J*  ^+(x,  t),  we  will  assume  for  definite¬ 
ness  that  u(x,  t)  *  u(x  -  0,  t)  -  ,x 

Suppose  4  (x,  t)  /  4  +(x»  *)  at  ^ny  point  (x,  t)-  Then  from  formulas  (31 )  and 

(24)  it  follows  that  u(x  -  0,  t)  >  u(x  ♦  0,  t)t  (47) 

since 

•* -Til  0 


r 


*C*  —  0.  /)■ 


a(x  +  0,0=— - (48) 


Inequality  (47)  shows  that  the  generalized  solution  u(x,  t)  given  by 
formula  (46)  satisfies  the  stability  condi\ion  which  was  introduced  in  .iection  I. 
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Suppose  now  §“(x,  t)  -  g+(x,  t)  «  £  (x,  t).  If  g  «  §(x,  t)  is  a  point 
of  continuity  of  the  initial  function  UQ{g),  then  since  A(t,  x.lg)  takes  on 
the  minimum  value  of  this  point,  then 

g0(l(*,*))  =  — V*— .  (49) 

<4(l(*.0-0)>  —  |  (50) 


we  assume  that  the  point  gmg(x,  t)  can  be  a  point  of  discontinuity  of  the 
derivative  of  the  function  a  (£).  But  if  the  point  gm  g  (x,  t)  -  g~(x,  t) 
g  (x,  t)  is  a  point  of  discontinuity  of  the  initial  function  uj^g),  then 

’  0  -  0)  <  Boft  (X,  o  +  0).  (61) 

Sow  suppose  g  (x,  t)  /  g+(x,  t).  Then 

«0<r  (*.  0-  0)  =  «(x  -  0.  o  <«o(r  (*.  0  +  0).  (52) 

«o  &  *  (*.  0  —  0)  <  *  (*  +  0.  0  *=  «o  U+  (x.  t)  +  0).  (53) 


Finally,  let  us  note  yet  another  property  of  solution  u(x,  t).  Suppose  x  *  x(t) 
is  the  discontinuity  line  u(x,  t).  Then 


llm 

t'  +  t  +  O 
f-*-/  +  0 


X(n  -nn  _  i 


i(B(x(0-  o.  04-0^(0+0.01  (54)  . 
»  •  *  .  i 


This  property  shows  that  piecewise-smooth  solutions  u(x,  t)  of  Cauchy's  problem 
(l),  (2)  satisfy  Ifagoniot's  condition  for  equation  (l). 

Now  let  us  proceed  to  clarifying  the  problem  in  which  sense  function 

u(x,  t)  ■  lie  u^x,  t)  satisfy  equation  (1  )  and  initial  condition  (2). 

►  o 

l^t  us  consider  the  function 


0(x.  —  fl  =  lun  ln2-' —  I{m-r2 - 

t*  -►  0  ji-^o  'FA*  u+q 

applying  in  this  equality  l'flopital's  rule,  we  get 
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<D(*.  0  =  11m  — 

•*t  +  o 


J  K(t,x,  S)eip{-  A(/’^’ 


(55) 


Prom  formula  (55)  it  follows  that 

® (X.  fl  —  Ktn (X.  /)  =  >. (/.  AT.  (*.  0  )  =  *,(/.  ITFOC.  0)  =* 

=  inf  [<D0  (|)  +  =  lnf«?  (t.  x.  I).  (56) 

£(/.*. 


The  proof  of  (56)  is  analogous  to  the  proof  of  inequalities  (51 )•  Hence  it 
follows  that  <$>(x,  t)  is  a  function  of  the  variable  x,  t  that  is  continuous  in 
the  half-plane  t  >  0.  Since  as  +  — *■  0,  ^  (x,  t)  — *■  x,  g+(x,  t)  x, 
then  from  (56)  it  follows  that  <£(x,  t)  is  continuous  also  when  t  ■  0,  i.e., 
it  is  continuous  when  t  ^-0. 


Lot  us  consider  the  arbitrary  point  (x,  t)  of  the  half-plarte  t  >0, 
at  which  %  (x,  t)  -  )g+(x,  t).  Obviously,  there  exists  the  neighborhood  of 
the  point  (x,  t)  in  which  i-  (x' ,  t'  )  -  lg+(x',  t')  for  all  of  its  points 
(x',  t').  (6) 


d®, 

17 


~W~v'~5x 


< 

y 


(5/) 


Since  jhe  sequence  u^  converges  uniformly  in  this  neighborhood  to  u(x,  t), 
and  M  (x»  *)  t)  according  to  the  proof  given  above,  then  obviously 

4  (x,  t)  is  differentiable  at  the  point  (x,  t);  here 

d®(i70  I  ~"w~"  '  1  “ 

j;  dJT~  ~  “  (■*•  0-  (58) 


Differentiating  formula  (16)  relative  to  the  variable  x,  we  find 


. ■  m 

*■  .‘-U - -*-*  ••••  •  *  «  *  ■  <•  '  ••■  •  '  -it  '  .  .  ■.  .  * 


where  we  denote  the  quantity 


«  •  -yv^v.-:  ^  / 

!  :  *u““t — —  1  / T  , - * 

l  v  v.  f-  1_  r'  V7'-.  ,  f  ,  •..••;•.  .• 


by  .At  the  points  (x,  t)  at  which  g  (x,  t)  -  §+(x,  t),  we  have 


»+9  ii>o  L  ■*  1 


lherefore  in  this  neighborhood  of  the  point  (x,  t),  according  to  (57),  the 
sequence  t  uniformly  converges  as  M  — ►  0: 


!  lira  ^  =  lira  1  —  i)  =/-  ~(£9- 
m>o  <*  n+'  i  *  '  \  '2 


Consequently ,  the  function  <f>  (x,  t)  is  differentiable  in  the  point  under  consi¬ 
deration  (x,  t)  relative  to  the  variable  t,  where 


dd>  {x,i)  _ 

dt 


And  thus,  at  all  points  (x,  t)  for  wnich  £  (x,  t)  -  l*+(x,  t),  the  function 
(x,  t)  is  continuously  differentiable  and  satisfies  the  equation 

£+!(£)’=°:  '  <“> 


by  formula  (25)  the  functions  5|  (x,  t.)  and  ^+(x,  t)  are  monotonically  increas¬ 
ing  functions  of  the  variable  x  and  are  semicontinuous  relative  to  the  variable 
x  and  are  bounded  for  finite  x,  t.  Hence  it  follows  that  for  any  segment  of 
the  straight  line  t  ■  constant  the  set  of  points  in  which  ^"(x,  t)  lg+(x,  t) 
is  not  more  than  countable.  Hence,  it  follows  further,  that  in  any  domain  G 
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of  variables  (x,  t)  there  exists  not  more  than  a  countable  number  of  lines 
outside  of  which  <$  (x,  t)  is  continuously  differentiable  and  satisfiee  equations 

(64). 

Since  ^~(x,  t)  x,  £*(x,  t)  — *■  x  as  t  — *■  0,  then 


'  ■ '  -.1 


\  ®(x,  0)>=^>q(x)=  j 

By  virtu?  of  the  continuity  of  4*  (x,  t)s  we  conclude  that 


as 


0. 


(65) 


Relations  (65)  and  (64)  show  that  the  function  u(x,  t)  given  by  formula  (46)  is 
the  generalized  solution  of  Cauchy's  problem  (l),  (2). 

Let  us  show  by  yet  another  cothod  that  the  function  u(x,  t)  given  by 
formula  (46)  is  a  generalized  solution  of  Cauchy's  problem  (l),  (2).  Integrating 
equation  (3)  over  the  domain  G  of  the  half-plane  t  >0  bound  d  by  the  closed 
contcur  C,  we  obviously  get 


jU)ldx— ^-dtr=~jv. 


dx 


(66) 


By  (59 )>  ^  ^5?  0  at  the  point  which  ^  (x,  t)  -  )£*(x,  t).  Therefore  if 

we  assume  that  at  the  contour  C  the  measure  of  the  set  of  points  (x,  t)  at 
which  §  (x,  t)  /  §+(x,  t)  is  equal  to  zero,  then  as  AL — 0  the  integral 

dt  appearing  in  the  right  side  of  (66)  since  to  zero. 

C 

Under  the  same  assumption,  the  integral  in  the  left  side  of  (66)  as 
jX  — ♦»  0  retains  its  meaning,  since  at  the  contour  C  almost  everywhere  u(x,  t) 
— ^  u(x,  t).  Therefore  passing  to  the  limit  as  M—*"  0  in  (66),  we  get 


I 


a  (x,  t)  dx  - 


u»  (x,t) 


dt  =  Q. 


(67) 


And  thus,  for  an  arbitrary  closed  contour  C  at  which  the  measure  of  the  set 
of  points  of  discontinuity  u(x,  t)  is  equal  to  zero,  the  function  u(x,  t)  satis¬ 
fies  the  integral  law  of  conservation  (67)  for  equation  (!)♦ 
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I 


V 

% 


Since  the  function  u(x,  t)  takes  on  initial  values  (2)  in  the  sense  of 
(65),  then  u(x,  t)  is  a  stable  generalized  solution  of  Cauchy's  problem  (l), 

(2)  also  in  the  sense  of  integral  lav  of  conservation  (67)* 

Nov  ve  note  that  if  at  the  point  s  of  the  discontinuity  of  function 

u(x,  t)  a  certain  value  is  assigned,  for  example,  u(x,  t)  •  u(x  -  0,  t),  (68) 

then  equality  (67)  is  valid  in  general  for  any  closed  contour  C  lying  in  the 
half-plane  t  ^  0, 

Actually,  the  contour  C  can  be  considered  as  the  limit  of  the  contours  C' 

at  vhich  the  measure  of  the  set  of  points  of  discontinuity  of  function  u(x,  t) 

is  equal  to  zero. 

Equality  (67)  is  satisfied  for  each  such  contour  C'  according  to  the 
focal  point.  If  at  each  discontinuity  point  (x,  t)  of  the  function  u(x,  t) 
the  corresponding  point  (x1 ,  t* )  of  contour  C'  tends  tovard  the  left,  i.e.,  x'<  x, 
x'  — *-x,  then  u(x' ,  t' )  u(x,  t)  by  (68)  and,  passing  to  the  limit  in  equality 
(67)  ve  conclude  that  it  has  been  satisfied  for  the  arbitrary  contour  C. 

Multiplying  equation  (3)  by  an  arbitrary  smooth  finite  function  g(x,  t) 
and  integrating  the  result  over  the  half-plane  t  ^s-0,  ve  get 


/>o  -00  <>#  '  ,  ■)  r(:q\ 


*■  *x*t. 

m 


Since  almost  everywhere  u^  — u(x,  t),  u 


M 


u  (x,  t)  and  by  (64)  for 


J  K 


0,  then  passing  to  the  limit  in  (69)  as  Ar -*•  0,  ve  get 

00  .  ’  '  . -  ’  • 

J  J  (X‘  0  +  £  dxdt  +  \  8  (*• ■  0)“o(*) dx  =^-  (70) 


»>o 


Equality  (70)  shows  that  the  constructed  function  u(x,  t)  is  a  generalized 
solution  of  Cauchy's  problem  (l),  (2)  also  in  the  sense  of  the  last  of  the  three 
definitions  which  were  introduced  in  Section  I.  This  definition  of  a  generalized 
solution  of  quasilinear  equations  was  first  suggested  by  E.  Hopf. 
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3.  Cauchy’s  problem  for  the  equation  ut  +  <Px  -  0  g^ven  the  condition 
>  0.  Suppose  tbe  function  <f>( u,  i,  t)  exhibits  two  first  continue** 
derivatives  relative  to  all  their  variables  ast^G,  -oocx^co  and  for 
all  tbe  constraints  on  u.  Ve  will  assume  that  <^)”lia(u»  x>  t)  y-  0  in  this 
domain  of  variables  x,  t,  u(the  case  of  x»  *)  ^  0  is  consldered  *uitc 

analogously) . 

For  tbe  equation 

"da^  df(m,x,f)  „  (O 

ST+ - S - =° 

we  pose  the  initial  condition  u(0,  x)  -  aQ(x),  ^ 

assuming  that  the  function  uo(x)  is  piecewise-continuous  and  has  a  piecewise- 
continuous  first  derivative  for  all  bounded  values  of  the  variable  x. 

Cauchy's  problem  (l),  (2)  was  considered  and  solved  for  the  first  time 
by  0.  A.  Oleynik,  and  this  was  done  even  for  broader  claes  of  initial  func¬ 
tions  —  bounded  and  measurable  functions  uq(x).  Our  consideration  of  Cauchy’s 
problem  (l),  (2)  will  be  less  detailed  and  somewhat  different  from  that  given 
by  0.  A.  Oleynik. 

For  the  characteristics  system  of  equations  (l ) 

(*■■*■  *)•  -ft  ~  (3) 

let  us  consider  the  Cauchy's  problem  with  the  initial  conditions 

i(0)  -  xQ,  u(0)  -  uQ.  (4) 

Ve  will  denote  this  solution  of  this  Cauchy' s  problem  oy  the  latters 

Xq'  *0),  b (0  =  G' (t,  x0.  Bq).  (5) 

These  functions,  by  the  definition,  satisfy  conditions  (4),  which  we  will  now 

rewrite  as  X(0,  xq,  uq)  =  xqJ  U(0,  xQ,  %)- V  (6) 

Ve  will  assume  that  the  function  X  and  U  remain  bounded  for  any  finite  xq,  uq 
and  t  >  0.  The  conditions  in  which  this  obtains  are  relatively  involved,  and 

we  will  not  present  them  here. 

If  X(t,  x  ,  u  )  and  U(t,  xq,  uq)  are  bounded,  then  they  have  continuous 
first  derivatives  with  respect  to  all  their  variables.  This  follows  fros,  the 
continuous  differentiability  of  the  righx  side  of  the  characteristics  in  {3). 
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sjji!«W7SW 


±jx>-  (7) 


Finally,  we  farther  assume  that  X(t,  x^,  uq)  —*■  xcO  as  xq  — ► 

Xie  second  problem  which  we  will  consider  for  the  characteristic  systec 
(5)  is  the  Boundary  value  prcblea  with  the  following  conditions. 

It  is  required  to  find  the  solution  x(t,  *  X(t,  f  ,  %  ,  x^),  u(t)  » 

U(t,  r  ,  f  ,  x^)  of  characteristic  systea  (3)  satisfying  the  following  boundary 
conditions: 

x(b)  =  *(0,  t,  \.  x^=xv  x(x)  =  X(x.  r.  i.  t-  •  (8) 

where  x^,  je  are  arbitrary  numbers,  and  T  > 0. 

As  before  we  will  assume  that  this  problem  has  a  unique  bounded  solution 
for  arbitrary  x  ,  P  ,  T  >  0,  without  detailing  the  complicated  sufficient  condi- 
tions  under  which  this  obtains.  However,  if  this  is  assumed,  then  the  functions 
X,  U  are  continuously  differentiable  relative  to  all  their  arguments. 

Let  us  enumerate  the  following  obvious  relations: 


AT(0.  t.  XqJs-Xo.  *(t.  t.  t  Xpjsl,  (9) 

X(t,  xv  U( 0,  t,  t  xJ)s*X(t,  x,  l  Xq),  (10) 

U(t.  xr  (7(0,  r.  t,  xj)al/(f.  t.  x^.  (11) 

2 

For  the  E.  Hopf  equation  considered  in  previous  section,  f?(u,  x,  t)  «  u  /2 

and 

*(/,  Xo.  o0)  =  x0  +  «f/.  t/(h  Xg.  a 0)  =  ac.  (12) 

*(/.  T.  s,  *b)-x0 +  (7(f,  T.  5,  (IS) 

From  formulas  (13)  we  can  readily  note  that  the  solution  u(x,  t)  of 
Cauchy's  problem  (2.2.1),  (2.2.2),  given  by  formulas  (2.2.48)  can  also  be  written 
as 

a(x  —  0.  f)  =U  (t,  t.  x,  l"  (x,  0)- 

«(x+o,f)=i/((,/,i,nx.fl). 

where  the  quantities  %  (x,  t)  and  %+(x,  i)  are  defined  (of  subsection  2)  as 

the  exact  lower  and  upper  bounds  of  the  set  of  ^  values  fcr  which  the  function 
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takes  on  a  ninisrus  value  for  fixed  x,  t.  Noting  that  for  the  B.  Bcpf  equation 


l 

at  *.  e-id.  *.  e-S=Ji*.('# x-  ’c"ft,= 

j 

=J[..«>+iri]'*  (,5> 

• 

ve  can  assert  that  in  this  special  case  the  ^  (x>  t)  and  §+(x,  t)  values  can 
be  also  defined  as  the  exact  lower  and  exact  upper  bounds  of  the  set  of  §  values 
for  which  the  function 

/{/.  x.  1^(11)  -  t7(0.  t.  x.  tO] d-r\  (16) 

o 

takes  on  its  smallest  value  for  fixed  values  of  the  variable  x,  t  >  0. 

As  shewn  by  0.  A.  Oleynik,  fornuias  (14)  give  the  solution  of  Cauchy's 
problen  (1),  (2)  under  the  require certs  that  we  imposed  above  on  the  function 
<p  (u,  x,  t),  if  we  iet  t;  (x,  t)  and  g+(x,  t)  now  stand  for  the  exact  upper 
and  exact  lower  bounds  of  the  set  of  g  values  for  which  l(t,  x,  g  )  takes  on 
its  scaliest  value. 

It  follows  fron  the  requirements  imposed  or:  f>(u,  x,  t)  that 

U(0,  t,  x,  g  )  — ►  r  c*>  as  5  —  +00,  (l?) 

and  since  ve  as aune  the  initial  function  u  (x)  to  be  bounded,  then 

o 

Kt.  x,  £)-»-.+  «3  aS(^j— _  /-jg) 

Ibis  nears  that  the  continuous  function  l(t,  x,  §  )  for  fixed  values  x,  t  >-0 
takes  on  its  scaliest  value  I_^,(x,  t)  on  sone  bounded  set  c(x,  t)  of  values 
of  the  variable  g  .  Ve  car.  denote  exact  lower  and  exact  upper  bounds  of  this 
set  by,  respectively,  %  (x,  t)  and  4+(x>  *)•  5  (x*  *)  asd 

Ij  (x,  t)  satisfy  relations  (2. 2. 2d),  (2.2.25),  and  (2.2.26).  The  proof  is 
giver,  analogously  as  in  subsection  2  and  will  be  oritted  here.  Phe  generalized 
solution  u(x,  t)  of  Cauchy's  problem  (l),  (2),  defined  by  forzsuas  (14),  satis¬ 
fies  inequality  (2.2.47).  -  pie  - 


'J.WWf  SP 


1 


'  I 

t  r 


Let  us  introan*  into  consideration  the  function 

r  •  ■ —  *  .  ~"  i  ' 

5ft  X,  o- j  {U.  X.  T)-f(i7.  X  T)]<fT. 


(19) 


where  for  brevity  we  c*it  the  arguments  at  the  functions  U  -  U(f  ,  t,  x,  §  ), 

X  -  X(r  ,  t,  x,  ^  ).  Differentiate  the  integrand  in  the  second  tern  of  form  la 
(IS)  relative  to  the  variable  %.  We  get 

[V^<p.  X.  x)-f(%X.  t X.  x)+  «/[<((/. 

-<(&  *.  *)**« 

-  0  [<  ((7.  *,  t)]J-  f*  (ft  X.  t)  (20) 

BtrtO  and  X  represent  the  solution  of  characteristic  system  (3),  therefore 

;  <<P-  x.  tj—x'r.  -<«/.  x,  ~  (2i) 

Inserting  formulas  (21)  into  (20),  we  get 

]0^~ f i; - ux* +U’xrl^-^[U (X,  t.  x.  i)X[{x.  t.  x.  t)]. 

Inserting  this  expression  into  formula  (19),  we  find 

^  ft  *.  D  “=  J*,  ft)**  ^  <,  x.  *1)  ^  (t.  t.  x.  iD]dxdri4- 

wbere  .  ’*  +  J  **  ')-*&*  X,  x)]  dr.  (22) 

Ut  =  U{x,  t.  x,'  0),  X0=X{x,  t,  x.  0). 

Let  U3  inspect  the  second  ten  in  form  la  (22): 

ii\g  : 

J  J  '3r[^T'  *’  x’  Tl)^  ft  *•  x’  x\)\iixdr\  = 

= j [U{t.  t,  x,  tj) x^  (t,  t,  x.  tj) — (7(0,  t,  x,  *• x-  n> }  tfn- 

But  by  formulas  (8)  X1^  (0,  t,  x,  ?|  )  «  1,  ,  t,  x,  rj  )  *  0.  Iberefcre 


2(#.  x,  i)= J  [b0(id  —(7(o,  <.  x.  nHdn+^fx,  t ), 


(23) 
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where 


i  '» 

F(x,f}-j  {£,<  ((Jy  X,  T)-f  C(?r  X.  t)|  dr.  (24) 

§ 

Formulas  (23)  and  (19)  give  a  new  representation  for  l(t,  x,  3j),  frc*  which 
we  can  conclude  that  for  fixed  1,  t  >0  the  continuous  function  (t,  x,  i;  ) 
takes  on  its  scaliest  value  on  the  sane  set  b(x,  t)  of  variable  ^  as  does 
the  function  l(t,  x,  5  )•  fhxs  means  xbat  the  fane tiro 


©(x.  C  =  2(f.  x.  H*.  $>  =  *(*■  *  &+<x-  ^>3 


=  x.  £j 

?  (25) 


is  a  unique  and  continuous  function  of  the  variables  x,  t. 

Proa  formulas  (25)  and  (19)  we  conclude  that  the  continuous  function 
(x,  t)  takes  on,  given  t  -  0,  the  following  values s 

X 

©(x.  0)=  J 

9 

Since  the  argument  tt(*»  1,  ?  )  is  a  Iapsccitz-continuous  function  of  all  its 
arguaents  in  any  bounded  domain  of  variables  t  >0,  x,  i.e.. 


|^(/+&f.x+Ax.t+AD-^(^x.DI<^U^l+|Axi+|AiiI. 

(ZT) 

then  its  absolute  oiniaun  relative  to  the  variable  §  —  the  function  0) (x,  t) 
—  exhibits  the  same  property,  i.e., 

|®(x-f Ax.  /  +  A0-<?£ro|<tf||Axj  +  |Af|l.  (28) 


Idpechitz-coDtinuoua  function  <£  (x,  t)  ha3  almost  everywhere  continuous 
derivatives  relative  to  the  variables  x,  t. 

Let  us  caiculc  te  these  derivatives  formally  at  least.  Ve  have 

lu  ft 

©(X.  0=  j  Bo(Tl)*)+  j  W*  W-  x-  *■  *)]<**.  (2S) 

-  9  • 

where  as  before  we  denote  ^(x,  t)  =  %  (x,  t),  U  *  U(t,  t,  x,  2-  (x,  t}}. 
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Isj  differentiating  (2?)  with  respect  to  variable  x.  ve  get 


^-=«ra(x. /))-^^+J^.{Lrf;-f]rft.  oo 


Just  as  in  the  preceding  case. 


where 


t  x.  t(Z.  0). 


Inserting  (31 )  into  (30),  ve  find 


(21) 


-j£-=s,G(x.  0)-ig5+f/(/.  f.  x.  JO.  x.*(x.  /))— 

—  (7(0.  t.  x.  ?{x.  0)^(t.  A  x.  S(x.  /)).  (32) 


as*  in  faraalas  (8)  it  follows  that 


JTr(0.  /•  £7(x.  =  tlr-  0?=  1^(33) 


therefore  (32)  becoaes 

— ma(x.  n  >  -  J(o.  /.  x.  $(x.  o)]  + u  </.  /.  x.  s(x.  t)  )= 

*,  X.  Six.  9j|-£j££+«i*.  3.  04) 
Sixilar  operations  lead  to  the  fcrcnls 

*t=l«,a(x.  /)}- 0{0.  t ,  x.  5(x.  ?((/•  ^.0^=- 

^Cx-°  -f(«(x.  0.  *.'0-  -'35) 


-=Kd(x-  fl)— *.  *•  l(*. 


Forauls  (34)  was  derived  by  us  foraally,  and  here  we  assure  to  the  existence  of 


the  derivatives 


±Z(*JLI 


3>X. 


anr.  £  €  C*'' 
3  i 


But  these  derivatives  exist  at  the  (x.  i)  points  for  vfaics  ^  (x,  t)  - 
§  (x,  t),  regardless  of  whether  the  initial  function  u  ( ^ )  is  differentiable 
or  not  at  tie  point  ^  »  ^(x,  t).  A  vigorous  validation  of  these  fomuia3  is 
not  complicated,  but  is  laborious.  For  example,  validating  formulas  (34)  and  (35) 

can  be  done  if  we  regard  u  (x)  as  the  lisit  of  continuously  differentiable 
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functions.  Sow,  however,  we  can  easily  cote  that  if  IE,  (i,  t)  »  4£+(x,  t), 
tier,  the  expressions 


*%<«*•  *»-U(0,  t,  x.  | (x,  /))} 

{*,<*(*.  t  x.  *(x.  $)}■£££  ■ 


tend  to  xerc*)  and  fores  las  (3d)  and  (35)  under  tills  casdltioc  are  ccarrerted 
into  stapler  expressions: 

-jr=«(x-  0-  TP  =— f  («{x.  4  x.  0*  .  (36; 

rot  if  £  (x,  t)  ji  g*(x,  t),  then  _  .  .  '  ♦ 

J(:-0./)  =  i(i-0,0.  -jj- (x -J- 0.  0 *=* ■  (x  +  i.  fy  (ST) 


iai  thus,  the  derivatives  — — and — _  exist  almost  ere ryvbere,  and  they  were 
cospated  by  femuias  (36).  ?rcm  this  it  follows  that  tie  coniine  cob  function 
#(x  ,  t)  almost  everywhere  satisfies  the  equation 


* +»{5- 


and  takes  on  tie  initial  values  (26). 

isd  tins  we  conclude  that  tie  solution  u(x,  t)  given  07  fcrsila  ('4),  for 
any  closed  contour  C,  satisfies  the  identity 

^|s(x.  Odx  —  t(*(x.  a  X.  /)4f  =  0.  (39)  I 

-  J 

Since,  moreover,  u(x,  t)  takes  cn  initial  values  to  in  the  following  sense: 

*  * 

-  J*(*.  Otfx—  f  «j(x)dx  SB  t  -►  0,  (40) 


*)  If  ^  (x.  t)  »  £+(x,  t)  and  uc(if)  is  continuous  at  the  point  ^  « 

§  (x,  t).  then  uo(  £(x,  t))  -  U(0,  t,  x,  %  (x,  t));  but  if  %  (x,  t)  is  the  dis¬ 
continuity  point  u  (  ^),  then  ^  .  0. 


^  t 
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» / 


and  satisfies  the  stability  condition  u(x  -  0,  t)  ^  u(x  +  0,  t),  therefore  the 
discontinuous  function  u(x,  t)  given  by  formula  (14)  is  a  stable  generalized 
solution  of  Cauchy's  problez  (l),  (2). 

Above  ve  obtained  proof  that  fonazla  (14)  defines  the  generalized  stable 
solution  of  Cauchy's  problem  (l),  (2).  But  this  proof  does  not  indicate  by 
what  means  we  arrive  at  foraula  (14)*  Therefore  we  present  here  another  method 
cf  constructing  a  discontinuous  solution  of  Cauchy's  problem  (l),  (2)  which 
automatically  leads  to  formla  (14)  for  the  generalized  solution.  This  method 
was  used  under  the  sasv  -assumptions  about  the  problem  (l),  (2)  which  were  made 
above  and  even  when  some  of  them  are  rejected.  However,  for  clarity  and  simpli¬ 
city  of  exposition,  we  begin  with  an  analysis  of  the  case  of  a  smooth  initial 
function  uo(x),  and  then  consider  the  case  of  a  piecewise-smooth  and  piecewise- 
ccntincous  function  uo(x). 

And  thus,  we  assume  that  the  function  u,  x,  t)  satisfies  our  former 
requirements,  and  that  the  initial  function  uq(x)  has  a  continuous  first  deriva¬ 
tive  and  is  bounded  for  any  finite  values  of  the  variable  x.  As  long  as  the 
equation  x  -  X(t,  xq,  uq(xo))  (41 ) 

has  a  unique  solution  xq  -  xq(x,  t)  relative  to  xq,  as  we  have  seen  in  Chapter 
One,  the  solution  is  continuous  and  is  given  by  the  formula 

«(*.  ()  =  U{t.  x*  «0(x0(x,  0)).  (42) 

But  if  equation  (41 )  has  more  than  one  solution  relative  to  xq  at  several 
points  or  domains  of  the  variables  x,  t,  then  formula  (42)  defines  some  multi- 
vaiue  function  of  the  variables  x,  t  from  whose  branches  the  generalized  solu¬ 
tion  must  be  constructed. 

The  existence  of  a  generalized  solution  u(x,  t)  of  Cauchy's  problem  (l), 
(2)  presupposes  the  existence  of  Lipechitz -continuous  potential  (x,  t),  which 
almost  everywhere  satisfies  the  nonlinear  equation 


and  the  initial  condition 
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(44) 


Let  us  denote  the  geometrical  integral  of  Cauchy's  problem  (4?)*  (44)  by 
m  <£>(t,  xq),  i.e.,  the  equation  of  the  integral  surface  of  this  problem 
expressed  in  parameters  t,  xq,  where  xq  is  the  point  through  which  characteristic 
(41)  passes.  Generally,  this  surface  is  not  uniquely  projected  onto  the  plane 
of  variables  x,  t.  According  to  subsection  2  of  Section  IX  of  Chapter  One,  the 
function  <$(t,  xq)  is  defined  by  means  of  integration  of  the  "strip  equation" 


d<8(t,  xt) 


■WH(U,  X,  0-f(0,  X.  f). 


where 


dt  . . .  . tv-.  •/.  .  (45) 

,(/==(/ (A  x0, ,  S(xo))>  X=*X(t,  Xq,  *o(*o))-  ; 


Using  initial  condition  (44),  integrate  equation  (45): 


"t~ 


Q>(t.  *o>  =  ®o(*o )+J  [U^U,  X  0-v(U,  X.  0],_t*r. 


(48) 


For  the  case  when  equation  (41 )  in  uniquely  solvable  relative  to  parameter  xq, 
the  potential  4>  (x,  t)  is  given  by  the  formula 

<D(*(f,  Xq,  u0(Xq)).  /)  =  $(*.  Xf) 


(47) 


or  by  the  explicit  formula  <f>(x,  t)  -  (t,  xq(x,  t)).  (48) 

But  if  the  function  (41 )  is  nonuniquely  solved  relative  to  xq,  for^’lss  (47) 
and  (48)  define  the  multivalued  fur ction  ^>(x,  t),  from  whose  branches  a  unique 
and  continuous  function  <$  (x,  t)  must  be  constructed  —  the  potential  of  the 
g'-heraiized  solution. 

Let  us  fix  an  arbitrary  t  >  0  and  consider  the  behavior  of  the  curve 

X  '==X(t,  Xq.  BoiXg))  (4&) 

in  the  plane  of  variables  x,  xQ(Figure  4.I0).  The  function  (49)  obviously  is 
represented  by  some  continuous  curve,  which  however,  for  sufficiently  large 
values  of  the  argument  t  >  0,  is  not  uni  ely  projected  onto  the  straight  line 
xq  «  0.  The  curve  (49)  is  always  uniquely  projected  onto  the  straight  line 
x  -  0. 
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Therefore  we  can  assume  that  corresponding  to  each  point  on  this  curve, 
for  a  fixed  value  of  variable  t,  is  a  definite  value  of  the  parameter  xq.  Conse¬ 
quently,  we  can  assume  that  the  continuous  functions  U(t,  x  ,  u  (x  ))  and 

o  o  o 

<3>(i,  xq)  (functions  of  the  variable  xq)  are  assigned  at  the  continuous  curve 

(49). 


Our  problem  is  to  select  from  the  branches  of  the  multivalued  function 
(48)  a  unique  and  continuous  function  —  the  potential  <$  (x,  t).  Let  us  show 
how  this  separation  is  made,  and  incidentally  establish  that  it  is  unique. 


Suppose  that  on  some  section  a  ^  xq  <  b  the  curve__(49)  has  at  three  points 


intersections  with  the  straight  lines  x  ■  c  when  x^  <  c  <  x^t  i.e.,  is  triply 
projected  onto  the  segment  x.,  ^  x  x„  of  the  x  -.0  (Figure  4 • 1 T ) •  Suppose 

/.  \  1  fn  \  /■*  o 

x^  x 
ing*)  equality 

denote  the  corresponding  values  of  the"  func £ions  TJ(t,  XQ,  "u^Cr^J  and  <$>  (t,  xa), 

i * ® •  ,  -•  z.  »•  ,  —  ■*—  .  . 

(or  ,  •  to  to  \ 

•  '  «  (•*'.  .0  “=  U  (t<  Xq.  s0  (xq)  ),  I 

!  to  .  -•  ,  (0  ' 

-  a>(x.  /)*=*$(/.  ^ 


d  onto  the  segment  x^  ^  x  x^  of  the  xq  -0  (Figure  4»17)«  Suppose 
■<  Xg  and  suppose  ^x^  are  values  of  the  variable  x  aatiafy- 

uality  (49).  Let  ^(jt,  f).*i(x.  Q,?(x( V).  S>(*.jO»  Q/S(x.  Qj 


For  each  of  these  branches, 
equalities  are  satisfied: 


in  view  of  the  "strip  condition"  (45)  the  following 


.  (O' 
3x 


. .  <0  \  . 
—  u(x,  t). 


We  assume  earlier  that  the  boundary  value  problem  for  the  characteristic  system 
is  uniquely  solvable.  From  this  assumption  it  follows  that 


<p'ju(x,  0:  x  1 0; "X,  f)  <4$(x.  i),  x.  f)*  («)"•>! 

*'  •- —  —  ■  -  --  --  "  - ...  .  .  .-*  tk  v • .  •• 

and  since  tp"  (u,  x,  t)  >■(),  then  also 


uu 


0)  '  (J)  V  <»  •' 

,  ,  ’  *(*.  0<«(*  f)<u(x,  f). 

By  formula  (50),  we  can  write  ■  - - - 


(52) 


*)  Curve  (49)  can  have  vertical  segment.  In  this  case  an  infinite  set 
of  points  of  the  curve  (49)  can  correspond  to  some  x.  As  we  have  seen,  this 
does  not  affect  the  course  of  our  constructions.  __ 
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Figure  4*16 


Figure  A-1? 


In  Figure  4-18  we  represent  at  the  section  [x1 ,  x2]  the  function  (48), 
which  according  to  our  assumption  is  three-valued.  The  branch  4  (x,  t)  is 
defined  ati^ij,  and  the  branch  %  (x,  t)  —  at  x1  <  x  ^  x2;  here,  in  view 
of  the  continuity  of  the  function  4  (t,  xq)  relative  to  the  variable  xQ,  w 

have  the  equalities  <11 

(D(x..  ()=0(x2,  Q. 

(2)  1  g> 

*(*,.  Q=®(x,.  0. 

Using,  finally,  inequality  (55),  conclude  that  the  graph  of  the  function  (48) 
is  of  the  form  shown  in  Figure  4-18- 


Figure  4*18 

And  thus,  at  the  section  x.,  ^  x  <  xg  for  which  the  function  <P  (x,  t) 
is  three-valued,  the  separation  of  a  unique  and  continuous  functions  —  the 
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potential  <p  (^,  t)  —  is  obviously  carried  out  in  a. natural  manner  and  is  given 
by  the  formula  #(x,  t)  -  min  (x,  t),  (54) 

where  the  minimum  is  taken  over  all  values  <$  (x,  t)  at  the  given  point  x,  t. 
Figure  4. 18  shows  that  this  minimum  is  attained  at  the  first  and  third  branches 
of  <p  (x,  t),  i.e., 


©(*,  f)s=$(v,  f)  where  x  ^  %  ,<J>(x,  t)  -  <p  (x,  t)  where  j*>$.  (55) 

_  - — —  -sal  - < 

Correspondingly,  the  function  u(x,  t)  is  also  thus  defined: 

a(x,  0  where  x  ^  2;  ,  u(x,  t)  -  fu(x,  t)  where  x>£.  (56 f 


How  if  curve  (49)  has  sections  which  are  projected  more  than  three  times  on  the 
axis  xq  -  0,  then  by  decomposing  it  into  individual  pieces  at  which  (x,  t) 
is  three-valued,  we  reduce  the  entire  procedure  of  constructing  the  continuous 
potential  4>  (x,  t)  to  the  case  just  considered. 

'Hius,  the  generalized  solution  u(x,  t)  of  Cauchy^  problem  (1),  (2)  is 


(57) 


given  by  the  formula  u(x,  t)  -  U(t,  %  (x,  t),  uq(^(x,  t))), 
where  'g(x,  t)  is  a  value  of  the  parameter  xq  for  which 

!  a>(*.  /)«=#(<•  l(*.  0)  1  (58) 

is  the  smallest  value  of  the  function  q£(t,  xq)  for  xq  values  bounded  by  condi¬ 
tion  (49),  i.e.,  x  -  X(t,  xq,  uq(xo)). 

Now  using  formulas  (46),  (l 9 ) »  and  (25),  we  can  readily  establish  that  formula 
(54)  is  equivalent  to  the  requirement  that  function  l(t,  x,  have  a  minimum. 

Thus,  we  again  arrive  at  formula  (14)  for  the  generalized  solution  u(x,  t). 
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We  have  considered,  however,  only  the  case  when  the  initial  function  uq(x) 


is  smooth  and,  in  particular,  a  continuous  function  of  the  variable  x.  We  row 
see  that  nothing  essential  is  changed  even  in  the  case  of  a  piecevise-smooth 


and  piecevise-continuous  initial  function  uq(x) . 


If  ve  consider  the  discontinuous  initial  function  uq(x)  as  the  limit  of 


continuous  functions,  then  this  only  leads  to  the  situation  that  at  the  disconti¬ 
nuity  points  u  (x),  when  solving  the  characteristic  system,  ve  oust  given  the 


function  uq(x)  all  intenaediate  values  between  the  left  and  the  right  limit 


values  uq(x  -  0),  uq(x  +  0).  Then  the  function  (49)  as  before  will  be  repre¬ 


sented  by  a  continuous  curve  in  the  plane  of  variable  x,  xq.  The  only  differ¬ 


ence  is  that  at  the  discontinuity  points  this  curve  has  horizontal  segments 
(Figure  4«19)*  Thus,  for  example,  in  Figure  4«19  corresponding  to  the  point 
i1 ^  is  the  case  when  u  (i1 0) >  u  (i1 0), 


0  0  0 

and  corresponding  to  the  point 


(I)  _ 


the  case  when  a^So-O)  <  *o(x0-j-0). 


A  bundle  of  characteristics  x  -  X(t,  xq,  u0(x0))  leaves  the  discontinuity  point 


of  the  initial  function  u  (x),  and  this  bundle  of  course  cannot  be  described  by 


only  the  paraneter  xq.  Therefore  ve  introduce  at  the  discontinuity  point  uq(x) 


yet  another  parameter  ,4(0  6  1)  and  define  the  functions  X(t,  x  ,  u  (x  ), 


<L  ),  U(t,  xq,  uo(xo),c4  ),  and  <£  (t,  Xq,  06  ),  thusly: 


X  (*'  -*0*  *0  (*0).  a)=r  X  {t,  X0, 0*0  (x0  —  0)  +  (1  —  a)  a0  (x0  -f  0) ) 


W’  xo*  “o  (x<)- a) — U(t<  *q,  o*q(Xq  —  O)-|~(l--a)fl(/x0-j-O)), 


(59) 


.  x0.  a) -)-  j  [U^  (U.  X.  t)  -  <p (U.  X,  t)J  dx.  (60 

A 


The  functions  (59)  at  t  ■  t  are  denoted  by  U  and  X  in  formula  (60).  Dow  if  the 


parameter  x  runs  through  values  from  -  Co  to  00  ,  and  oL  is  made  from  0  to  1 , 
o 


then  the  curve 


x  *>  X(t,  x  .  u  (x  ),  oL  ) 


will  be  continuous  in 


the  plane  of  variables  x,  xq;  (t,  xq,  oL  )  there  is  continuously  along  this 


continuous  curve.  Therefore,  by  repeating  the  former  operations  ve  conclude 
that  also  for  the  case  of  discontinuous  initial  functions  uq(x)  formulas  (57) 
and  (58)  remain  in  effect  for  the  generalized  solution. 
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These  formulas  will  new  appear  as  fo1!,**?: 

*(x.  f)  =  U{t.  *(x.  *).  *7'.  aix.  f)\ 

where  X  (x,  t)  amice  (x,  t)  are  values  of  the  parameters  x_.  and  aL  fre®  which 

®(*.  /)  =  $(/.  $(*•  0-  a(*.  0) 

>V '  * 

is  the  lesst  value  of  the  function  (t,  x  ,  ad  )  relative  tc  the  parameters  x 

c  c 

and  o£  and  governed  'ey  the  condition  x  -  X(t,  x  ,  uo(xo),e6). 

For  the  inhoeogeneocis  law  of  conservation 


a.  *)«=/(*.  x.  0 


(61) 


with  initial  condition  (2),  formulas  (14)  and  ^56)  as  before  define  the  general¬ 
ized  solution  in  the  case  when  f(u,  i,  t)  »  f . (x,  t)  +  f,  (a,  x,  t)  (62) 

Only  now  U(t,  x^,  uq),  X(i,  x^,  uo),  H,  and  X  denote  the  solution  cf  the  charac¬ 
teristic  systfeE  for  equation  (6l)s 

4f  =  (“■  x-  0.  =/(*.  x.  0  — f^(*.  x,  1),  (63) 


and  c£>  (t,  xo)  represents  the  solution  of  the  "strict  condition"  for  equation 

(61 ): 

-g  =  Vf:(V.  *.  0 X,  0  +  F(x.  0  +  /,(0®. 


(64) 


where 


/=l(x.  /)  =  /i(x.  Q. 


To  be  convinced  of  this,  let  U3  transform  equation  (61 )  tc  bee 


oae 


+  x-  91  =  ° 


(65) 


where 


v  =  u  exp  [  —  j/j(t)dt}. 

9 

i  t 

<p{v.  X,  0  =  exp  I  —  J /,(t)dt) [<F(v- exp  i  J  /2(t)^t),  x,/)—  f(x./)]. 


o  _ 


Let  us  apply  the  method  cf  constructing  the  generalized  solution  to  the  Cauchy’s 
problem  outlined  above  to  equation  (65)  and,  in  particular,  here  formulas  (14) 
and  (58)  sre  valid.  Returning  again  to  the  variable  u  ■  v  exp  f  f„(  r)dt, 
we  get  the  result  that  the  latter  is  defined  by  formulas  (14).  Hie  solution 
satisfies  the  integral  law  of  conservation 
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4*  dx-9{±  x.  f)4+  j  |  l/,(x.  0-r/,tQxJ<x  *i=G. 
c  xc  - 

deriving-  free  equation  (cl)  under  condition  (62) . 

d.  Csum..  i  problem  for  an  irfeanogemeoms  law  cf  cmser-ratioc.  Ofcuchy's 
problem  for  an  inhosoggn&o&s  lav  of  cccserraticr; 

**y  .Q  -/(«■  x.  /)  x.  X)>*^  {9  . 

with  initial  rendition  m(0,  i)  -  a  (x  (2) 

o 

was  first  examined  by  A.  S.  TSLibcaer  and  A.  A.  Ssjmtsxij  (-i $34 ) »  vno  assumed 
that  the  functions  £?  and  f  are  dccbly  ccntinsoosly  differentiable ,  and  that  the 
initial  function  uq(x)  is  piecevise-occtinjoncs  end  pieceviar-differeriiable. 

fbeir  method  can  be  called  the  method  cf  integrating  ?fcgcr,i&t's  coodi- 

ticc. 


The  solution  of  the  chars  t-te  fistic  syrtem 


ti 

1 1  “ 

=  x.  0. 

=/(*■  x-  G— i£C*.  x.  /]l 

(*) 

satisfying  the  initial 

conditions 

*(0)  -  a(0)  -  uc. 

U) 

as  before  xs  denoted  by 

H 

1 

M 

♦  ♦ 

*  V  *o'’  Q  *  V 

V'e  will  arstme  that  the  function  I  and  C  remain  bounded  in  the  domain  of  the 

variation  of  variables  z  ,  and  u  under  consideration. 

c  o 

It  is  sufficient  to  consider  the  case  vhen  tne  initial  function  u  i)  is 
assigned  on  the  finite  segment  f  if  ^  a  and  to  solve  the  problem  (l),  (2)  in 
the  dors  in  of  definition  cf  the  segment. 

Let  us  select  the  value  of  a  to  be  sufficiently  small  that  the  initial 
function  u  (i)  has  on  the  segment  f  xf  <  a  a  unique  first-order  discontinuity 
point  which  can,  without  restricting  generality,  be  taxen  as  the  point  z  -  0. 
Let  us  consider  two  possible  cases. 

’ )  Suppose  u^(-O)  <  u  (tO).  Since  <p".„  >  0,  then  it  follows  that 

_  f;(«5(-o).‘o:  0  cf^H-Oi  o;  oy  (6) 
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Ut  us  drew  two  characteristics  x  -  x“(t)  and  x  -  x+(t)  given  by  the  equations 

through  the  point  (0,  0).  From  condition  (6)  it  follows  that  at  least  for  suffi¬ 
ciently  small  values  of  the  variable  t  >0  the  following  condition  will  be  satis- 
fled3  x~(t)  <  x+(t),  (8) 

and  if  it  is  assumed,  as  earlier,  that  the  boundary  value  problem  (2.3,8)  is 
uniquely  solvable  for  characteristic  system  (3),  then  inequalities  (8)  will  be 
satisfied  for  all  t  >0. 


j  •  r  ■  :  .  ' 

v..  -,‘v  . ;  .  ,vv»*  v  a  r  ••  < 

f :  *  •"*  ,  ■  *f-  •  j  •  .■  -  : 


n\ 

V- 


Figure  4.20 

Figure  4.20  shows  the  domain  of  determinacy  of  the  segment  |x|  ^  a 
and  the  characteristic  (7).  According  to  Chapter  One,  a  unique  classical  solu¬ 
tion  of  equation  (l )  taking  on  initial  values  (2)  exists  in  zones  I  and  II 
(Figure  4.20)  for  sufficiently  small  tQ  >  0.  This  solution  is  given  by  the 
fczirnl*  u(x(t,  x  u  (xj),  t)  .  U(t,  x  .  u  (xj)  (9) 


u(X(*,  x0,  u0(x0)),  t)  .  U(t,  x0,  u0(x0)) 


implicitly  by  means  of  parameter  xq  or,  if  we  can  solve  the  function 


relative  to  x  1 

o 


X  .  X(t,  x0,  uc(x0)) 
'  *„(*.  »). 


and  also  by  the  explicit  formula  u(x,  t)  -  U(t,  xq(x,  t),  «0U0(x,  t))).  (12) 


Formulas  (9)  and  (12)  define  the  solution  to  Cauchy's  problem  (l),  (2)  in  zones 
I  and  II.  It  remains  to  determine  the  solution  in  zone  III. 

Let  us  draw  the  characteristics  x  -  X*  given  by  the  conditions 


|  (/),  jp  «=  jp"  (i fj.  ’  ‘  .T 1  ’  ‘ 

through  the  point  (0,  0).  The  equation  x  ■  X® 


'  0<a  < 
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is  uniquely  solvable  in  zone  III  relative  to  parameter^  * 

<C-  o L  (x,  t).  (15) 

Therefore  the  solution  u(x,  t)  is  given  in  zone  III  by  the  formula 

^ V' ,0’.  ®*o(— Q) —  a)«^+0) ) .  (16)  ’ 

or,  if  we  know  function  (15),  by  the  formula 

' « <*.  rw  j 

The  set  of  formulas  (9)  and  (16)  define  the  solution  of  Cauchy's  problem  (l),  (2) 
in  zones  I,  II,  and  III,  which  is  continuous  when  t  >  0,  has  discontinuities  of 
first  derivatives  located  on  the  lines  x  -  x"(t),  x  -  x+(t),  and  has  a  singula¬ 
rity  at  the  point  (0,  0).  To  clarify  the  nature  of  this  singularity  let  us  note 


I  0  *?,  «0 too (— 0)  +  (1  —  o)  Oq (-4-0), 


(18)  1 


Ita^S.  6),  X9,  0.  0).  (19) 


Hence  it  follows  that  in  zone  III  solution  (17)  has  a  singularity  of  the  type 


*(t)+0 m-  f “ tSW 


A  singularity  of  this  kind  is  called  a  centered  rarefaction  wave  in  gas  dynamics. 

Thus,  when  inequality  (6)  is  satisfied  there  exists  a  continuous  solution 
which  is  given  by  formulas  (9)  and  (16). 

2)  Now  let  us  consider  a  second  case,  when  uo(-0)  >  U0(*»,  i.e., 

'  «•  0)  >  <(««-H)),  0.  0).  (21) 

In  this  case  inequality  (8)  is  changed  into  its  converse  and  zones  I  and  II 
overlap  each  other  (Figure  4*21).  The  intersection  of  zones  I  and  II  i8  denoted 
as  zone  III  (Figure  4.21).  In  this  case  formula  (9)  defines  the  function  u(x,  t) 
twice  in  zone  lilt  one  function,  which  we  denote  by  u~(x,  t)  ia  determined  rela¬ 
tive  to  the  values  xq <  0,  and  the  other,  u+(x,  t)  —  relative  to  the  values 
xq  >  0.  The  solution  u(x,  t)  in  this  case  is  discontinuous.  We  will  assume  ~ 
that  the  discontinuity  line  0D  (Figure  4*22)  ia  drawn  through  the  point  ^>(0,  0) 
in  zone  III  and  that  the  equation  of  thiB  discontinuity  line  will  be  assumed 
to  be  written  in  the  form  x  -  x(t),  x(o)  -  Oj  to  the  left  of  the  discontinuity 
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line  OD  u(x,  t)  ®  u  (x,  t)j  to  the  right  of  OD  o(x,  t)  »  u'f(x,  t). 


Eugoniot's  conditions  (Section  I)  must  in  this  case  be  satisfied  at  the 
discontinuity  line  x  ■  x(t),  and  the  conditions  are  written  in  the  form 

‘  r  0.  *.  0'4'f  <*«■<*.  ^SKLT! 

j  sr. “ D 1  u±(x,  "  ^ *>•:  (f2>  j 

> .  • - - - .1  _  .  _  *  -  ■ li '  ••  ..Vi  — i'J.;  M .  . i;  vufc.  jw iw 

Under  the  existence  theorems  established  in  Chapter  One,  the  functions  u~(xt  t) 

-4*  /v 

and  u ' (x,  t),  for  sufficiently  small  tQ,  have  bounded  first  derivatives.  There¬ 
fore  the  function  A(x.  t)  appearing  in  equation  (22)  has  a  bounded  first  deri¬ 
vative  . 

Let  us  consider  any  point  on  the  line  0GB.  Suppose  we  let  denote 

the  slope  of  the  line  OB  to  the  axis  t  ■  0  at  the  point  i.e., 

..  . 


D,> 


r. 


Let  a  single  characteristic  x  ■  X(t,  xq,  u0(x0))  corresponding  to  the 
value  xQ  <  0  be  drawn  through  the  point  £7*.  Henoe  we  oonqlude  that 

*+•  t,)m*X\(tr>  x0“,  fl0(*o))>  ~ 7  ~  "  VT 

>  ^ a  {u+ (,xx‘  XX'  if)  ^ t'  °u  (+<>))•  (23)  j 

*'  •'  *  *  *  \  '  •  •  •  - 

Figure  4*23  is  a  graph  of  the  function  4>«<p(u,  x^.,  t,j>),  considering  that 
^"uu  >  °*  ¥e  conclude  from  condition  (23)  that  u“(x^,,  tr^  )  >  u+(x^„  t^»). 
Obviously  the  quantity  A(x^,  t^>)  ia  the  slope  of  the  chord  joining  the  points 

{  u  (x<rpt  !w(u+{Xf  >  *?}•.'**•**)}•  [u~(x*<  9 ft*"  ft#’  7r$j . 

As  is  clear  from  Figure  4*23,  a  consequenoe  of  inequalities  (23)  is  the  inequality 

i  (xf  %(tt+ (x*'  *#)'  xf'  "  (24)  ! 
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Thus,  on  the  line  OB  A(x^,  i.e.,  the  Velocity  of  the 

integral  curves  of  differential  equation  (22)  on  the  line  OB  is  greater  than 
the  velooity  of  the  line  OB.  Put  briefly,  the  field  of  directions  on  the  line 
OB  has  the  shape  shown  in  Figure  4.22  for  equation  (22).  We  similarly  conclude 
that  the  field  of  directions  at  the  line  OA  is  also  of  the  form  shown  in 
Figure  4.22.  Since  In  zone  III,  as  we  have  already  stated  above,  A(x,  t)  is 
continuously  differentiable  relative  to  its  variables,  therefore  there  exists 
a  unique  integral  curve  OD  of  ordinary  differential  equation  (22)  lying  entirely 
within  the  zone  III, 


Figure  4.23 

^ter  the  finding  the  line  OD,  let  us  determine  the  solution  in  the  zone 

I,  II,  and  Ills 

u(x,  t)  -  /  u”(x»  t0  the  left  of  the  line  0D»  (25) 

^  u+(x,  t)  to  the  right  of  the  line  OD.  " 

Solution  (25)  is  continuous  everywhere  except  the  line  OD  and" has  a  bounded 
first  derivative.  On  the  line  OD  u(x  -  0,  t)  u(x  +  0,  t), 
i.e.,  this  solution  satisfies  the  stability  condition.  Hugoniot's  condition  is 
satisfied  at  the  discontinuity  line  OD  as  a  consequence  of  equation  (22){ there¬ 
fore  f orsmla  (25)  defines  the  stable  generalized  solution  of  Cauchy's  problem 
0),  (2). 


Thus,  for  the  case  when  the  initial  function  has  an  isolated  first-order 
discontinuity,  we  construct  a  generalized  solution  of  Cauohy's  problem  by  the 
above  described  technique  in  some  neighborhood  of  the  discontinuity  point.  If 
the  initial  function  has  several  discontinuity  points,  then  by  decomposing  the 
initial  segment  into  parts,  we  reduce  the  problem  to  the  case  under  present  study 
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Finally,  let  ua  note  yet  another  faot.  The  value  t  by  whloh  we  delimit 

o  - 

from  above  jhe  domain  of  definition  ia  bounded  from  above  by  the  faot  that  the 
solutions  u  (x,  t)  and  u+(x,  t)  in  zones  I  and  II  must  have  bounded  flret  deri¬ 
vatives. 

However,  as  we  have  seen  in  Chapter  One,  derivatives  of  a  solution  of 
quasilinear  equations  do  not  remain  bounded  and  oan  grow  in  absolute  value  up 
to  infinity.  The  essential  thing  is  that  most  representative  case  in  the  beha¬ 
vior  of  solutions  of  quasilinear  equations  is  that  in  which  derivatives  of  the 
solution  at  any  point  become  infinite,  but  the  equation  itself  remains  continuous. 


Figure  4*24 


Thus,  to  have  the  possibility  of  successively,  step  by  step,  employing  the 

above  described  method  of  explicit  isolation  of  singularities,  we  must  further 

consider  the  case  when  the  initial  function  u  (x)  has  an  unbounded  derivative  at 

o 

the  point  x  -  0,  but  itself  remains  continuous  (Figure  4.24).  Here  it  is  suffi¬ 
cient  to  consider  only  the  case  when  in  the  neighborhood  of  the  point  x  -  0 


(26) 


since  the  derivative  p  «Ou/^  x  satisfies  the  equation 


•Op+/;  (n) 


and.  remains  bounded  from  above*  p(x,  t)  <  A(  <p"uu  >  0)  if  the  derivative  of 

the  function  uq(x)  iR  bounded. 

And  thus,  we  assume  that  when  Jx[  a  condition  (26)  and 


are  satisfied. 


y5H 


—00  as 


0. 


(26) 


In  this  case  we  limit  ourselves  only  to  remarks,  since  the 
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construction  of  the  solution  in  fundamental  features  la  similar  to  that  given 
for  the  oase  (21).  The  main  distinction  of  this  case  from  the  preceding  is  that 
the  Cauchy's  problem  for  equation  (l)  considered  separately  for  the  segments 
L~a,  o]  and  [o,  a]has  a  solution  with  an  unbounded  derivative  for  any  t  >  0. 
Therefore  we  must  now  take  as  the  line  OA  (Figure  4.22)  the  envelope  of°a  family 
of  characteristics  x  «  X(t,  xq,  u0(xQ))»  xq<  0,  i.e.,  characteristics  departing 

|J°  I*?*  from  point  0;  and  the  line  OB  must  be  taken  as  an  envelope  of  charac¬ 

teristics  of  the  family  x  «  X(t,  xq,  uq(xo))  xq  >  0. 

In  this  case  lines  OA  and  OB  are  tangent  to  each  other  at  t  ■  Oj  the 
solutions  u  (xf  t)  and  u  (x,  t)  have  unbounded  derivatives,  respectively,  at  the 
lines  OA  and  OB;  for  the  rest,  the  pattern  is  wholly  similar  with  that  considered 
above.  Thus,  the  field  of  directions  for  differential  equation  (22)  is  of  the 
iorm  shown  in  Figure  4*22,  and  the  uniqueness  of  the  discontinuity  line  OD  when 

derivatives  of  the  function  A  are  unbounded  follows  from  the  tangency  of  the 

line  OA  and  OB  at  t  ®  0. 

Thus,  by  using  the  method  of  explicitly  integrating  Hugoniot's  condition, 
we  can  define  the  solution  u(x,  t)  of  Cauchy's  problem  (l),  (2)  in  any  domain  of 
interest  to  us  in  which  the  number  of  discontinuity  lines  remain  bounded,  which 
is  moot  often  the  case  in  practical  problems. 

Let  us  further  note  that  for  the  case  when  f(u,  x,  t)=0,  after  deriving 
the  potential  of  the  generalized  solution  <$>  (x,  t),  we  can  write t  ~ 


,-<*.0-33^2. 


7"  *  *  J  '* 

«p(«*  *>  <p(«+(*.  o,  x. 


where  (x,  t)  and  ^+(x,  t)  are  uniquely  defined  in  the  domain  AOB  from  the 
''strip  equations."  Therefore  Hugoniot's  condition  takes  on  the  form 


[0+  (x.  (x,  0]  d/4-  ^  I®+  ( x .  ( x .  /)]  dx — 0.  (SO) 


from  whence  it  follows  that  the  discontinuity  lino  OD 

<^+(x,  t)  -  ^~(x,  t). 

-  536  - 


x  ■  x(t)  is  a  line  where 
(31) 


Eqoaiity  (31)  ahow*  that  for  ibe  case  of  piece vise-smooth  solutions  u(x,  t)  the 
method  of  the  explicit  isolation  of  discontinuity  lines  is  equivalent  for  homo- 
js^cE*  lavs  cf  cceseevatieo  to  the  analytic  method  of  finding  the  solution 
presented  in  Subsection.  J. 

Cauchy*  s  problem  (l),  (2)  can  in  seme  sense  be  reduced  to  the  problem  for 
the  homogeneous  law  of  conservation  by  using  the  method  of  successive  approxi- 
omtioes.  let  us  set  (xitz.,  t )  =^<^5  tz-X  Taking  as  known  ^ti  {2,  t),  let  us  define 
t)  as  the  solution  of  Cauchy's  problem 


M 


u-n 


f)  —  f(  *  ( z ■  0.  x,  f), 
**(*.  0}=«^(x). 


Introducing  the  function  ^  | 


(32) 

(33) 

(34) 


Vrite  equation  ($2)  as 


‘  -jj?  £  .'(a  3  W  ' "  ' 

(*).  t)~P(x,  /)J*=0. 


(35) 


The  ubeory  of  constructing  discontinuous  solutions  developed  in  subsection  3 
is  applicable  for  equation  (35  )»  however  we  must  allow  for  several  details. 

The  characteristics  system  for  equation  (35)  is  written  in  the  form 
iX  ,  to  «  .  dtf  l')  to  («-0  (*>  to 

O'  9/(^1  0_l~/(  *  (-^i  0.  0.  (36) 


nere 


van- 


the  function  f(^u  ^(x,  t),  x,  t)  is  a  discontinuous  function  of  the 
ables  x,  t.  Ve  impose  the  continuity  condition  for  the  variables ^f) and at 
the  discontinuity  points  f. 


As  above,  the  solution  of  problem  (35)  with  initial  condition  (33)  is 
given  by  the  formula 

to 

(37) 


(,)  w 

<I>  (x,  /)  =  mhi  <b  (f,  Xj), 

_ 
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where  ^  (t,  xq)  is  defined  by  the  quadrature 


ft*)  i  (A  l*)  U)  W  {A  (A  W 

;$(/.  jc0)=<D0(jir0)4-  J  [U't'.iU.  X.  t>— «p{£/.  if.  xH-/=‘(A.  t)]er  (38) 

L  .  o _ •  _ _  _ _ _ '  -  -< 

(in  formula  (38)  ^  =  U  (t,  X0j  u-oCXg)). 

The  sequence  (x,  t)  converges  uniformly  in  any  bounded  domain  of  vari¬ 

able  x,  t.  We  will  not  present  the  proof  here,  instead  we  refer  the  reader  to 
the  work  [28]. 

5-  Uniqueness  of  the  generalized  solution  under  the  condition  dp"uu  >  0. 

We  will  now  see  that  the  generalized  solution  of  the  Cauchy's  problem 


j  '£+*<%*£=/(*.  x,  0  (<&>0).  (1) 

u(x.  0)  —  u0(x).  (2) 


satisfying  the  stability  condition  u(x  -  0,  t) u(x  +  0,  t),  (3) 

is  unique. 

We  prove  this  theorem  for  the  class  of  piecewise-continuous  and  piecewise- 
differentiable  solutions. 

Let  us  assume  that  there  exist  two  bounded  piecewise-continuous  and  piece- 
wise-differentiable  solutions  of  the  problem  (l),  (2)  u(x,  t)  and  u(x,  t)  where 
t  >  0*),  each  of  which  satisfies  equation  (l)  everywhere  outside  the  disconti¬ 
nuity  lines,  and  satisfies  the  stability  condition  (2)  at  the  discontinuity  lines. 

Suppose  (x,  t,)  and  (x,  t)  are  potentials  corresponding  to  these  two 
solutions.  These  functions  are  continuous  and  satisfy  the  equation 


TT'+MSf1  *■  ')  =  *)**■  «) 


everywhere  except  at  the  discontinuity  lines  of  the  solutions  u  and  u,  and  vhen 
t  »  0  they  satisfy  the  initial  condition 


•0(x.  0)  =  <Po(x)=  j  u0(i)dl. 


(5) 


*)  We  are  considering  solution  which  cun  also  have  singularities  of  these 


typ«  g( 


■C  -  lCe 


,  t)  and  which  are  not  continuous  at  t  -  0. 
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difference  \  ~  satisfies  everyvhere,  except' for  the  discontinuity 


lines  c  end  a,  ti-e  equation 


Z 


r 

•  -  '  S 


*  I 

.=  -  j*  <a|0g(l  Ot»(x,  Q  —  ,5(0.  0^(0.  0+  ~  ! 

+s  e(x,(/).  f)[Bl*Af)+0,  0-  B(x,(0-0.  01-  (5) 

I 

?be  sumatice  in  (6)  is  carried  ait  over  all  discontinuity  lines  x  -  x  (t)  of 
solutions  a(x,  t)  arc  u(x,  t)  such  that  0  <  x±(t)  <  x,  and 


f  t«tx.fl.  X,  /)  — f  («(x,  {\x,  f) 

>t(x.  0  =  *tx./)-7(x,fl 

f;(«(x,  f).  x.  o 
/{*  tx.  fl.  X.  t)  ~j  (a(x.  Q.  x,  <> 

B{z.f)=  « (x,  0  — i (x.  0 

/;(*(-■  0-  x.  f) 


when  u  /  u, 
vben  u  «  u. 

when  u  i  a, 
when  u  «  u 


v(x,  0)  =:  0. 


Suppose 


**  ‘  vfcen  luj^K.J 

*  us  prrre  that  for  an  arbitrary  a  >  0  ir.  the  trapezius 

*+«>*,/.  x-cK-MJ,  0  <f<r* 

the  function  v(x,  t)  =0. 


the  function 


-rcer  these  assumptions  made  above  u  and  u  and  the  requirements  in  sub¬ 
sec.  ten  l,  inpcsec  cn  functicns  ??  ana  f,  the  function  B(x,  t)  has  obviously 
S  variation  relative  to  the  variable  x,  and  the  number  of  discontinuity 

.Ines  1  *  xiV*  —  *“-e  --nttions  u  and  u  (tcey  in  fact  are  the  discontinuity 
-ires  Qj  the  --entities  A  x,  t;  arc  3'^,  t})  is  finite  in  the  trapezius  (ll) 
uncer  consideration.  therefore  the  right  side  cf  equation  (6)  is  estimated  by 
the  quantity  Xg7{t),  vhere  T(t).  ^  max  \  v(  r)  (  ,  (-l2) 

and  the  naxomn  in  foraila  1*2)  is  taker  over  the  intersection  of  trapezius  (ll) 
«ith  the  strip  0  <  r  t . 

iU-c  tnus,  in  tre  trapeziu-  (ll)  the  function  v(x,  t)  satisfies  the  cond  - 
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(13) 


and  at  t  ■  0  ~  the  condition  (9). 

Let  ue  consider  the  ordinary  differential  equation  dx/dt  »  A(x,  t),  (14) 

in  which  the  right  side  is  discontinuous  at  the  lines  x  ■  x^t).  We  will  call 
the  continuous  curve  x  ■  x(t)  which  satisfies  equation  (14)  at  all  continuity 
points  of  A(x,  t)  the  integral  curve  of  equation  (14)* 

Let  us  assuae  that  the  integral  curve  of  equation  (14)  intersecting  the 
axis  t  *  0  at  the  base  of  the  trapezium  -a  ^  x  ^  a  passes  through  each  point 
of  the  trapezium  (ll),  then  by  integrating  inequality  (13)  along  the  integral 
curve  passing  through  the  point  (x,  t),  "e  get  —  using  condition  (9)  — 

.  1  ' 

|«(x.  MtV(x)dx.  (15) 

0 

Hence  it  follows  that 

l 

[  V{x)dx  (16) 

*  0  _  '• 

and,  based  on  lemma  1  from  subsection  5  of  Section  VI  of  Chapter  One,  it  also 
follows  that  v(x,  t)  0.  (l?) 

Since  u  -  u  ^  ,  then  from  (17)  follows  the  proof  of  the  theorem  we 

formulated. 

And  thus,  the  proof  of  the  theorem  reduces  to  proving  the  following  fact: 

The  integral  of  curve  of  equation  (14)  in terse cting  the  axis  t  *  0 
passes  through  any  point(x,  t)  of  the  trapezium  (ll,. 

Let  us  prove  that  if  u  and  u  satisfy  the  stability  condition  (3),  then 
this  actually  is  so.  To  do  this,  let  us  note  that  the  integral  curve  of  equa¬ 
tion  (14)  defined  at  t passes  through  the  point  (^,x)  if  it  is  a  conti¬ 
nuity  point  of  A(x,  t).  If  this  integral  curve  at  t  C  t  does  not  intersect 
the  discontinuity  line  x  =  x^(t),  then  it  intersects  the  axis  t  =  0  at  segment 
-s  ~  x  ^  ;  since  |a(x,  t)  (  ^  . 
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Figure  4*25 


'Uierefore,  if  the  integral  curve  of  equation  (14)  defined  at  t<  r  passes 
through  any  point  (2f  ,  t:  )  lying  on  the  discontinuity  line  x  =  x_^(t),  then 
through  any  point  of  the  trapezium  (ll)  passes  the  integral  urve  intersecting 
the  axis  t  «  0. 

Let  us  consider  the  case  when  the  point  ( ^ , r  )  lies  on  the  discontinuity 
line  of  function  A(x,  t)  x  *  x^t)  (Figure  4.25) .  Under  our  assumptions,  the 

left  and  right  limit  values  of  A(  £  -  0,  X.  )  and  A(£  +  0,  C  )  exist  at  the  point 

(5,0.  If  A(f  -  0,0  >A(5  +  0,c),  (18) 

then  there  must  necessarily  pass  through  the  point  (^  ,  c)  the  integral  curve 
of  equation  (14)  defined  at  t  <  t  . 

Actually,  if  we  denote  IL  =  x^(t),  then  in  this  case  one  of  the  two  in¬ 
equalities  is  met:  a)  A( )-  -  0,  t  )  >  D^,  b)  A(%  +  0,  t:  )  *£  D^.  (19) 

Figure  4-25  gives  the  directions  of  the  integral  curves  of  equation  (14)  in  the 
cases  a)  and  b).  As  we  can  see  from  Figure  4*25,  in  each  of  these  cases  an 

integral  curve  defined  at  t  <  t  passes  through  the  point  (  ~c). 

So  the  proof  of  the  theorem  has  now  been  reduced  to  establishing  inequa¬ 
lity  (18).  Since  (<£,t:)  is  a  discontinuity  point  of  A(x,  t),  then  either 
u(x,  t)  or  u(x,  t)  is  discontinuous  at  this  point,  or  else  they  are  ui;_  ontinuous 
simultaneously.  Therefore  we  will  assume  that 

«(l  —  0.  T)>e(|-f  0.  t),  t)>o(£-fO.  t).  (20) 
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Let  us  give  the  graph  of  the  function  <P(u,  £,t)  for  fixed  i-  and  -c  in  Figure 

4.26.  Since  <x>B  >  0,  this  curve  is  convex  downward. 

*  uu  ' 

According  to  foroulas  (7)  the  quantity  A(2;  •  0,  t  )  is  equal  to  the 

slope  cf  the  chord  joining  the  points  A  and  3  ,  and  A(i-  +  0,  T )  is  equal  to 

the  slope  of  the  chord  B+A"f’.  Fros  condition  (20),  it  does  follow  that  each 

endpoint  of  the  interval  [u(^-  0,  r),  u(4  ~  0,r}]  lies  to  the  right  of  the 

corresponding  endpoints  of  the  interval  [u(l-  -*■  0,  z),  u(  £  +  0,  r)].  For  the 

convex  curves  (<pn  >  0)  it  therefore  follows  that  the  si  one  of  the  chord  A  3 
T  uu 

A  ^ 

is  greater  than  that  of  the  chord  A'B  .  Ifcis  s&ce  reiaticr.  in  fact  follows 
fios  Figure  4.26. 

So  condition  (18)  is  satisfied  at  each  discontinuity  point  fros  the 
function  A(x,  t).  ‘Ibis  rears  thar  3t  least  one  integral  curve  cf  equation  (14) 
intersecting  the  axis  t  -  0  passes  through  each  point  cf  the  trapeziua  (ll). 

Ibis  means  also  that  condition  (18)  holds  in  this  trapezium  along  with  u(x,  t) 

S  u(x,  *)• 

Let  us  consider  the  problem  of  the  continuous  dependence  of  generalized 
solutions  on  input  data. 

Suppose  u(x,  t)  and  u(x,  t)  are  piecewise-sccoth  stable  generalized 
solutions  of  quasilinear  equations  defined  by  the  conditions 

=  /(«■  *■  0-  «(x.  0)  =  b0(.x).  q£,>0.  (21) 

=7^  *•  r”  «<*■  °)  =  SW'  >  0-  (22) 

we  will  assume  that  the  functions  <P ,  <f>  ,  f,  f,  u^,  uq  satisfy  the  requirements 
which  were  imposed  on  them  in  subsection  3  and  4. 


Figure  4.26 
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>  lUMJi 


Carrtspoaiing  to  solutions  2  and  2  are  the  potentials  end  $5  sat: 
fying  the  equttions 


-£+*(£•  M-J'fir  *•')«• 

*t! ,*■  *■  'I-.1 7  *■  *■ '!*■ 


and  the  initial  conditions 


;  * 

*(*■  «=-*»(x)  —  J  *,©4.  6(X.  0)*^(X)«=  J  I,©**. 


2fae  difference  t  *  ep  -  <p  satisfies  the  equation 


-y-  +  i4^Xl  Ol?1 


4  . 

f  fl(V  0.  x.  0— ?(*(*.  0.  x.  />J+ 

X 

-5- J  l/(»0-  0.  t  —  7(*a.  0.  t  01<Q  (26) 


and  initial  condition 


c(x>  0)  =  o0(x)  =  ®c(x)  —  <£0 (x)  =  J  [■D©--ae©]rf&.  (27) 


and  the  quantity  A  and  B  are  defined  by  foruailas  (7)  and  (8). 

Suppose  the  conditions  juj  ^  Mq>  j u  |  <•  Kq  are  satisfied  in  trape¬ 
zium  (ll)  and  suppose  that  when  |u|  Kq 

«(*■  |q>C®.  x.  0  — i(«.  x.  0l<A<p, 

J_/(«.  X.  0  —  7(0,  X,  Oi<A/- 
Then  from  equation  (26)  follows  the  estimate 


X 

J-^--j-<4(x,  o£|<  J-B(|,  +  A<p-f  aA/. 
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. . - . fcji  tarngjmtm 


Similarly,  we  find  the  new  estimate t 


r  a..  '  *  •  -  »  ,  ...  _ ......  .  .  „ 

,  |~grJ^i4(x'  ^■^■|<^(04-a<p4* «V>  (28) 

vhera  the  constant  M  depends,  in  particular,  on  ,he  number  of  discontinuity 
lines  of  the  solutions  u  and  u. 


We  assume  that  each  of  the  solutions  u  and  u  satisfies,  the  stability 
condition,  i.e.,  0, /)  >  «(*  ±0,  Q,  u(x- 0.  f)  >  £(*  +  0.  /)••< 


Just  as  earlier,  from  this  it  follows  that  the  inequality  A(x,  t)  is  satisfied 
at  the  discontinuity  points  of  the  function  A(x  0,  t)  ^  A(x  +  0,  t). 
Therefore,  at  least  one  integral  curve  of  equatic  (14)  intersecting  the  axis 
t  -  0  passes  through  each  point  of  the  trapezium  11).  By  integrating  inequa¬ 
lity  (28)  along  this  curve  and  applying  lemma  (1 )  from  subsection  5  of  section 
VI  of  Chapter  One,  we  get 


where 


Using  the  fact  that 


|  l<r<*  0|<u0^lf  [A«p-}-flA/] 

\  '  ,  ■ 

.-*«S  V°  5=5  !  I  (■*)  —  ^0  (*) 

j  * 

v{x.  0  =  J  la  (g.  /)  _«(£.  QJ  rfg. 


\ . 

(29) 


We  conclude  that  inequality  (29)  establishes  the  continuous  dependence  of 
generalized  solutions  of  quasilinear  equations  on  the  input  data  of  Cauchy's 
problem  in  the  potential  metric. 

Unfortunately,  however,  the  constant  M  dependent  on ’the  number  of  discon¬ 
tinuity  lines  of  solutions  u  and  u  appears  in  estimate  (29).  Here  we  note 
that  this  quantity  can  be  estimated  by  variation  of  the  funotioreu(x,  t)  and 
u(x,  t),  and  the  latter  are  estimated  from  initial  conditions. 
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For  homogeneous  laws  of  conservation  when  f  ■  f  2  0,  estimate  (29) 
becomes  simplified!  |v(x,  t)  j  ^  vq  +A<p t.  Lx  particular,  if  we  consi¬ 

der  only  the  dependence  of  the  solutions  of  Cauchy's  problem  of  one  quasilinea 
equation  on  the  initial  data,  i.e.,  if  we  assume  that  0,  this  estimate 

shows  that  the  solutions  constructed  above  satisfy  the  principle  of  the  conti¬ 
nuous  dependence  of  (1.5*4)  and  (1.5.5)  from  Chapter  One. 

One  cathod  of  cr  reacting  discontinuous  solutions,  which  we  call  the 
"method  of  potential  3mootnxngH  jl*.  related  to  the  problem  of  the  continuous 
dependence  of  generalized  solutions  on  initial  data.  For  simplicity,  let  us 
consider  the  homogeneous  law  of  conservation 


for  which  the  initial  condition  u(x,  0)  -  uto(x).  (31) 

is  formulated.  We  will  assume  that  the  function  (p  satisfies  the  preceding  re¬ 
quirements,  and  that  uq(x)  is  assigned  on  the  segment  |x|  ^  a,  has  a  single 
first-order  discontinuity  point  x  «  0,  and  at  all  the  remaining  points  of  the 
segment  has  a  bounded  Idpschitz  constant.  Let  us  denote  u  «  u  (-0)  and  u+ 
U0(*Q)‘  As  we  have  seen  above,  if  u  ^  u  ,  the  solution  of  problems  (30), 

(31 )  is  continuous  when  t  ^  0  in  some  neighborhood  0  ^  t  ^  T  of  the  initial 
axi3.  In  particular,  it  can  be  obtained  as  vhi  limit  of  the  classical  solutions 
Ug  (x,  t)  as  S  — >•  0,  where  u ^  (x,  t)  is  the  solution  of  equation  (30)  with 
the  initial  condition  (x,  0)  -  u°  (x)  (32) 

here  (x)  ^u  (x)  as  j  x  \  ^  $  and  u°  (x)  is  monotonic  as  \x|  . 

0  o 


Figure  4*27 


Therefore  we  have  considered  only  the  second  case,  when  u  >  u  .  In 
this  case  the  solution  u(x,  t)  for  sufficiently  small  T  has  in  the  strip 
0  4  t  <  T  a  single  discontinuity  line  O  issuing  ~  from  the  point  (0,  0) 
of  the  initial  axis  (Figure  4.27).  Figure  4.27  shows  the  discontinuity  line 
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and  the  characteristics  of  the  solution  u(x,  t).  We  will  solve,  instead 
of  the  problem  (30),  (31),  the  problem  (30),  (32),  assuming  that  uj  (x) 
when  that  the  function  u°j  (x)  is  monotonic  when  ,  and  that  it 

has  a  Ljpschitz  constant  on  the  segment  |  xj  ^  £  not  exceeding  the  quantity  ¥l/S  , 
and  finally,  that 


\ 


(■*)  —  (x)]  dx  = 


0. 


i 


(33) 


l«t  us  introduce  the  potentials  of  the  solutions  u  and  u^  by  using  the  rela¬ 
tions 


- 

i  <S>(x,  0=*  J  «dx~< p(o,  x,  f)dx, 
(-0,0) 
tr.  0 

X%(x,  0=  J  ad dx  -<p (u&.  x,7j dt. 
(  —  0, 0) 


Then  from  relation  (33)  it  follows  that  <f>(x,  0)s«^(x,  0)when  \x\^&  (34) 
With  these  limitations  made  on  the  function  u^(x),  there  exists  the  function 
\is  (x,  t)  in  the  broad  sense  of  problem  (30),  (32),  which  is  continuous  and 
which  can  be  constructed  by  the  classical  method  of  characteristics  when  O^t^ 
if  ,  where  if  ^  1  /g  .  Let  x  -  Xj**  and  x  -  X^  denote  the  equations  of  the 
characteristics  of  this  problem  departing  from,  respectively,  from  the  points 
x  »  ~  $  and  x  m  S  of  the  initial  axis  (Figure  4.28).  Obviously,  in  view  of 
condition  (34)  u(x,  t)-ug(x,  t),  <p  (x,  t)  =  «^(x,  t) 

vhsn  ■  [*  — *L  MI*  —  :*aM>0-  0 </</?.,  *•  e-  >  u(x,  t),  (x,  t) 

coincides,  respectively,  with  u^  (x,  t), &  (x,  t)  outside  the  curvilinear 

trapezium  formed  by  the  straight  lines  t  -  0,  t  -  tf  and  by  the  segments  of 

-  g  -  1 

the  characteristics  x  ■  X1  and  x  -  ^  • 


Figure  4*28 
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Suppose  that  at  t  •  solution  u^(x,  t)  has  a  singularity  (the  un¬ 
boundedness  of  the  Lipechitz  constant  or  a  first-order  discontinuity)  at  the 
segment  [xi  ^  (t.^),  (t^  )]  of  the  straight  line  t  ■  t^.  Obviously, 

.  X'  (/?)-  Ar6(4<  2ft. 

Let  us  select  a  segment  of  the  straight  line  t  «■  t f  with  lerfgth  2$  within 
which  the  segment  [xj"  (if),  X,  C  tf)  ]  lies  completely  and  again  smooth  the  func¬ 
tion  u^  (x,  tf  )  on  the  segment,  i.e.,  introduce  the  function  u  $  (x,  t^  )  which 
satisfies  the  same  requirements  as  (x),  namely*  (x,  t^)=u^(x,  t^) 
outside  the  smoothing  segment,  f  '[u^  (x,  t&)  -  u^  (x,  t^)]dx  m  0,  where 
[a^ ,  b^]  is  the  smoothing  segment.  We  require  as  before  that  the  function 
u^  (x,  )  have  a  Iipschitz  constant  bounded  by  the  quantity  ft/&  and  that  it 

be  monotonic  on  the  smoothing  segment  [a^ ,  b^].  We  will  seek  the  solution 
u g  (x,  t)  when  ^  t  <■  ,  assuming  that  u  (x,  t)  satisfy  equation  (30  ) 

and  the  initial  condition  u^(x,  t^)  »  u$  (x,  t^  ).  To  construct  Ug(x,  t) 
in  the  strip  tf  <  t  <  tp  ,  let  us  again  employ  the  classical  method  of 
characteristics.  We  again  discover  that  outside  the  trapezium  formed  by  the 

C  c 

straight  lines  t  »  and  t  «  t9&  and  by  the  segments  of  characteristic  x  - 
Xp  (t)  and  x  *  Xp  (t)  issuing  from  the  endpoints  of  the  smoothing  segment, 
the  solution  u(x,  t)  and  u^(x,  t)  and  the  potentials  <P  (x,  t)  and  <^(x,  t) 

coincide. 


Continuing  this  process  we  can  successively  by  smoothing  and  solving 
Cauchy’s  problems  by  the  classical  method  of  characteristics  arrive  at  the 
straight  line  t  •>  T,  i.e.,  delimit  the  domain  of  interest  to  us.  Here  we  will 
have  to  solve  Cauchy’s  problem  with  smooth  initial  conditions  of  the  T/ $  order. 

As  a  result  of  this  process  we  get  the  solution  u^(x,  t),  which  is  conti¬ 
nuous  everywhere  except  for  the  smoothing  segments  on  the  lines  t  «  t. ^ .  Seg- 

A 

ments  of  the  characteristics  issuing  from  the  endpoints  Of  the  smoothing  seg¬ 
ments  form  a  "belt"  within  lie  singularities  and  discontinuities  of  the  function 
u,(x,  t).  When  the  value  of  §  is  decreased,  this  "belt"  will  be  drawn  toward 

at  the  discontinuity  line  0^£> 

Since  the  potentials  g&(x,  t)  and  *^(x,  t)  coincide  outside  the  "belt”, 
and  the  solution  u(x,  t;  and  u  (x,  t)  are  assumed  to  be  bounded,  then 

{<£(x,  t)  -  ^(x,  t)  |  -tC  2M  S 
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I 


:  J 


From  this  follows  the  convergence  of  the  "potential  smoothing  method" 

as  $  — *-  0  In  the  potential  metric.  It  la  hownrer  clear  that  outside  the  "belt" 
the  solutions  u(x,  t)  and  u  (x,  t)  coincide. 

The  method  outlined  permits  an  approximate  construction  of  discontinuous 
solutions  of  quasilinear  equations  by  approximating  them  with  continuous  solu¬ 
tions.  However,  of  greater  interest  is  the  application  of  this  method  to  the 
case  of  a  system  of  quasilinear  equations.  Unfortunately,  thus  far  no  results 

have  yet  been  achieved  in  this  area. 

6.  Asymptotic  behavior  of  generalized  solution  as  t  -»oo,  Suppose 
u(x,  t)  is  a  generalized  solution  of  the  homogeneous  law  of  conservation 

f+^-o.  *£(*)>  «•  (1) 

whose  coefficients  do  not  depend  on  the  independent  variables  x,  t.  Further 
assume  that  ,  .  „  u"  when  x  <  0, 


u(x,  0) 


U°W  *  {  H 


V-u  when  x  >  b  >  0. 

and  suppose  that  uq(x)  takes  on  arbitrary  bounded  values  in  the  interval 
(O’  b}'  We  wil1  a93ume  the  Action  uo(x)  to  be  piecewise-continuous.  Thus, 


Let  us  denote 


.  *  im  ~  ' 

I  u\<M 
x 

J  «„(&)<*&«  #0  (*)■ 


X,  t)  \  M. 

(3) 

ai 

1  «l  M 

(4) 

0<a<4 

— 

We  will  bring  the  potential 

(*.  o  *  W  ...  ^ 

<S>(x,  0*=  «  dx  —  <p  (u)  dt,  <J>(x, 


correspondence  with  ^solution  u(x,  t).  By  conditions  (2)  and  (3)  we  have* 

4’0(x)  «  u  x  when  x  <  0, 

4J0ix)  "  ^0(b)  +  (x  -  b)u+  when  x  ^  b  .  (7) 

MMx)|«SMx.  i 
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We  are  studying  the  behavior  of  the  solution  u(x,  t)  as  t  — ►  oo. 

If  the  Initial  data  (1 )  were  .eign  only  when  x<  0  (i»0(x)  £  u~),  then 

obviously  the  solution  of  Oauohy’s  problem  (l),  (2)  oould  be  defined  only  where 

x  <  'f  ’u(u  )t  and  would  coincide  there  identically  with  u”.  Let  us  estimate 

the  width  of  the  domain  to  the  left  of  the  straight  line  x  ■  <p*u(u~)t  in  which 

the  solution  u(x,  t)  of  problem  (l),  (2)  does  not  ooinoide  with  u~,  i.e., 

u(x,  t)  ^  u  5  here  u(x,  t)  /  u  by  virtue  of  the  characteristics  departing  from 

the  segment  [o,  b].  Obviously,  the  lower  characteristic  x  ■  X(t,  x  ,  u  <  %, )  ) 

or  o  # 

when  o  ^  ^  b  cannot  lie  to  the  left  of  straight  line  x  »  -§t  in  view  of 

the  boundedness  of  the  initial  funotion  uQ(x)j  however,  this  estimate  of  the 
domain  of  influence  of  the  segment  [o,  b]  is  to  course.  Suppose  u(x,  t)  / 
u  ,  x  -  f»'u(u  )t  <  0  and  that  the  characteristic  issuing  from  the  point  5f# 
of  the  segment  0  <  xq  ^  b  arrive  at  the  point  (x,  t)  and  suppose  that 
u(x,  t)  /  u  For  simplioity  we  denote 

We  have  the  equalities'^1^0 

ggUlfj  <8> 

or  (9) 

•  *  *  -  — -  -*••••"  1 ,i*. 71 

Let  us  compute  3  (t,  x0  )  by  formula  (2.3.46)1 

h® (*'  $o(*o) + 1 [**£ &  —  ~  (10) 

'  .  ‘  -  •  1  '  ’-•••  —  •  .... 

using  formula  (9)  let  us  cancel  out  the  quantity  tu  y?'u(u)  from  (lO)i 

.  'ii*).*5* (11)  i  ..  ..  .. 

i  (t'iy  .1 


On  the  other  hand,  the  characteristic  x  -  X(t,  x~,  u^)  at  the  value 

x“  <  0  (Figure  4*29)  arrive  at  the  same  point  (x,  t)(x  -  ^,,u(u~)t  <  0). 

This  characteristic  translates  to  the  point  (x,  t)  the  value  u  ■  u  and  the  value 

of  the  potential  ?<t,  O. 

*)  For  the  case  when  x  is  a  discontinuity  point  of  the  initial  function 
«o(x):,  we  must  take  iT  to  stand  for  u^-  (x^)  given  the  corresponding  value  of 

r.he  parameter  oC . 
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Thus,  x  -  xq  m  *>’u(u")t,  or  x~  •  -h. 

and  by  formula  (2, 5,46) 


-a'w-xf.Hr  t  (a-sp;^:) — *  («")1  r? t  [«"  <  !  (14) 

.  ,  *  * ,  -A  *.  ».‘  —  m  >  - 1—  .«*  *  <  «  .-«  «  -.t  *,»*-■«  „  - .... .  .  f 

According  to  formulas  (2.3.57)  and  (2.3.58),  in  order  that  u(x,  t)  -  u  (x"  ) 

,  m$  O  O 

«  u  f  u  ,  it  io  necessary  that  the  inequality 

<$  (t,  x0)  ^  $  (t,  x“)  or  -  XQ)  - ^(t,  x")<£  0.  (Is; 

is  satisfied.  Subtracting  formula  (14)  from  formula  (12),  we  get 

.  ....  ■  .--"sr:-'  Y  • 


& (f.  50)  —  $  (/,  [<Po(^o)  *-  BJCo]  +  *(*"  —  «)  + 

-M  [<Pi(«‘)(tf  — «")+?(«”)  —  9(«)].’  !  (16) 

Now  let  us  estimate  the  last  term  in  formula  (16).  Using  the  fact  that 
'u’  <  n  and  ^"uu(u);>0,  we  get  by  the  Taylor  formula 


(«->  ~<p(£)>  <p;  (a-)  (#** — «) +-j(a-  —  «)*. 


Inserting  this  expression  into  (l6),  we  obtain 


xo)  ^(^  *0)^ [®o(*o)~“*o] (18) 

Prom  formula  (9),  since  u"’>  *u,  we  can  readily  obtain 

f*’  (O  -  (u)  -  and  (u“  -  u)  ^  (19) 

**  ^  u  ^  t 

The  last  inequality  lets  us  rewrite  (18)  as 

%  x;)  >  [®0(;0)-„';„] +«-%£»:.  (20) 

And  thus,  for  inequality  (15)  to  be  satisfied  it  is  necessary  that 


i®»  &  -  XZ + <  o' 


•  M  * 


ij"  K  IB*0  —  ®0  (^0)1  • 
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Inequality  (22)  delimits  the  domain  of  variables  x,  t  lying  in  the  half- 
pl&ne  t^O  to  the  left  of  the  straight  line  x  u  )t,  since 

fc  “  ‘P'qO1")**  "  *• 

*e  can  assume  that  the  point  (x,  t)  belongs  to  the  domain  of  influence  of  the 
segment  [o,  b]  if  at  least  one  value  x"  (0  ^  ^  b)  exists  for  which  at 


-o—° 

given  x,  t  inequality  (22)  is  valid.  Since  I  ^  M,  |<£o(x^)|  ^  Mxo,  then 


by  strengthening  *)  inequality  (22),  we  write: 

2 J&jt 


•  ^  <  <2 AMI  (23>  | 

M  *+*  '  •  :•••••  j 


and 


A  <  2A/4.'. 


(24)  ; 


Figure  4.29 


Figure  4-30 

Inequality  (24)  shows  that  at  t  the  value  of  h  increases  linearly  with 
Conversely,  we  will  clearly  enlarge  the  domain  of  influence  of  the  segment 


f<Vo]if  we  set  'xq  *=  0  in  (22)  and  in  the  right  side  take  the  maximum  for  all 

'x  .  Then  we  write : 
o 


or  < 2AMbt- 


(25) 


We  see  that  for  large  t  values  h  increases  a?,  t  .  Thus,  the  domain  of  influ¬ 
ence  lies  within  the  domain  that  is  hatched  ii.  Figure  4«30: 

h(t). 


h  -C  /2AMbt  -  h(t).  (26) 

We  quite  similarly  estimate  the  domain  of  influence  of  the  segment  [o,  b]  to 
the  right  oi  the  straight  line  x  »  b  +  <^'u(u+)t.  Inequality  (22)  remains 
in  force  only  if  now  we  take  h  to  stand  for  the  quantity 

h  -  x  -  b  -f?'u(u+)t,  (27) 

and  take  the  right  side  with  the  opposite  sign.  Inequality  (26)  remains  in 
general  unchanged. 


*)  That  is»  we  clearly  expand  the  domain  of  influence  of  the  segment  [0,b]. 
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liS 


In  the  case  u  _>  u  there  exists  a  t^>  0  such  that  when  t  ^  t^ 
,u  where  x  -  c  <  Dt, 


u(x,  t)  «i  + 

'U 


where  x  -  c  >  Dt, 


where 


0  = 


_  —<*(“")  j 

u+  —  u~ 


(28) 

(29) 


Actually,  if  u  >  u+  then  the  straight  lines  x  -  ^'u(u  )t  and  x  ■  b  + 
^>*u(u+)t  lie  as  shown  in  Figure  4.31*  Since  the  distance  between  these  straight 
lines  increases  proportional  to  t,  and  the  bounds  of  the  domains  of  influence 
of  the  segment  [0,  b]  are  separated  from  the  straight  lines  by  a  distance  of  the 
order  of  (t)^,  then  we  find  such  an  instant  t  «  t1  for  which  the  domain  of  in¬ 
fluence  of  +bp  segment  [o.  b]  disappears  (Figure  4*3''  )•  Thct  is,  the  curves 

A,  =  <('„  («“)/  —  x  =  Y2AMbi, 

'  A2=  —  b  —  <(«+)/+ x  =  ~ 

intersect  each  other.  To  determine  the  value  of  t^  we  have  the  equation 

;  2/ 2AMbtt  +  b  =  ty  [q>; <u~)  -  < ("+)J-  (JO) 


Suppose  t.t^'Ju-)  -  <f”u(u+)]  >  2b.  Then  from  (30)  we  get 


.  .  4/2  AMHl 

— 9o(«+) 


or 


,  .  32  AMb 

*1  i  1  - 

n*  I  n 


a2[«--«+r 


(31) 


Now  we  clearly  conclude  that  when  t1  -  T  formula  (28)  is  valid.  Actually,  since 
the  domain  of  values  of  the  variable  x,  t  is  given  by  the  conditions 

b  +  <P  ’u(u+)t  <  x  <<P'U(U  )t* 

lies  to  the  left  of  the  straight  line  x  -  <p  'u(u  )t  and  to  the  right  of  the 
straight  line  x  »  <p'u(u+)t  +  b,  in  order  that  in  this  domain  u(x,  t)  /  u 
and  u(x,  t)  /  u+  is  necessary  that  the  point  (x,  t)  belong  to  the  domain  of 
influence  of  the  segment  [0,  b],  which  is  impossible  when  t  ^  T. 


Figure  4-31 
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x 


fc  detemina  tie  value  of  ~  in  formula  (28)  lei  us  consider  a  certain 
point  i  c-n  tie  line  t  «  t. .  Let  us  determine  this  point  free  the  conditions 

A 


xa-<,Ik~)Ji  =  x»'  xA~<,^t  i  =  xo‘  (32) 

®('r  *-)  =  <%.  x-y  (33) 


Concioicr,  (53)  can  be  rewritten  in  the  f cm 

[*  (*')-?(*')]  = 

=  ®0 (b)+u*  (x+  —  b) 4-  /,  [B  w.  (o+)  -  9 (*+)]  •  (34) 

3y  inspecting  equations  (32)  and  (34)  as  equations  defining  the  values 

cf  x  ,  xT,  and  x.,  let  us  find  the  Quantities  x.  and  c: 
o  o  A  -  A 

*<-2£‘,££i+0', -«+»,.  (35) 

And  thus,  we  have  established  that  the  solution  u(x,  t)  of  Cauchy's  prob- 
les  (1),  (2)  given  the  c  ndition  u  >  u+  coincides  when  t  ^  T  with  the  solu¬ 
tion  u°(x,  t)  of  the  problem  of  the  decay  of  discontinuity 


(36) 


This  result  can  be  formulated  in  a  diffei-nt  fashion.  Suppose  u  and  u 
are  generalized  solutions  of  equation  (l),  and  suppose 

u(x,  0)  s  n(x,  0)  when  \x\^  b. 

If,  farther, 

,  u  when  x  <-  -b, 

u(x,  0)  =  u(x,  0)  -  ]  + 

^u  when  x  ^  b 

+ 


and  u  _>  u  ,  then  there  exists  t^  >  0  such  that  when  t  ^  t1 

u(x,  t)  =  u(x  +  c,  t), 

where 


(37) 

(38) 

(39) 


a 

c= - — r  [  !«(X,  0) —  »(x,  0)1  dx. 

a  — J 

-* 


(40) 
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The  property  of  generalized  solutions  we  have  proven  expresses  the  fact  that  in 
the  case  u  >  a+  generalized  solutions  of  Cauchy's  problem  (l)  -  (7)  do  not 
depend,  "with  an  accuracy  up  to  displacement,"  for  sufficiently  large  times  on 
initial  values  for  any  finite  segment  of  the  initial  axis  t  ■  0. 


Note  that  this  result  can  be  strengthened  in  two  directions: 

l)  for  more  general  equations  when  u,  x,  t)  given  certain  assump¬ 


tions  on  <p ; 

2)  when  requirement  (38)  is  weakened: 


ju(x,  0)  -  u(x,  0)  1  — *•  0 

as  x  — *t-  + 

ru~ 

u(x,  0)  — ►  -j 

as  x  — -ca, 

&B  X  — *"■  +  £0; 

here  a  specific  order  of  approach  to  the  limit  is  required. 


Let  us  study  the  asymptotic  behavior  of  solution  u(x,  t)  in  the  case  u 
■<  u+.  In  this  case,  as  we  can  easily  see  from  Figure  4*32,  the  domain  of 
influence  of  the  segment  [o,  b]  does  not  vanish  as  t  -+»oo,  but  rather  becomes 
unbounded.  In  this  case  we  can  no  longer  assert  that  for  sufficiently  large  t 

u(x,  t)  -  u°(x,  t), 

where  u°(x,  t)  is  the  solution  of  the  decomposition  problem.  However,  in  this 
case  as  well  the  solution  u(x,  t)  is  close  to  the  solution  u°(x,  t)  for  suffi¬ 
ciently  large  t.  Specifically,  we  will  prove  that 

|  u(x,  t)  -  u°(x,  t)  !  =^>-  0  as  t  —►( x>,  (41 ) 

Suppose  u°  is  the  solution  of  the  decay  problem 


1  ^(u9)  n 

„  (  u~  wnen  x  v.  u, 

a°(x,  0)  =  4 

.1  u  when  x  >0, 


u~  <«+. 


(42) 


Function  u° 


where 


given  by  the 

formulas 

u~ 

when 

*<?«(“")*■ 

u°(x,  0  = 

fix 

f  \T 

j  when 

<l£  (“”)*<  •r<<P«(u+)*' 

(43) 

B  + 

when 

*><P*(“+)f. 

<p'u(f(V)  =  l 

i.e.. 

/<$)=[< p;)_,(y- 

«4) 
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Thus,  to  the  left  of  the  ray  QA  u°(x,  t)«  u  ,  and  to  the  right  of  the  ray  OC 
u°(x,  t)  =  u+(Pigure  4*32);  but  in  the  zone  AOC  u°  -  f(x/t).  As  we  see, 
outside  the  domain  of  influence  of  the  segment  [o,  b]  it  also  holds  for  u(x,  t), 
i.e.,  when 


and  when 


a '  '  (45)1 

(46)] 


Therefore,  we  need  prove  property  (41)  only  in  domain  of  influence  of  the  segment 
[0,  b]  —  the  zone  EOBD.  Suppose  (x,  t)  is  any  point  lying  within  the  zone 
EOBD.  Then,  since  not  a  single  characteristic  x  -  X(t,  xq,  u0(x0))  when  xr 
[0,  b]  passes  through  this  point,  therefore 


'.y+J'  ‘ ,  '•  "Y ' ** ’ ' ■"  T T T ” 

\  VI*-  *r?W*(*W****i  (47) 

0  <  x  <  b.  (48) 


where 

Prom  (47)  we  get 

*>-f  v:£'j 

Comparing  (49)  with  (44) >  we  conclude  that 


(49) 


'  r' 


(60) 


a  (x,  0  =  b0  (*o)  **/  (7  —  -7*-) 

Thus,  in  the  zone  AOC  _ _ _ —  .. 

• \H<  0 - «°(*.  01-]/ (t~t)-^ (t) I ^ (8) l| f-|-  (51) 


Since  f'  ■  1  J<p"  ,  then  from  (!?l)  it  follows  that 

n  '  uu  ' 


i  |«(*.0-«°(*. 


(52) 


Thus,  property  (41 )  in  the  zone  AOC  is  proven.  Now  suppose  (x,  t)  is  any  point 
in  the  zone  EOBD,  for  example,  suppose  that  this  point  lies  to  the  right  of 
the  straight  line  x  -  ^>’u(u+)t,  i.e.,  in  the  zone  COBD  (Figure  4*32).  Then 
at  this  point  u°  ■  u  ,  and  u(x,  t)  as  before  is  defined  from  formulas  (47) 
and  (48). 
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the  definition  of  the  domain  of  influence  of  the  segment  [o,  b],  we 


have 


Therefore , 


x  -  <  <«*)  «  $  +  *  (0  =  *  +  (53) 

| u(x,  0-8 °(xf/) |  =  | /(^*-)-«*|  =  | / (i?fL)-/«(«+))I < 
;|Je-x0_*;(«+)<|  ^\b-x0  +  h(O\  _ 

<— - 5 - ^  of 

=  ±+MLss±+V™.  (54) 
at  1  at  at  '  afT 

Since  to  the  left  of  the  ray  0A  inequality  (54)  is  proven  quite  analogously, 
we  have  thus  proven  the  property  of  generalized  solution  (41 )  and  have  estab¬ 
lished  in  so  doing  the  order  in  which  u(x,  t)  approaches  u°(x,  t),  namely: 

1 8  (x,  0  -  a°(x,  0 1  <  4  + ~4rr  (M) 

.  at  art  *..1 


Combining  the  result  for  the  cases  u  <  u'  and  u  >u+,  we  car  formulate  it  as 
follows. 

Suppose  u(x,  t)  and  u(x,  t)  are  bounded  generalized  solutions  of  equation 
(l )  whose  initial  values  differ  only  by  a  finite  segment  of  the  initial  axis, 
i.e. , 

\a(x,  0)  —  h(jc,  0)|=s=C.j  where  |  xl  ^  b.  (56) 

Then  there  exist  the  constants  c,  D,  and  t1  such  that  where  t  ^  t1 

D 


\u(x,  ')- a(x-f  c, 


rr: 


(57) 


Let  us  emphasize  that  in  this  formulation  it  is  not  assumed  that 


u(x,  0)  — ►  u"  u+  as  x  — -  00,  +  00 . 


The  asymptotic  properties  of  generalized  solutions  of  a  single  quasilinear  equa¬ 
tion  proven  above  are  essentially  associated  with  the  nonlinearity  of  the  equa¬ 
tion.  Actually,  solutions  of  linear  equations  differing  in  initial  values 
differ  one  from  the  other  for  all  values  t  7*  0,  and  this  "discrepancy"  generally 
speaking  does  not  tend  to  zero  as  t  — >■  c>° . 

7.  Method  of  viscosity.  In  subsection  1  of  this  section  we  already  con¬ 
sider  one  of  the  applications  of  the  viscosity  method  —  the  generalised  solu¬ 
tion  of  the  problem 
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4 


«{•*,( 


which  was  obtained  as  the  limit,  as  JJ  — ►  0,  of  the  solutions  u^  (x,  t)  of 
another  Cauchy's  problem: 


«*(■*.  0)*yB0W* 


fere  we  obtained  for  u  .  an  explicit  formula  which  enables  us  to  make  the  passage 

/* 

to  the  limit  as ^  0  and  to  study  the  properties  of  the  generalized  solution 
u(x,  t).  Naturally,  it  is  difficult  to  anticipate  obtaining  analytic  formulas 
for  the  solution  for  more  involved  equations.  However,  since  we  wish  to 
familiarize  the  reader  with  applications  of  the  viscosity  method,  we  will  consi¬ 
der  several  simple  cases  from  which  we  can  judge  the  potentialities  of  this 
method. 


We  will  discuss  the  Cauchy's  problem 


**  I 


“5 F 


°- 


■  if’*-,  i’  ,'J% 


(W 


v °) =®8w.  l«oWl< M-  "  $ 


In  addition  to  this  problem,  we  will  consider  another: 


Sf 


( 

f 


<*(«»»>  . *S 

-TjT“s=s»T5»T 

C)=*B0(x). 


0»>0). 

•  T 


We  will  assume  that  the  initial  function  u  (x)  has  a  continuous  first 

o 

derivative,  and  that  |  u^(x)  (  K  (-<po<x<  oo  ).  (5) 

The  first  problem,  which  in  any  case  emerges  at  once  is  the  problem  of  the 
existence  of  the  solution  u^  and  its  properties. 

The  study  of  this  problem  will  lead  us  far  beyond  the  scope  of  our  sub¬ 
ject,  which  deals  mainly  with  hyperbolic  systems  of  quanilinear  equations  and 
with  equations  in  gas  dynamics.  Therefore,  referring  the  reader  whose  seeks 
a  more  detail  exposition  to  special  studies  (cf,  for  example,  [9,  39»  42]), 
we  will  assume  that  the  following  is  known: 

l)  a  bounded  solution  u^(x)  exists  for  any  t  >  0,  and  does  so  uniquely. 
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2)  For  any  initial  function  uq(x)  satisfying  conditions  (2)  and  (5) 
derivatives  of  uA  exist  and  remain  bounded  for  all  t  >  0.  In  particular,  when 
t  >  0  the  continuous  derivatives  appearing  in  equation  (3)  exist. 


3)  The  solution  u ^  and  its  derivative  p^  ■  satisfy  the  maximum  prin¬ 
ciple,  which  is  formulated  in  the  form  of  the  inequalities 


[  9*  ~5x 


(6) 

(7) 


which  are  valid  for  any  x,  t  ^  0. 

Let  us  illustrate  the  principle  of  the  maximum  (6)  by  the  following  graphi¬ 
cal  arguments.  Suppose  the  function  u<w(x,  t^ )  considered  as  a  function  of 
variable  x  at  straight  line  t  ■  t^  has  at  the  point  x  *  x1  a  relative  maximum 
(minimum).  Then  the  relations 

/,)  ==  0.  f,)<0.  . 


are  satisfied  at  this  point.  According  to  equation  (3),  we  concludes 

r  a._ r~  *  r 


Aijifx,.  A) 


1-1, 


This  inequality  shows  that  each  relative  maximum  with  respect  to  the  variable 
x  of  the  function  u^  (x,  t)  doe3  not  increase  with  time  t.  However,  inequality 
(6)  does  not  yet  follow,  since  the  function  u^  cannot  take  on  its  maximum 
(minimum)  value  at  any  finite  point. 

A  more  detailed  proof  of  the  principle  of  the  maximum  considers  that  the 
initial  function  uq(x)  is  bounded. 

As  for  th.  maximum  principle  for  the  derivative  p^  ,  we  direct  attention 
to  the  fact  that  inequality  (7)  restricts  the  derivative  pA  only  from  one  side, 
namely  from  above.  This  is  because  the  equation  obtained  by  differentiating 


"3T  + *£  (**)  TT  =  •*  S7* - W  pl'  'Pm  >  0> 

enables  us  only  to  assert  that  the  relative  maximum  p.. (x,  t)  cannot  increase 
with  time  t.  As  for  the  minima  of  p  ,  they  can  also  decrease. 
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4.  For  and  arbitrary  x,  t  >0  the  inequality 


;  .  l  '  <*> 

is  satisfied,  where  C  is  some  positive  quantity  not  dependent  on  JX  . 
Let  us  prove*)  inequality  (8).  Denoting 


ditu 

z  =  ^ - W* 


(9) 


we  write  equation  (3)  in  the  form  ^u^/^t  ■  «2>z/^x. 

Differentiating  equation  (9)  relative  to  variable  t,  we  find 

dz  d  (dup  \  da,, 

3T  “  •*  Tx  (tt)  ~  %  K)  IT  * 


Here  inserting 


dz 


,  we  get 


Thus,  the  function  z  satisfies  the  nonlinear  equation  of  thermal  conductivity. 
Therefore,  from  the  principle  of  the  maximum  we  get 

!*(*."  6 1  max  |  z  (x,  0)  |. 

Hence  follows  inequality  (8)  and,  in  particular,  the  more  exact  inequality 


'■  min  nx 

JT  L 


dU°(X)  <P  ("o  (*))]  +  <P  (#*)  <  <• 


dx 


< 


mix  [|i  du°{xX)  —  q> (u0 (x))]  +  <p  («„). 


When  requirements  1-4  are  satisfied,  we  can  also  prove  several  more 
properties  of  the  solutions  u^  (x,  t).  Let  us  show,  in  particular,  that  the 
function^  on  the  average  for  any  finite  domain  of  variables  x,  t  tends 
to  zero  as  AA  0. 

Multiplying  equality  (3)  by  u^ ,  let  us  write  the  result  in  the  form 


an 


(10) 


/  o*  \  d  a2  ;/*  ( du  \2 

Integrate  equation  (10)  over  the  rectangle  0  t  ^  t1 ,  x1  x  x^-. 


where 


*)  This  proof  was  communicated  to  us  by  a  student  at  Moscow  State 
University,  V.  G.  Shushkov,  in  1964. 
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Ox,  Ox, 


dtdx. 


Let  us  rewrite  this  relation  in  the  fom  ^  r 

r,  x,  .  -  ?>, 


-urn**-!  F2^ 


rfx-H 


O  x, 

f, 


+  J  o4t(^  0— "M*-  *>-57 


<ty,  (*|.  0 


In  view  of  inequalities  (6)  and  (8),  the  right  side  is  estimated  from  above: 


I|  X, 

M  J  j  ( 4~J  <tt  d*  <  T  M  (x,  -  *,) + 1Ftx  4-  2MC/,  = 

„"LW-.rl)+2#l(P  +  MC).  (U) 


where  the  constant  F  is  defined  in  such  a  way  that 

F  ^  j  F(u)  |  when  |u|^M. 

Since  the  right  side  of  (ll)  does  not  depend  on  m  >  hence  it  follows  that  for 
any  finite  domain  of  the  half-plane  t  ^  0 

11 

where  the  constant  S  depends  only  on  the  domain  ^r. 

Let  us  use  the  Bunyakovsky  inequality 

J  1 1  an  | dt  dx  <  j  j  u1  dtdx  j  f  v1  dtdx  .  , 

r  *  j  ?  ' 

in  which  we  set  u  «*  AX  —  ,  v  =  1 .  Then  we  get 

“  I  J I  ■ 7T I  ■ «  **  <  lArt'TJ  (&)’«  ■  (1 2) 

the  area  of  the  domain  ^ .  Inequality  (12)  shows  that 
t  dx  tends  to  zero  as  0  as  {/U)^ . 

Now  let  us  outline  the  proof  of  the  convergence  in  the  mean  as  ^  0 

of  solutions  u  .^(x,  t)  to  the  solution  u(x,  t)  of  Cauchy's  problem  (l),  (2). 

let  us  introduce  the  potential  <£  (x,  t).  According  to  equation  (3)  the  contour 

/* 
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where  S 

i-H 


J2f  is 
jk  r 


does  not  depend  on  the  path  of  integration  and  defines  the  continuous  and  differ¬ 
entiable  function  whose  derivatives  satisfy  the  equalities 


t 

I  ~SJT: 


Canceling  u 


from  these  equalities,  we  get 


The  potential  <£>  takes  on  the  following  initial  values; 

y  v.;  : v  v  t-.v-.7-j  r.:  ■' 

%(*•  “oCD^n-  ^ 

In  view  of  inequalities  (6)  and  (8),  we  conclude  that 

j  ^:r:  f%7  j 


where  |<f>(u)  !<<? when  |  u|  £  M  and  the  family  of  functions  <p>M{x,  t)  is  bounded 
for  all yU  >  0  at  any  point  (x,  t).  Finally,  we  write  the  obvious  inequalities; 


\Q\<‘+*- : 


i..  :  f 

Let  us  prove  the  uniform  convergence  in  any  finite  section  of  the  half¬ 
plane  t  5?  0  of  the  potential  ^(x,  t)  as yU — ►  0.  To  do  this,  let  us  dif¬ 
ferentiate  equation  (ij)  relative  to  the  variable  IX  .  Denoting  <$. ■  ’^4’^u 

7  r 

we  get 


'T.  ;» 


05) 


end  according  to  the  initial  condition  cp^x,  0)  =  0. 

'Diking  the  function  u^u  as  given,  we  see  that  the  quantity  <p  '  satisfies 

A* 

linear  equation  of  thermal  conductivity  (15)  and  the  zero  initial  condition. 
According  to  inequality  (l 4 ) »  (x,  t)  increases  not  more  rapidly  than  the 

linear  function  as  x - ±,£>o>  therefore 

maximum  for  equation  (15); 


<$>' 


satisfies  the  principle  of  the 
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w.  .to 


®*(*.  f)<tmtx^y--.' 


0.T) 


Since  according  to  (7)  -r-cr ^  K,  then  <f> '  (x,  t)^  Kt. 

^  ■*  '*•*■ 

Therefore  for  the  function  tf ’  -  <^  -  2Kt/x  the  following  inequality 

M  /*■  / 

is  satisfied:  ^  “Kt,  such  that  the  sequence  of  functions  4^(x,  t) 

decreases  monotonically  as  M-  —+•  0,  and  therefore  owing  to  its  uniform  bounded¬ 
ness  from  below  the  sequence  converges  uniformly  relative  to  x,  t.  Therefore 
there  exists  the  limit  4>  (x,  t)  ^ljjg  0^u(x’  t)* 

Let  us  clarify  certain  very  simple  properties  of  the  function  <£(x,  t). 

Since  |u/if<:Mand  ■  u  ,, ,  then 

'  r'  /*  -  -  —  -  -  -  - . — 

!  ^<P(x4- A*.  0— ®(*' /)[<M|Ax|. 

Similarly  I  \  ‘ ,  -  » 

l®(*.  0|<[c+<pl|A/|- 

Thus,  the  potential  <^>  (x,  t)  is  a  Lfpschitz-oontinuous  function  of  its 
variables,  which  takes  on  the  initial  values 


®<*.  0)  =  <&„(*)=*=  J  a0(rj)rfr) 


and,  like  any  Lipschitz- continuous  function,  has  almost  everywhere  the  derivatives 

.  Let  us  show  that  almost  everywhere  these  derivatives  satisfy  the 

equation  >—  —  - 

d®  .  /d©\ 

'5T+(ft)  =  0>  :  (16) 


and  that  the  sequence  u^  tends  to  u(x,  t)  almost  everywhere  as  0,  where 

u(x.  :j±n. 

To  do  this,  let  us  note  that  owing  to  the  uniform  boundedness  of  u^  (6)  and 

the  cne-sided  boundedness  of  the  derivative  p  (7 ) »  follows  the  boundedness  of 

/* 

the  variation  of  the  functions  u^  on  any  finite  segment  of  the  straight  lines 
t  »  constant. 

Using  this  fuct,  we  can  show  that  almost  everywhere 

d®*  d®  d®„  j  a®  \ 

~dx 

as  0,  such  that  the  potential  <^(x,  t)  almost  everywhere  satisfies  equa¬ 

tion  (l6). 
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lrrv-n-tgrr-TfTr  ’^PNI'W^PiP 


I 


Bius,  tbe  potential  <^(x,  t)  is  MpBchitz-continu’ous,  satisfies  equation 
(16)  almost  everywhere,  and  takes  on  the  necessary  values  when  t  -  0.  Therefore 


the  function  u  - 


is  defined  almost  everywhere,  bounded  and  measurable, 
satisfies  stability  condition  as  a  consequence  of  (7)t 

»(jt  +  Ax,0-^Q  +  O(x-A&j>.  | 

and  is  thus  a  generalized  solution  of  Cauchy's  problem  (l),  (2). 

Let  us  note  further  that  using  the  viscosity  method  we  can  consider  the 
Cauchy's  problem  also  for  the  case  of  an  arbitrary,  bounded,  measurable  initial 
function  uq(x)  (cf  [45])* 

Let  us  indicate  yet  another  of  the  applications  of  the  viscosity  method. 
According  to  Gel'fand,  we  obtain  stability  conditions  of  a  generalized  solution 
of  a  single  quasilinear  equation  with  nonconvex  function  <p  (u)  (cf  also  Section 

I). 

Suppose  the  piecewise-continuous  solution  u(x,  t)  is  the  limit  of  solu¬ 
tions  uytc(x,  t)  of  an  aquation  with  viscosity 


d  /'■  duu\  ,  ■  , 

|i>0. 


(17) 


Suppose  that  at  the  point  ,  t^  >  0  the  solution  u(x,  t)  is  discontinuous  and 
u(x^  +0,  t^ )  -  u  ,  and  suppose  that  the  discontinuity  is  displaced  in  the  x,  t 
plane  along  the  curve  x  -  x(t),  and  here  x'(t.j)  «  D, 

It  is  natural  to  assume  that  in  a  small  neighborhood  of  the  point  x^ , 

^  the  solution  u(x,  t)  is  represented  approximately  in  the  form  u(x,  t)  - 
u(x  -  Dt),  where  u(x)  »  u  when  x<  0  and  u(x)  -  u+  when  x  >0.  We  will  assume 
that  the  solution  u^(x,  t)  in  a  small  neighborhood  of  the  point  x^ ,  t^  is  also 
a  travelling  wave,  that  is,  u^  (x,  t)  -  uj^  );  here  u^(x)  — u  as 

x  — t-  -  oo  ,  u^(x)  — u+  as  x  — oo  (in  this  case  we  assume  that  the  para¬ 
meter  AA  is  sufficiently  small). 


And  thus,  we  will  seek  the  steady  solution  u^(x,  t)  of  equation  (17) 
in  the  form 
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* 


;  *»(*'  />=s(-£r^-)*  { u+ 

•  v  11 


as  £ 
as  g 


-  co , 

+  CO  , 


(18) 


X,  -Dt 


Denoting  g  » 

u>c(^)  from  07)* 


,  let  us  derive  an  ordinary  differential  equation  for 


here  conditions  (18)  yield  boundary  conditions  for  equation  (19)* 

as  -  co , 

as  ■£;  —*■  +  oo . 


V'- 


^  u 


(20) 


Integrating  equation  (19)  from  the  point  ^  ■  -  co  to  ^  and  assuming 
that  0  as^-vtoo,  we  get 


— ,  —  ♦  n:  *  .  r  . 

(V  -jf  =  <p  (“*) — <p  (“") — («„ — «■) = p  («„)■ 


(21) 


i.e., 


In  order  that 


0  as  uM  — u+,  it  is  necesrary  that  F(u+)  *  0, 


D  — 


f  (it+)  — ^(u~) 


tt+  • — -U~ 

'r***~*-  .«_£V 


1 


(22) 


which,  as  we  have  seen  in  Section  I,  also  follows  from  Hugoniot's  conditions. 

Thus,  +he  existence  of  the  integral  curve  of  the  problem  ( 1 9 ) »  (20) 
necessitates  that  F(u  )  -  F(u+)  -  0.  This,  however,  is  insufficient. 

Another  necessary  condition  for  the  existence  of  u.^  is  the  requirement 
that  there  will  be  no  alternation  of  sign  at  the  function  F(u^  )  on  the  interval 
(u  ,  u+).  Actually,  if  a  point  u*  exists  in  this  interval  such  that  to  the 
left  and  to  the  right  of  u*  the  function  F(u)  has  different  signs,  then  obviously 
no  interval  curve  u^  -  (  )-  )  exists. 

Itiltiplying  equation  (21)  by  the  quantity  2(^  -  u  ),  we  give  it  the 
following  form; 

“  ^  =  2  (“u  —  «“)  F  («„).  ( 25  ) 
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TWiyVHf 
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New  it  is  obvious  that  the  existence  of  u^(%)  also  necessitates  that 
the  right  side  of  (23)  be  nonnegative,  that  is, 

2(ull-u-)F{uJ>0. 

Actuelly,  since  B(u^  )>■(),  from  the  existence  of  u^(}|)  it  follows  that  the 
quantity  (u^  -  u  )  does  not  decrease  with  increase  in  the  variable  2f,  since 
otherwise  the  function  P(u)  vrould  change  sign  on  the  interval  (u  ,  u+). 

—  +2 

We  can  similarly  easily  obtain  the  results  that  the  quantity  (u  -  u  ) 
does  not  increase  with  Xt  therefore  2(u^,  -  u+)F(u>w  )  0. 


Dividing  each  of  the  last  two  inequalities  by  the  positive  quantities 


—  -  2  —  +2 

2(u^  -  u  )  and  2(u^x  “  u  )  ,  we  give  it  the  following  form: 

—  9(u")  ^  n  y(u+)-<f(u-)  ^  <p(i ^)  — q>(u+) 

'  Lt=  - ; - - = - ; 


ity  — ti¬ 


ll*— u~ 


*V-“+ 


(24) 


here,  obviously,  u^  is  any  number  from  the  interval  (u  ,  u+).  And  so,  we 
conclude  that  the  discontinuous  solution  u(x,  t)  can  be  viewed  as  the  limit  of 
solutions  u>u(x,  t)  as  0  only  for  the  case  when  condition  (24)  is  satis¬ 

fied  at  the  discontinuity  line  x  -  x(t)  as  each  of  its  points.  We  can  easily 
note  that  the  condition  (24)  obtained  here  coincides  with  the  stability  condi¬ 
tion  we  obtained  earlier  in  Section  I  from  wholly  different  considerations. 

In  conclusion  let  us  note  that  we  have  now  proven  the  existence  and 
uniqueness  of  a  generalized  solution  of  Cauchy's  problem  for  the  case  of  a  non- 
convex  function  <p>(u).  Here  the  stability  of  the  generalized  solution  is 
understood  as  the  satisfaction  of  conditions  (24).  We  must  note  that  these 
theorems  have  been  proven  in  a  much  narrower  generality  than  for  the  case  of 
the  convex  function  <f>  ,  namely  for  the  case  of  piecewise-continuous  and 
piecewise-smooth  solutions. 


III.  System  of  Quasilinear  Equations 


1.  Introductory  remarks.  Now  we  will  consider  the  conservative  system 


of  quasilinear  equations 

<*»,  .  (u.  x,  t) 

- 1 - — 


dt 


dx 


//(«.  x,  0  (/==!... 


(1) 
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ITT*':  jpt/KfXff, inrjt-w. 


£ 

| 

which  for  brevity  will  bo  written  in  the  form 

(2)  j 

where  we  take  u,  <p  ,  and  f  as  vector  functions  with  n  components.  We  will 
further  assume  that  the  vector-functions  <f(u,  x,  t)  and  f(u,  x,  t)  have  two 
continuous  derivatives  relative  to  all  their  variables  in  the  domain  of  varia¬ 
tion  of  the  variables  u,  x,  and  t  we  are  considering. 

The  system  of  differential  equations  (2)  in  the  hyperbolic  case  is 
reduced,  as  we  have  seen  in  Chapter  One,  to  the  form 


where 


x,  o[-^jjr  +  l*(a>  x<  0-^-J  — 0-  (?) 

Det((/J(fl.  x.  ($)+  0.  (4) 


The  vector^k(u,  x,  t)  -  (u,  x,  t)  J  is  the  left  eigenvector  of 

the  matrix  A(u,  x,  t)  -  ((  ))  ,  and  J-.(u,  x,  t)  is  the  corresponding  eigen- 

value,  that  is,  ^(u,  x,  t)A(u,  x,  t)  -  £k(u>  x*  t)  £  (u,  x,  t).  (5) 

Throughout  this  section  we  will  deal  only  with  systems  of  equations  (2)  and 
(3)  that  are  hyperbolic  in  the  small,  i.e.,  we  will  assume  that 

&i(«.  *.  0<ia(“-  *•  0<  •••  *.  <)•  ($>  ' 


The  problem  of  constructing  classical  solutions  of  system  (2)  was  dealt 
with  in  Chapter  One,  and  here  we  will  study  generalized  (discontinuous)  solu¬ 
tions. 


A  generalized  solution  of  system  (t)  satisfies  integral  laws  of  conserva¬ 


tion 


f 


udx  —  <p(u,  x,  t)dt+j  J  /(a,  x,  f)dxdt*=0, 

rc 


but  in  the  domain  where  the  first  derivatives^—  and  exist  this  solution 
satisfies  differential  equation^  (2)  or  (5)>  we  will  also  write  the  latter  more 


concisely: 


/ 


~  f 


*e  will  formilate  tire  Cauchy's  prcblen  with  the  initial  coalitions 

*(i.  0}  »  *0(x),  (5) 

for  the  syetes  cf  caasilinegi  equations  (2),  where  =^{x)  is,  in  «ntl,  a 
discontinues  ba-rded  Tecrtsr-f  unction. 

is  we  bare  sees  is  Section  I.  the  resstrasle  fcrnElaticc  cf  Isnroy  ’ a 
problen  leads  to  certain  stability  conditions  list  nust  be  satisfied  by  geaer al- 
ixei  sciaticas  cf  this  problem. 

Is  this  section  we  car-  c testier  asialy  gpatliirt  solstice*  that  hare 
pie orwise-sscoth  diacociinsity  lines  x  »  x(t),  cctsiie  cf  which  they  are 
'lassicr!  sciaticas  of  sysbei  (2). 

Stability  coalitions.  is  accordance  with  Sectica  I,  will  be  understood 
is  the  foilcwir^  sense . 

Sew  nc®ber  c,  called  the  iraex  ef  the  disocatisD.  ty  lire,  will  be  rrrep 
to  carrespcodence  to  each  disrertinsity  lire  x  »  x(t)  2*  inequalities 

•  t*C*C x(0-fc  $.  *  'V  />>  £>|*(s£(0+e.  /J.  x(0.  0.  00)’; 

t).  xit,  o</><t^1(*(xco-»-o,>k  xtaoi  oi) 

are  satisfied  at  the  line  x  »  r(t)  for  thi3  rxrg- er  k. 

In  their  sisjlest  fen,  properties  cf  generalized  solutions  of  jysbeES 
cf  quaeilirear  equations  can  be  etodied  with  the  exar^le  ef  a  iomogenecas  non¬ 
linear  systec  of  ecuations  ^ 

5+^=0.  <■£, 

i.e.,  in  vr*»  case  when  tie  vector  cf  does  not  depend  c*t  variables  x,  t,  and 
f  =0. 

2.  Self~«odeliQg  solutions  of  a  syste*  of  qaasil inear  equations.  Soln- 
tiona  of  aye  ten  of  equations  (3.1.12)  that  dep^ud  only  esn  a  single  variable 
y  -  (x  -  xq)/ (t  -  tQ)  are  called  ee If -node ling.  without  restricting  generality, 
we  will  assuar  tQ  -  xq  -  0.  Me  Beek  the  solution  u(y)  of  systen  (3.1.12) 
defined  for  t  ^  0  and  dependent  only  on  the  variable  y  -  x/t.  Performing  the 
substitution  in  (3. *.12)  bosod  on  the  following  forruias 
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we  get  the  result  that  the  self-modeling  solution  u  -  u(y)  satisfies  the  system 

of  ordinary  differential  equations 

KMfSHrfSI  « 

where  E  is  the  unit  matrix  of  n-th  order. 

It  follows  from  system  of  equations  (l)  that  if 
y  /  (u)  (k  -  1,  2,  n), 

then  the  vector  du/dy  is  identically  zero*  and  the  solution  u(y)  = 

constant.  So  we  will  assume  that  on  some  segment  of  the  variable  y  the  follow¬ 
ing  equality  is  identically  satisfied*  .  y  «^k(u),  (2) 

where  k  is  any  of  these  number  1,  2,  n.  Then  system  of  equations  (l)  has 

a  nontrivial  solution  relative  to  the  vector  of  the  derivatives  du/dy* 

du/dy  -  Ark(u),  _  (3) 

where  r  "(u)  as  usual  denotes  the  right  eigenvector  of  the  matrix  A(u)  (Chapter 
One),  i.e. ,  A(u)rk(u)  »  k(u)rk(u). 

System  of  equations  (3)  does  not  yet  enable  us  to  determine  u(y)  by 
integration,  since  an  unknown  cofactor  A  appears  in  these  equations.  To 
determine  it,  let  us  differentiate  equation  (2)  relative  to  the  variable  y. 

We  get  the  equation  ;  r  •  -  vr-  • 

. 1 

which  we  rewrite  in  symbolic  form  du/dy  grad  (u)  -  1.  (4) 

. -  ••  ♦  ,  \  *.•“! 

introducing  the  notation  .  gtnd^Ca) r-~ {  ^u)'.  ...  j 

Finally,  inserting  in  equation  (4)’ expreis'ibn  (3)  for  du/dy,  we  derive 
an  equation  that  enables  us  to  determine  A  * 


£r*  (t»)  grad  U  (a)  =  X  r)  **  t.  ‘ 

■  •  '■  '.*•  /-«  :  '■  '1 


Let  us  consider  the  following  two  possibilities* 
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a)  The  following  inequality  rk(u)  grad  5k(u)  /  0,  (6) 

is  satisfied  for  the  interval  of  variation  of  the  variable  y  we  are  considering. 
Systems  of  equations  for  which  inequality  (6)  is  satisfied  for  all  values 
“  3  ^  f  2 9  » *  ♦  j  n  and  any  u  «■  u. ,  . .  • ,  u  are  called  purely  nonlinear  by 

r  n  *  XI 

[38]. 


If  inequality  (6)  is  satisfied,  then  from  (5)  A  is  uniquely  determined, 
and  when  we  insert  it  into  (j)  we  get  the  following  system  of  ordinary  differ¬ 


ential  equations* 


from  which  by  integration  we  can  define  the  solution  u(y)  if  we  know  the  value 
u  »  u(y  )  such  that  relation  (2)  is  satisfied,  i*e.,  _ _ 

Let  us  denote  the  solution  of  system  of  ordinary  differential  equations 
Vi  )  passing  through  the  point  uq  -  £u°,  ...»  u°  \  as  follows* 


b)  The  second  possibility  obtains  when  at  the  given  point  y  < 

\jk  (a  S'gridl*  (« 


In  this  case  equation  (5)  is  not  satisfied  when  A  /  0,  and  the  solution  u(y) 
is  either  constant  in  some  neighborhood  of  the  point  yQ  or  else  discontinuous 
at  this  point. 


The  case  of  a  discontinuity  of  a  self-modeling  solution  will  be  dis¬ 
cussed  below. 


In  general,  in  the  following  we  will  limit  ourselves,  if  otherwise  not 
specifically  stipulated,  to  the  case  when  conditiors  (6)  are  satisfied  for  all 
krai,  2,  . . . ,  n  and  for  any  u. 

Confining  ourselves  to  thijs  case,  we  will  now  study  in  greater  detail 
the  solution  u(y)  of  system  (7).  We  will  call  solution  (8),  following  the 
analogy  with  equations  in  gas  dynamics,  a  "centered  rarefaction  wave"  or  a 

centered  travelling  wave. 

Lot  us  consider  the  differential  equation  in  partial  derivatives  in 
the  space  of  variables  Ul ,  u2 . un  for  a  single  (scalar)  function  v  -  v(u) 
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*  t-4 .  -  ..  (  -  ■  * 


..  <*>«»«<«<*>  S  <*>  •& — of  •  - .  (10) 

k  i  *,  •■'  ■  *  0*»1 

..  u.\.‘  >•  »♦  c_J_.  *  ,«  '  .1  :  •  i  V*. ,  ;  .  , 

Suppose  v  «  v(u)  is  any  solution  of  equation  (10).  We  will  show  that 

I  .  ’  vijju  (y,  #o))«=  const.  (11) 


Actually 


■  r  •  y  *  r 


ci  d&  if/! 

(V  (y.  ^o))  ”°  2l  35”  "IT  dy  a 


CM' 


,4t) 


a 

i  rfy  «=b X dy  r* (a)gtid  c-0. 


X,- 


a-l 


Thus,  each  solution  v(u)  of  equation  (10)  is  constant  at  the  rarefaction  wave 
(8).  This  can  also  he  formulated  in  the  following  manner. 

Integral  curve  (8)  of  system  of  equations  (7)  lies  on  the  hypersurfaoe 
v(u)  ■  constant  if  v(u)  satisfies  equation  (10). 

Equation  (10)  has  n  -  1  independent^  soljfctions ,  which  we  will  denote  by 

t>«at>§(g) .  «  =  «*_!(«);  1 

here  the  system  of  n  vectors  rk(u),  grad  vk(u),  ...,  grad  vk^  (v.) 
is  linearly  independent. 

From  equation  (ll)  it  follows  that  in  the  traveling  wave  u  -  u(y)  given 
by  formula  (8),  the  (n  -  1 )-dimensional  vector  vk(u)  -  {vk(u),  ...»  vk  (u)\ 
is  constant,  i.e.,  v  (tP(y,uo))  *"  c  ,  where  c  is  a  constant 

(r  -  1  )“dimensional  vector. 

Thu'-:,  integral  curve  (8)  of  equations  (7)  can  be  given  in  another  fashion 

Vk  (u)  *»  cohsfan-t  ,  —  y , 

and  the  problem  of  integrating  system  (7)  reduces  to  determining  n  -  1  indepen¬ 
dent  solutions  of  equation  (10). 

We  will  call  the  vector  vk(u)  ...  ,  v*.,  tu)}  the  (n  -  1 )- 

dimensional  vector-lliemann  invariant.  Wo  oan  easily  show  that  in  oases  when 
ordinary  RAemsnn  invariants  r^  -  rk(u)  exist,  the  vector-variant  vk(u)  is  repre¬ 
sented  in  the  form 

'&(*)  ■*  R.(«)*:.r?  i*K :  ~ r*  («))• ; 


1/ 


Actually,  according  to  Section  III  of  Chapter  One  dr  (u)  -  ^(u)/Z(u)dii, 

1.  ^  Jr 

i.e.,  grad  r.(a)  -  M  .(u)  J  (u),  and  therefore  v.(u)  »  r .  (a)  when 

^  ^  ^  *  ^Sc 

i  i  k  is  solution  of  equation  (10),  since  the  right  r  (u)  and  left  H  (u) 

eigenvectors  cf  nstrix  2.{u)  are  biortbogonai :  -£~(n)r  (n)  «  0  when  i  /  k. 

In  particular,  when  r.  -  "  gjemaun  invariants  always  exist  and  tie  ref  ere  when 


n  *  2  ▼  (o)  -  r±(i:)f  i  /  k. 

Solution  (6)  cf  system  (7)  is  a  doubly  continuously  differentiable  curve 
located  in  tie  space  of  variables  c.,  u^,  ....  u_,  y-  If  the  quantity  y  is 
taxen  as  a  parameter,  then  iris  will  be  a  curve  passing  through  t he  point  u^, 
in  tie  space  cf  rariables  u. 

2y  condition  (6)  tie  quantity  $,_(u(j))  varies  monctcuicai  ly  along  this 
ccrre.  Since  y  »  x/t  and  t  >  0,  then  front  equation  (2)  we  conclude  that  part 
cf  this  curve  given  by  the  card! tics  ¥.  (u(y))  >5.  (u  )  corresponds  to  tie  rays 
y  -  x/t  lying  tc  the  left  cf  the  point  y  -  y  ,  and  tre  part  cf  the  curve  on 
which  £-£ve(j))  <  corresponds  tc  the  rays  y  »  x/t  lying  in  the  plane  cf 

variables  t,  t  tc  the  left  or  the  ray  x/t  *  y  . 

© 

Sew  assigning  the  number  i  inequality  (2)  all  raises  front  *  to  n,  we 
arrire  at  tie  fol lowing  conclusion: 


ouch  tee  nor 


the  space  cf  n  rariables  u., ,  u~, 


. ,  pass 

n  smooth  curves  which  are  the  solutions  of  equation  (5)  when  k  »  1,  2,  — ,  n, 
which  are  not  tangent  to  each  other  anywhere.  The  direction  of  the  mere  conic 
increase  cf  the  ruriacle  t  .  x/ t  is  indicated  along  each  cf  these  curves. 

Sow  let  us  consider  the  case  of  discontinuity  ci  the  self— seeling  solu¬ 
tion.  Seif-mcceiirg  solution  u(y)  »  u(x/t)  can  nave  discontinuities  only  along 
the  lines  x/t  *  y  *  constant.  Suppose  that  the  solution  uvy)  is  discontinuous 
at  the  point  y.  then  the  following  Rigoniot’s  conditions  (Section  l)  oust  be 
satisfied  at  this  line  i  -  yt: 

y|*(y  —  0)  —  *(y-}-0.'=f  (*(y  — 0»— *  («Gr-J-0)).  D  —  j. 

*e  will  assure  that  cne  of  the  raises  -uvy  +  0)  or  u(y  -  0)  is  fixed  and 
we  will  denote  it  by  u^,  and  this  system  of  ecus tiers  will  serve  for  the  deter¬ 
mination  of  another  quantity,  which  ve  will  denote  by  u.  let  us  rewrite  this 
system  in  the  fora  l(u  -  a  }  *  ^(u)  ~  I)  *  y. 


\'*  s 


-  =»7t  - 


Let  us  assuK  mat  equations  (12)  define  in  the  space  cf  variables  u  in 
smooth  carves  passing  through  the  point  n  -  uq. 

Let  as  consider  one  of  these  carves  and  introduce  some  parameter  £ , 
assuming  that  the  sole t ion  of  equations  ('■  2)  is  pamns tricaiiy  expressed  uj  £ t 
o-u(f),  D-3(?)  ana  av^0)-ao. 

Differentiating  system  (12)  relative  to  parameter  we  find 
3=  +  $?\%)  ~  =c]  -  A(a(^)a, 

where  c  and  3  denote  derivatives  of  the  corresponding  functions  relative  to  para¬ 
meter  £  .  mere  setting  ^  -  €c»  we  £=*-  U(co)  ~  2B]b(  £-)  ”  °»  03) 

since  u(50)  «  aQ. 

The  quantity  i{  £„)  is  distinct  free  mere  only  when 

*UU0g  -  3(  50)s»  -  o. 

Therefore  we  assume  3(  £_>)  ■  Cc)  **  £^(1^)  and  *e  <2eoote 

this  branch  of  the  curve  determined  from  system  (12)  by  u  »  3*(^). 

Sow  let  as  select  parameter  ^  its  wholly  specific  manner:  i-  -  £^(u)  (1 4 ) 

Equations  ('})  lead  to  the  consequence  u  )  »  A.r£(u  ),  (l$) 

o  o 

and  from  (id)  we  get,  by  differentiation  relative  to  *|  , 

U*<yg iwiltW*1-  06) 


A  ooapariscr.  of  formulas  (*5)  sne  ( *6)  with  fcraulas  (})  and  (4)  leads  s  to  the 
cccciusic'  that 


an  i 


i.e.,  the  derivative  U*(  4  )  has  the  sate  vaice  as  in  the  rarefaction  wave  (7). 

° 

*e  will  new  shew  that  the  second  derivatives  u  (  4Q/  coincide  with  the  second 
derivatives  compares  at  the  rarefaction  wave.  Twice  differentiating  fcraulas 
(12)  relative  to  £.(u)  and  then  setting  £,(u)  «  we  get 


l A - 4* («s) £1  y* (W = 26* <i  (W - ^ W a«)/  *'* <U  "  ' 

..  .  <i8) 

r  *ir  “i**(  *i  -■  . 

where  the  symbol  i^Ai  jT  denotes  the  quantity  « 


i»/«y  *)£/’*=  2 1  '  ;  ‘“*4 

/»f-i  -  ,-i  ;  .  «-ta 
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For  cooparxscn, differentiate  equation  (l)  relative  to  tbs  variable  jr;  we  'btain 
equations  aieilar  to  (18)  if  in  th*s  we  set  y  ■ 


IA&-LW* fR?'  V 

- -*— I  ■  •  X  <?  _r  *  ,  t,  .  *■  ■*■  *  4  f  *_  g 


In  the  left  side  of  equations  (18)  and  (20)  tee  navrix  of  coefficients  is  de£-rt- 
rate,  sine*  5k(c0)  i-8  tbe  eigenvalue  of  matrix  A(nQ).  therefore  for  ays  tea  (-J) 
to  le  sol Tail e  relative  to  d^u/d y^,  tbe  right  side  oast  be  art-  gonal  to  tbe  le: . 
eigenvector  5  of  the  BStrix  t(u  ).  since  tbe  left  side  of  the  equality 

is  plainly  orthogonal  to  this  factor. 

Since  by  female  (17)  the  function  a(y)  has  fully  determinate  second  deri¬ 
vatives,  thl  s  condition  is  clearly  satisfied.  re fere  ty  writing  the  ortho- 
gcMlity  condition  of  tbe  ri^at  side  of  (20)  to  tbe  Teeter  jf*(u^),  we  get 


4f'> 


fhe  orthogonality  condition  of  tee  right  side  of  systea  (18)  to  tfce  vector 
^k(BQ)  can  be  written,  uBing  (17),  in  tbe  following  form: 

ti(U) *  ^ 

.  -  ^  2  (/-*  (**)£rid  {*  («wHr*  /*  (sj)  *  ' 

Referring  to  formula  (21 ),  frc*  (22)  we  get  1^(  ^q)  -  £.  (23) 

Sow  frc*  a  comparison  of  system  of  equations  (18)  with  system  (20),  we  conclude 
that 

Lei  us  denote  by  a  -  ^(^^.(u),  u  )  the  solution  of  equations  (12).  Ifcen 

K.  O 

fron  equalities  (17)  and  (24)  follows  that 


(25) 

_ as  jfw  i  -  *  •  < 

Ok  £  «* y<&  ± {  Si  I : ^(a,)] + 0  [(1*1 (s) 6,1 {Uj  n  <~ 


tsW-H>(V 


■9l(l»(*)  — 5»(«o))*l-  <?9 


Foroulas  (25)  reflect  the  fact  that  the  state  ?  associated  with  the 
state  uq  by  aeana  of  the  shock  wave  of  the  k-th  index  is  distinct  free  le  state 
0*  associated  with  u  by  the  rarefaction  wave  by  a  quantity  of  the  third  order 
of  SB&llness  relative  to  the  difference  [u*  -  uq].  Sfc*a  fact  was  first  noted 
by  lax  [57]  far  general  systens  of  quasilinear  equations,  although  in  gas  dynamics 
this  property  of  weak  shock  waves  is  well  known. 

Thus,  two  sxooth  curves  u  -  u  (  2^  <  +  u..')  and  u  -  U* (  g^(uj  Uo  ) 

pass  through  the  point  u  -  uq.  The  first  curve  represents  the  fasiiy  of  states 
which  can  be  associated  with  the  state  uq  by  sears  of  a  r  refaction  wave  of  the 
k-th  type.  The  second  curve  is  foraed  of  states  which  can  be  associated  with  the 
st~te  uq  by  way  of  a  shock  wave  of  index  k.  These  two  curves  at  the  point  uq  are 
in  second-order  tangency. 


If  we  aasune  the  st'.te  uq  to  be  the  left  state,  then  only  one  half  of 
the  curve  u  «  C*(£k(u),  uq)  given  by  the  condition  ^k(u)>^^(uQ)  is  Beaning- 
ful  for  the  values  y  >  y  ,  as  we  stated  above. 

Stability  conditions  (3. 1.10)  and  (3*1*11)  require  that  the  following  in¬ 
equalities  be  satisfied  for  the  shock  wave  u  -  u  (§  v(u),  uq): 

S»>0*O,(*)-  «*  >!*«/*&(«). 

l*-i(Pk(U D> (■).  *8)<1**1  (<7‘(U(«).  «o)X 

i.e.,  we  conclude  that  if  u  ■  uq  is  the  left  state,  then  corresponding  co  the 
right  states  is  only  half  of  the  curve  u  *  ^(^(u),  uq)  given  by  the  inequality 

5k(u)  <5k(»0). 

Therefore  the  curve 


r  ««,)  when 

■*  1  f7*0,(a),  *a)  wben 


has,  by  virtue  of  equations  (25),  two  continuous  derivatives,  passes  through 

the  point  u^,  and  represents  a  fanily  of  states  which  can  be  associated  with  the 
state  uo,  considered  as  the  left  state  relative  to  u  given  by  fonzula  (27)  by 
ceans  of  a  rarefaction  wave  or  a  shock  wave. 


Conversely,  if  the  state  uq  is  taken  as  the  right  state,  then  the  anaxogcus 
curve  is  given  by  the  foraula 


1 

.  J 
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Tu'a*  ('%  ^ 


where 


> _ *f/<U(*).s)^  vbere  *; 

Finally,  let  us  consider  the  case  when  for  any  value  k  -  1,  2,  ...»  n 
r*(u)  grad  £k(u)  =  0.  (29) 

We  will  call  the  characteristic  «  ^fc(u)  satisfying  condition  (29)  a  contact 
characteristic. 

Obviously,  along  the  line  vk(u)  -  {?k(u),  v^u),  •••»  “  e*  (3P) 

the  quantity  £^(u)  is  constant  by  virtue  of  eqv'v  iton  (10).  tie  re  fore  the  quan¬ 
tity  ^k(u)  cannot  be  selected,  as  we  did  above,  as  a  paraaeter  defining  a  point 
on  this  curve. 

Let  us  introduce  some  other  par  teeter  on  the  curve  (50),  for  example ,  the 
length  of  the  arc  of  this  curve  measured  froc  any  point  on  it.  Then  curve  (50) 
is  an  integral  curve  of  the  aystea  of  equations  du/ds  -  r  (u),  since  we 

assuae  that  (/ r  (u)//  »  £  Cry)  m  1.  Jfcltiplying  this  equation  on  the  left  side 


,  -  L*-l 

by  the  matrix  A(u)  m  SZ.  ,  we  get 

3  ^  _ _ A _ 

^.<*>77 =  £  =  A(')rM(*)  =  U(')rt(M)  =  U(*) 

~  *  •  ..  “I 

But  along  the  curve  (30)  the  quantity  ^fc(u)  is  constant  and  therefore  these 
equations  are  integrated 
the  arbitrary  point  u  ■  u(s),  then 


dm 

7s  • 


Let  us  integrate  these  equations  from  u  -  uq  up  to 


9  (« (*))  — 9  («o)  “  ik  («)  t«  W  —  *oJ  *»  l*  (*o)  l*  (.*)  — *ol-  (iff* 

Thus ,  we  see  that  any  two  points  on  the  curve  (50  )  satisfy  aigoniot’s  conditions 
where  D»  £  k(u0)  *  ^k(u).  discontinuities  of  this  kind  are  called  contact 
discontinuities  in  gas  dynamics. 

Finally,  let  us  note  that  if  condi  ;ion  (29)  is  met.,  then  a  centered  rare¬ 
faction  wave  of  the  k-th  type  does  not  ex^st.  This  rarefaction  wave  changes 
into  shock  wave  (50)* 

5.  Problem  of  the  decay  of  art  arbitrary  discontinuity.  The  Cauchy’s  prob¬ 
lem  _ _ 


da  ,  d?(e) 

if-1 — ar* 


o. 


.  (  er.  X  <  0.  *- 

t(x,  0)={  , 

v  ’  l«+.  x>0. 


(I)  ‘ 


m 
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is  called  the  problem  of  the  decay  of  an  arbitrary  discontinuity.  Me  can  easily 
note  that  this  problem  is  invariant  relative  to  the  similarity  transformation 

■rt~)*?'*x=kx'.  ItS'roiS tVa  (3) 

*  i  '  - 

Therefore  ve  presume  the  uniqueness  of  the  solution  of  Cauchy's  problem  (l),  (2), 
from  this  follows  the  self-modeling  status  of  the  solution.  Actually,  suppose 

u  -  u(x,  t)  (4) 

is  *■  solution  of  the  problem  (l),  (2).  Carrying  out  the  similarity  transforma¬ 
tion  (5),  we  see  that  solution  u(x* ,  t*),  by  virtue  of  the  assumption  of  its 
uniqueness,  coincides  with  solution  (4),  i.e., 

:  *  •  -j-j  —  a  (•*•  0-  (h) 

Equality  (5)  is  satisfied  far  any  values  of  the  parameter  k  0.  Therefore  by 
setting  k  -  1/t  >  0,  we  get  u(x,  t)  -  '?(l,  x/t)  -  u(l ,  y)  -  uQ(y).  (6) 

We  can  easily  see  that  if  ve  do  not  assume  the  uniqueness  of  the  solution 
of  Cauchy's  problem  (l),  (2),  we  cannot  assert  that  all  solutions  of  this  problem 
are  self-modeling,  that  they  depend  only  on  the  variable  y  »  x/t.  Therefore 
proof  of  the  uniqueness  of  the  self-modeling  solution  of  problem  (l),  (2)  does 
not  allow  us  to  assert  that  this  Cauchy's  problem  has  a  unique  solution.  None 
the  less  the  problem  of  the  uniqueness  ol  a  self-modeling  solution  of  problem 
(1),  (2)  is  of  definite  independent  significance,  first  of  all  because  in  several 
cases  we  succeed  in  directly  proving  that  any  stable  generalized  solution  of  this 
problem  is  self-modeling,  and  secondly  because  in  the  course  of  proving  the  uni¬ 
queness  of  the  self-modeling  solution  fundamental  difficulties  which  are  encoun¬ 
tered  in  studying  the  general  Cauchy's  problem  (l),  (2)  are  unearthed. 

Let  us  give  a  geometrical  interpretation  to  the  problem  of  the  decay  of 
an  arbitrary  discontinuity. 

We  will  consider  the  self  modeling  solution  u(y)  of  the  problem  (l),  (2), 
assuming  that  it  exists.  Then  in  the  domains  of  smoothness  of  the  vector  func¬ 
tion  u(y)  it  satisfies  system  of  equations  (3.2.1): 
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and  at  the  discontinuity  poin*'-  —  Hugoniot's  conditions 

yl*(y-|-0)  — «(>*  — C)J  =  <p(«(y  +  0))  — f(a(y  — 0)).  '  (8)l] 

We  will  assume  the  solution  u(y)  to  be  bounded.  Then  we  can  assert  that 
the  vector  u(y)  is  inconstant  only  in  a  bounded  interval  of  values  of  variable 
y.  Actually,  suppose  j  u(y)|^  M,  f  ^k(u)  /  M;  then  if  y  ■  y^  is  a  point  of 
continuous  variation  of  u(y),  equations  (7)  are  satisfied  at  this  point  and,  as 
we  have  seen  in  Subsection  2,  j  yj  -  |^k(u(yQ))|  ^  M.  (9) 

But  if  y  m  y^  is  a  discontinuity  point  of  the  function  u(y),  then  from  the 
lity  conditions  it  follows  that 

iDi  =  ,yol<  max  max  |*» (« (y) ) f < M.  (10'  1 

*-l, ....  a  j-fc+0  «( 

y-v-o  i 

Thus,  if  jgk(u(y))j <  K(k  *  1,  ...,  n),  then  outside  the  interval  [-M,  m] 
functi  n  u(y)  is  obviously  constant.  Condition  (2)  becomes  as  follows  for 
functio/  1  u(y)  — u  as  y  — *■  -00  ,  u(y)  — ^  u+  as  y  — *-co, 
and  due  to  boundedness  of  u(y) 

f  u  as  y  C  -M, 

u(y)  -  /  +  (12) 

^  u  as  y  >  M. 

Suppose  that  at  the  point  y  ^  -M  the  solution  u(y)  -  u  .  Let  vs  consider 
the  possible  variation  of  the  function  u(y).  If  u(y)  is  varied,  forming  a  rare¬ 
faction  wave  of  the  k-th  type,  then  y  »  §k(u(y)).  The  least  among  the 
quantities  ^  is  .  Therefore  let  us  consider  the  section  of  the  variable 
y  on  which  Y=^1(u(y)).  (13) 

Since  u(y)  *  u  when  y  <  -M,  then  a  solution  of  the  type  (l 5 )  can  hold, 
beginning  with  y1  values  where  y”  -  ^(u”).  (14) 

Suppose  that  equality  (13)  is  satisfied  on  the  interval  [y^ ,  y|],  i.e., 
in  the  interval  [y1 ,  y|]  the  solution  u(y)  forms  a  rarefaction  wave  corresponding 
to  the  first  eigenvalue 

In  Figure  <».’3  the  value  of  the  variable  y  is  laid  out  on  the  abscissa 
axis,  and  the  values  of  the  quantities  £.|(u(y)),  ^,2{u{y)),  ...,  £n(u(y))  are 
laid  out  on  the  ordinate  axis,  and  the  bisector  4  *  y  is  drawn.  On  the  section 
y1  ^  y  ^  y|  ^(uly))  «  y,  all  the  remaining  eigenvalues  £2(u),  •••» 

£n(u)  are  larger  than  y.  The  states  u  «  u(y)  on  the  segment  [y~,  yj]  are 
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associated  with  state  u  ,  just  as  with  the  left  state,  by  a  ravef action  wave 
corresponding  to  the  eigenvalue  H  ■  5^(u).  The  plot  of  the  function  ^  ■ 

^  1(u(y))  when  y^  ^  y  <.  y*  lies  on  these  straight  lines  t-«  y. 

Suppose  that  on  the  interval  [y2,  yp  ■  y>  i-®*>  on  this  inter¬ 

val  the  solution  u(y)  forms  a  rarefaction  wave  corresponding  to  £2(u).  Then 
it  is  quite  obvious  and,  in  particular,  from  Figure  4*55  it  is  clear  that 

y T>y?<  ti(u(y))>y>j 

M«(y))<y-  05) 

Ihe  states  u(y)  considered  on  the  interval  [y2,  yp  are  associated  with  the 
state  u(y|),  just  as  in  the  case  of  the  left  state,  with  a  rarefaction  wave  of 
the  second  type  (y  «  50(u)). 


Figure  4-53 

Now  from  Figure  4-33  it  is  altogether  clear  that  each  rarefaction  wave 
corresponding  to  the  k-th  eigenvalue  (y  -  5  k(u(y))  lies  to  the  right  of  any 
rarefaction  wave  corresponding  to  the  eigenvalue  5^  with  a  smaller  SL  number, 
and  to  the  left  of  any  rarefaction  wave  with  a  larger  JL  number. 

Hence  we  conclude  that  the  continuous  solution  u(y)  of  problem  (7),  (12) 
contains  not  more  than  nine  ordered  rarefaction  waves. 

If  we  can  select  the  quantities  y^  and  y+  such  that  u(y^  -  u  and 
u(y*)  »  u+,  the  function  u(y)  defined  on  the  intervals  [y^,  yp  in  the  form 
of  a  rarefaction  wave,  i.e., 
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f*8»r 


“O')*"  U^^yheis  yj  <  y  <  y£.  ^ 
**$?&+  .  j  fwhere.tf  <y<K*i>  ; 


where 


u\  '~0\f+;uk-*),  i  i/*4 - «-  •’  j 


06) 

07) 


gives  a  self-modeling  solution  of  the  discontinuity  decay  problem. 

Let  us  consider  another  possibility  when  the  solution  u(y)  is  disconti¬ 
nuous  at  the  point  y  -  y^.  Then  by  the  stability  conditions,  there  exists  a 
k  number  such  that 

t*  (“  (y* — 0)  )  >  y*  >  it  («  (y*+ 0».  ,  :*  (18)  j 

>/*>V-iX*0'4^0)V  £.1 '  (»>; 

Suppose  the  index  of  the  discontinuity  line  at  the  point  y  is  k  -  1 . 

Figure  4.34  again  gives  the  function  §k(u(y))  when  k  -  1,  2 . n.  In  this 

case  at  the  point  y. 


1 


!.  *i  <ft  -0)1=1,  (a~)  >  y,  >  5,(«  (y!  +  0)), 


(20Jj 

5*0 (yr  +  0))>  yt*  when  it  >  -1 .  "  J  (2i>| 

Hence  it  follows  that  onco  that  if  a  shock  wave  with  index  k  ■  1  is  present  at 
the  point  y  -  y1 ,  then  a  rarefaction  wave  corresponding  to  the  value  5  ■  ^ (u) 

-  y  is  absent  in  the  solution  u  *  u(y). 

In  general,  from  a  comparison  of  Figures  4.33  and  4.34  we  conclude  that 
a  stable  generalized  self-modeling  solution  u(y)  (satisfying  stability  conditions 
(18)  and  (19))  contains  not  more  than  n  travelling  waves  (rarefaction  or  shock 
waves),  which  are  ordered  t’-.eir  indexes,  since  the  presence  of  a  shock  wave 
with  index  k  precludes  +he  possibility  of  e  rerefaction  ^ave  with  index  k,  and 
vice  versa. 


Bras,  when  solving  the  decay  problem  (l),  (2)  in  the  class  of  self-rodeling 
solutions,  it  appears  possible  to  construct  a  solution  in  the  fern  of  n  travelling 
waves  whose  amplitudes  oust  be  chosen  so  as  to  satisfy  conditions  (11 ). 

As  we  have  ,*«en  in  the  preceding  section,  if  we  know  the  left  state,  then 
at  a  wave  of  the  k-th  type  the  faaily  of  states  to  which  we  can  convert  by  Deans 
of  this  wave  (shock  wave  or  rarefaction  wave  of  the  k-th  type)  is  denari bed  with 
a  single  parsmeeer.  Bran,  the  problea  is,  after  selecting  n  such  parameters ,  to 
satisfy  conditions  (l 1 ) . 

Based  on  the  given  u  value,  which  is  the  left  value  fer  the  solution  u  » 
u(y),  we  define  the  solution  in  a  wave  (shock  or  rarefaction)  with  index  1  as 
the  function  of  the  single  i..r*ameter  51  =  ^(u): 


where  F1  is  given,  according  to  (3.2.27),  by  the  formula 

~  7  f  Ul  ttj.  ■-)  where  («*). 

r 1  (£„  «  )  =  <  _• 

l  (/» (Ji.  «-)  where  <  S,  (»-); 


here 


dF' 


^^(r)'  “'>=  f‘P)"gr(rd !,(«-)• 


(22) 


(23) 

(24) 


Bie  state  (22)  is  the  left  state  for  the  wave  with  index  2.  Therefore  we  intro¬ 
duce 

a1)  =  /?z(l2.  a')).  (25) 

where  is  determined  by  formula  (3.2.27)  analogously  to  (23).  Continuing  our 
reasoning,  we  find 


u'  =  F’( l„,  u*-')  = 

=  a")). ..)))  = 

==®di.  U . 1..  a-).  (26) 


Bie  solution  of  the  decay  problem  in  the  class  of  self-modeling  solutions 
reduces  to  determining  the  quantities  5-j,  §2’  •••*  *"rom  a  system  n  etlua~ 
tions 


®d,.  (a.  •••:  In-  a-)  =  a+. 


(27) 
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12  ~  * 

Ve  vill  assume  that  the  states  a  ,  a  , _ ,  u~  -  u '  lie  in  a  rafficirrtly  *a«ll 

•» 

oeig^bcrfcood  of  the  point  a  .  Sira*  tV  -Jacobies 


*»CL.  U  ,Url  i 

<(UU-U  * 


{  V  ^rr 


* 


-  V 


-  Jt 


*  „  »■- „ 


.  f  J 


.  - 1'  t* 


is  distinct  frcat  zero  owirg  tc  tbs  assurptine  that  syctea  (l)  is  hyperbolic  tad 
that  ccoditiccs  (3-2*6)  bar*  been  satisfied,  there  exists  some  aeig*:bsAsos 
j  u  -  u  ]  <C  &  cl  the  point  u  sac h  that  for  u  ,  ...,  uB  lying  is  this  nei£:bcr- 
hooi,  the  Jacobian  » 

or^rEr"1 

is  distinct  from  aero.  Equations  (27),  mcrecrer,  are  coupe title  when  u^  «  u  ; 

^  ^(u  ) .  ffcerefore  by  the  theorem  of  implicit  functions  there  exists  in 
this  neighborhood  the  unique  solution  ^ ,  i;2»  ...»  4^  of  eystex  of  equations 
(27),  to  which  corresponds  the  self-aydeling  solution  u  »  a(y). 

B ok  let  us  note  that  the  existence  and  uniqueness  of  the  self-modeling 
solution  u(y)  has  just  been  proven  not  only  on  the  assumption  of  the  sufficient 
proximity  of  the  points  u  and  u+,  bat  also  on  the  assumption  of  the  proximity 

™  1  2  G  + 

of  the  quantities  u,u,u,...,u  *  u  . 

Unis,  here  we  have  not  received  an  answer  to  our  question  of  the  unique¬ 
ness  of  solution  u(y)  as  a  function  of  the  quantities  u  and  u+,  though  we  can 
assume  that  for  sufficiently  large  u  and  u+  the  solutions  u\  u^,  u1*”1 

will  remain  in  a  fairly  small  neighborhood  of  these  points. 

4-  Example  of  the  nonuniqueness  of  the  self-modeling  solution  of  the  decay 
problem.  We  will  now  show  that  if  we  do  not  assume  the  sufficient  proximity  of 
vectors  u  ,  u+,  then  without  restrictions  on  this  system  of  quasilinear  equations 
we  cannot  rely  on  the  uniqueness  of  the  automodeling  solution  of  this  problem. 

Let  us  first  note  that  the  concept  of  a  discontinuous  self-modeling 
solution  of  a  decay  problem  was  introduced  by  us  only  for  conservative  systems 
of  the  form  (3-3«l);  however  the  continuous  solution  u(y),  if  it  exists,  is  also 
determined  for  systems  not  written  in  the  form  of  laws  of  conservation. 
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Therefore  we  now  consider  a  system  of  three  quasilinear  equations  that  is 

hyperbolic  in  the  small  i 

»£]-*  a  bb  (sj,  Sj,  a,}  2,3),  (1) 

leaving  for  the  moment  the  question  of  the  possibility  of  formulating  this  system 
in  the  form  of  laws  of  conservation,  and  we  will  show  that  the  decay  problem  for 
this  system  can  have  several  continuous  self-modeling  solutions  u  -  u(y). 

Let  us  note  that  this  situation  also  holds  for  conservative  systems  of 
quasilinear  equations  [21 but  we  are  considering  a  nonconservative  system, 
since  the  example  is  simpler  in  this  case. 

Let  us  set 

r^jcostfj.  0.  slnsj),  P=a  {0,  1,  0).  P^j-slnoj.  0.  costr3).  (2) 

and  suppose 

l|  (u)  <  («)  SS  «2  <T  Is  («)•  (3)  ( 

The  vectors  X  >  X  ,  and  £?  are  mutually  orthogonal,  therefore  we  will  assume 
that  rk(u)  -  Jtk{ u).  (/.) 

Conditions (j.2.6)  take  on  tho  following  form  for  system  of  equations  (l)t 


A  an  I: 
k  sra  2: 

id  3: 


COS  ^  8,n  «2  *  0, 

4“1>0' 

-^t-sJnajH-^-cosaj^0, 


I 

i 

1 


W©  can  easily  note  that  we  can  always  select  the  functions  ^  and 
ouch  that  conditions  (5)  and  (3)  are  satisfied,  for  example* 

■  «>0.  cf+Tf,  (6) 

—  CjSlnSj  +  ttgCosoj).  p>0.  p'^0.  (7) 
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Curves  u  » 
faction  waves  are 


^(y*  u0)  describing  states  that  can  be  associated  by  rare- 
the  following  straight  lines  for  system  (l)» 


u'(y>  «o)=^o+/,(«o)J> 

4jL  «=  /« grad  (Ul), 

(8) 

W’Cy.  «o)  =  a0+/2(«0)(y 

(9) 

(y.  «o)  •= >o4- 13  («o) ». 

(10) 

The  straight  line  u  -  U1  lies  in  the  plane  ug  -  u°  and  has  the  direction  of  the 
vector  JL  (uq)$  similarly,  the  line  u  ■  U3  also  lies  in  the  plane  Ug  ■  Ug  and, 
has  the  direction  of  the  vector  uq);  the  line  u  -  U2  is  the  line  u1  -  u°, 
u2  -  u2  (Figure  4.35).  The  arrows  at  the  lines  u  -  denote  the  direction  in 
which  the  quantity  £k(u)  increases. 


Figure  4-35  Figure  4.36 


Let  us  consider  any  two  planes  u?  -  c,  ug  -  0  +  ™/2,  for  example,  ug  «  ( 
and  u2  »  n/2  (Figure  4-36).  Since  £  (^ ,  0,  u?)  .  i3^,  tr/2,  Uj),  then  the 
lines  u  «  U  arid  u  «  U3  lying  in  these  two  planes  project  onto  each  other.  The 
arrows  at  these  lines  u  ■  as  before  denote  the  direction  of  increase  of  the 
quantity  5k(u).  Now  let  us  consider  for  system  (l  )  the  decay  problem  for  the 
case  when 


U~  =  |«J, 

0.  s»). 

“+  =  {4  ?•  «30}- 

(•1) 

construct 

one  of  the 

solutions  of  this  problem 

when 

y  £0, 

U  (y)  tea  • 

(/’(y,  <r) 

when 

0  <  y  $  tT/2, 

(12) 

«+ 

when 

y  5s V2* 

-  58? 


which  obviously  is  continuous  relative  to  the  variable  y,  Let  us  show  that  for 
this  same  problem  there  exists  an  infinite  set  of  other  self-modeling  solutions 
u(y).  Suppose ,  for  example,  that  the  points  C  and  D  lie  on  jthe  same  straight 
line  parallel  to  the  ug  axis*  C(u1 ,  0,  u°),  D(u1 ,  tT/2,  u°)  (Figure  4.36).  In 

view  of  our  assumptions 


O'  fl§)'  £3  ~j*»  ®3) (Bi*  "5 *»;  *3)*  sO®). 


Therefore  we  can  also  write  another  self-modeling  and  continuous  solution  of 

this  decay  problem: 


a-  *  np'n  y  <  ( a~ )  <  0, 

ux  (y.  «")  *  np«  h  (a?.  0.  «$)  <  y  <  £,  («,,  0.  u°), 

°>  “3)-  “")  "P"  li(av  °-  «S)<y<o. . 
k'2(y.  («!•  0.  i$)  *nps  0<y<-J-f 

0-  «$)  *nPH  T*  “»)• 

tf*(y.  «§))*Y  f.  B5)<y<^(o?.  -J,  ««).  i; 

H+=t/3  (63  (a?,  s»).  («,.  f ,  «S))*pH  y  >£,(*?•  7  •  «$)»  j 

- . •  »  -  .*  \  ' 

j*  ™  when] 

which  obviously  is  distinct  from  solution  (12).  By  arbitrarily  varying  the  quan¬ 
tity  u1  >  u°,  we  get  an  infinite  set  of  self-modeling  solutions. 

This  example  chows  that  the  decay  problem  can  have  an  infinite  set  of  self¬ 
modeling  solutions  for  a  hyperbolic  system  of  three  quasilinear  equations. 

Finally,  we  further  note  that  it  is  possible  that  the  nonuniqueness  of 
the  solution  of  the  decay  problem  of  an  arbitrary  discontinuity  for  a  system  of 
the  type  (l )  is  a  consequence  of  the  more  general  property  of  hyperbolic  cystems 
of  three  and  more  quasilinear  equations,  whioh  consists  of  the  following. 

For  the  system 

A  (a) 'm  0  (15)  .j 
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of  three  or  mere  quasilinear  equations,  the  growth  of  solution  u  of  Cauchy's 
problem  with  the  initial  data  .u(x,  0)  ■  uq(x)  is  determined,  in  contrast 

to  systems  of  two  quasilinear  equations,  not  only  by  the  quantity  UQ  -  max  l|uo(x)//, 

but  also  by  the  derivatives // Therefore  the  jolution  of  system  (15)  when  . 
n  ^  3  generally  speaking  becomes  unbounded  for  some  t  >  0.  This  shows  that, 
generally  speaking,  the  problem  of  the  decay  of  an  arbitrary  discontinuity  is 
meaningless  for  such  systems,  since  in  this  case  the  solution  of  the  problem  oan 
not  be  considered  as  a  limit  solution  with  the  initial  data  smoothed. 

Decay  problem  for  a  system  of  two  quasilinear  equations.  In  the  ca3e 
n  *  2  the  system  of  quasilinear  equations  is  reduced  to  Riemann  invariants 
(Chapter  One,  Section  III)  and  is  written  in  the  following  formi 

'•nrr;;,'  ~ — v 

®  6  (A  t/ fc).  |  (1) 


We  will  assume  that  condition  (3.2.6)  is  satisfied,  which  can  be  written  as 

*  °- 

for  system  (l).  The  curve  u  «  U  (y,  uq)  in  the  plane  of  variables  u1 ,  u2  ohanges 
into  the  straight  line  r,  «  constant  (j  /  k)  in  the  plane  of  variables  r« ,  r„ 

o  12 

(Figure  4 • 37 ) •  Thus  the  rarefaction  wave  for  system  (l)  corresponds  to  a  segment 


of  the  line  r,  *  constant.  According  to  the  foregoing,  through  each  point  r  - 


there  pass  two  curves  u  -  U^y,  u  )  representing  families  of  states  that 


can 


be  associated  with  the  state  uq  by  a  shock  transition.  As  we  have  seen  above, 
these  curves  have  at  point  uq  a  second-order  tangency  with  the  lines  r .  -  r?j 
therefore  at  least  in  some  neighborhood  of  the  point  r  -  r  the  equations  of 


these  curves  can  he  written  as 


ra  “4*  (f  v  ri*  ( rv  ro)'  |  | 

/  ri (rr  ri*  ra)  ~  (rr  ro)>  J  ^ 


i.e,,  those  curves  are  uniquely  projected,  respectively,  onto  the  lines  r2  ■ 

constant  and  r1  «  constant.  In  Figure  4,37  the  arrows  indicate  the  direction  of 

increase  of  the  variable  y  »  r/t  in  the  rarefaction  waves  r .  -  constant  and  in 

<3 

the  shock  waves  r^  m  R^j  hen  we  require  that 
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(4) 


which  can  always  he  assumed  to  ho  satisfied  in  view  of  (2). 


Figure  4«37 

The  question  of  the  unique  solvability  of  the  decay  problem  in  a  class 
of  self-modeling  solutions  depends  essentially  on  the  behavior  of  the  curves 
r2  "  K2  anci  ri  ss  overall,  that  is,  for  sufficiently  large  values  of  /r  -  rQJ  . 
However,  it  is  difficult  to  study  the  behavior  of  these  curves  overall,  since 
they  are  defined  from  substantially  nonlinear  equations.  Therefore  we  will  now 
indicate  certain  sufficient  conditions  under  which  the  problem  of  the  decay  of 
an  arbitrary  discontinuity  for  a  system  of  two  quasilinear  equations  has  a  unique 
self-modeling  solution. 

With  the  assumptions  made  above,  we  will  additionally  assume  that  Hugoniot’s 
conditions  are  solved  in  the  form  (3)  for  any  r1 ,  r2,  r°,  r°,  i.e.,  the  corres¬ 
ponding  curves  are  uniquely  projected  onto  the  axes  rg  ■  constant  and  r1  » 
constant  for  any  r  and  rQ.  Suppose,  further,  that 


We  know  the  value  D  «  y  appearing  in  the  Hugoniot's  conditions  at  eaoh 
point  of  curve  I  r2  -  R2(r^,  rQ).  Let  us  denote  by  D  the  expression 


along  the  curve  I 

D=,Di{rv  r°v  ri)~Dx {rv  r0), 

(6) 

and  along  curve  II 

D°sD,('r  rv  ri)t=sI>,(rv  r^). 

(7) 

As  we  have  shown  in 

Subsection  2,  at  tho  point  r  ■  r° 

£>,('•?'  ro)ro^i(ro)* 

Di(rr  ro)‘3=Mro) 

(8) 

-  !3B 6  - 

-  T  - - 


y  .  „  *  V  -  -5| 

j^sli  =Sl  =«.  (ic* 


o  © 

•s.  »*?af  fcr  vry  r, ..  r? 

iry  c»iifexs  c»  cciisfiedi 


:d  r.  ■<  r?,  >  r^,  2c.  addition  *.c  (3/  fciiov- 


iti'r  *i('r  4)>D*tr  r±  't<»?  J 

feC^e*. '•*  '*>  >  K  v  :  *  «* 

MM*  3££&  -it « 


Conditions  ( 1 1 )  and  (* 2)  denote,  obviously,  that  the  aolnticcs  «  g^, 

2  «  21  aM  r,  .  2^,  D  «  2„  of  jfcgcnioi's  conditions  satisfy  the  stability  condi¬ 


tions. 


If  inequalities  (ll)  and  (12)  are  satisfied  fcr  any  tq  and  r1  <  r°, 
r2  ^  r2’  *i*n  %®en  r1  ^  r2  ^  r2  ***  sie2S  ^  tiie3e  eqxalities  are  reversed. 

Actually,  suppose  r.  >  r1 .  The  curve  r2  -  pass®5  through  the  point  (r1 ,  2^ 

(r^,  -0))»  which  accord in*  to  Higoniot's  conditions,  satisfies  the  equations 

W  rr  *i(rr  ^)=4  °i{1-  'r  Wv  r^Dt(rv  M  ’ 


Equations  (13)  express  the  obvious  fact  that  Sigonict's  conditions  are  unchanged 
if  the  left  and  the  right  values  of  the  solution  are  interchanged.  Froa  formulas 
(13)  we  can  now  readily  obtain  the  validity  of  our  essertion. 

Conditions  (5),  (ll),  and  (12)  are  fairly  cocplicsted.  Therefore  we  will 
verify  that  they  have  been  satisfied  with  a  sinple  exasple.  Let  us  consider  the 
system  of  two  quasil inear  equations  describing  the  motion  of  an  isothermal  gas 
in  Lagrangian  variables  (Chapter  Two,  Section  II,  Subsection  9)* 


%--£= 0.  £+^r-=o.  /00<o.  t?<y)> 0.  (M) 
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vile*  can  be  written  is  Siena ;a  invariants. 


%-c(y)~*±  =  Q.  £+c0O£=O,  (15) 

AjS=*-j- j  C(qjrf^  £J(V*«=  — -££■.  (16) 


Equations  (^6)  enable  ns  to  express  the  ocutitj  T  in  terns  of  the  difference 
r2  “  ri  ■  Sempate  the  derivatives  — to  verify  that  condition  (2)  '-■»«»  bees 
satisfied! 


jk— g'QO 

*7  2e(P) 


/*(V) 

^C*T 


>0. 


(1?) 


Proceeding  to  Terify  conditions  (5),  (11),  and  (12)  let  us  write  the  Sigcniofs 
conditions  far  systec  (14): 


whence 


-  =  D^-B)=p(VJ~p(Vi 

f 

n,  PW-PIVJ 
_ V  ■ 


(18) 

09) 

(2(T; 


)rte  form -a  .20)  we  obtain  the  result  that  3  can  have  positive  and  negative 
■"i. lues .  Suppose  tq)<  0,  and  tq)  >  0.  Then  since  p'(Y)<0, 

P"'J)  >  0,  therefore  if  Vq  >  7,  then 

—  c(V)  <£>,(/•,.  r0)<-c(V0X  (21) 

<(^0)  <  ''c)  <  c00-  (22) 


To  verify  that  inequalities  (5)  have  beer*  satisfied,  we  will  differentiate  2igo- 
niot's  conditions  (18),  assusing  that  7,  u,  and  D  depend  on  r,  and  that  D  * 
Mr1’  r0^  <  °*  ^noting  the  products  by  r,  with  a  prise,  we  get  fron  (18) 

DV'-j-D'  (V  —  V3)  =  —  a'.  Da'-j-D'(c  —  a0)=—c}(V)  V'  (23) 

-  588  - 


p-=g'+c(r)V’=  1-  (24)  1 

Prom  ecusticcs  (23)  and  (24)  let  us  determine  the  values  of  F  ,  u' ,  and  D' . 
Since 


(n i*  ri" _ t  ,/t?  if/  /,)-}-<  (V)P 

SF  “  lO.^rj-etVOP 


aad  B^r,,  r  )  <  0,  then 


(25) 

(26) 


Sirilrr  ccaputstinss  lead  to  the  results 


dRt  (r»  rj  __  jQ1  fry.  r,)  —  e  (V)p 

5^  T5lfrT^)TeFjF ' 


(27) 


and  we  cave  thus  seen  that  requirements  (5)  have  beer,  satisfied  for  the  system 
of  two  equations  (l<). 

Since  along  the  curve  -  ^(r. ,  rn) 


V'  = 


£L 


—  2D.  (r,.  rj 
(o,(rl.r1)-r(V'i]» 


>0. 


(28) 


and  along  the  curve  r1  *  r  )  F  <  0,  inequalities  (21 )  and  (?2)  lead  tc 

the  satisfaction  cf  conditions  (11),  '12). 

Returning  to  the  general  case,  let  us  show  that  if  a  system  of  two  quasi- 
1 inear  equations  satisfies  our  conditions,  then  the  problem  of  the  dp cay  of  a 
discontinuity  fcr  the  system  has  net  r.ore  than  one  self-modeling  solution*). 

Let  us  draw  a  segment  cf  the  curve  ?2  *  R^r^,  r  )  through  the  point  r 
for  r1  <-  and  let  us  draw  the  ray  -  r^  for  ^  (Figure  4*38),  and 
through  the  point  r+  let  us  draw  a  segment  of  the  curve  r1  -  r+)  when 

r2  ^  r*  and  the  ray  r.  -  t*  when  r2  <  r*.  Curve  I  represents  a  family  of  states 

*)  If  in  conditions  (3)  it  is  required  that  j  j<  q  <  1,  then  we  can 
also  assert  that  a  self-modeling  solution  cf  the  decay  problem  exists. 
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that  car  be  associated  with  the  state  r  if  the  latter  is  taken  as  the  left? 
curve  II  represents  states  that  can  be  associated  with  the  state  r+,  which  is 
taken  as  the  right.  It  follows  fro®  condition  (5)  that  the  intersection  of 
curves  I  and  II  can  occur  only  at  a  single  point.  Ibis  then  denotes  the  unique¬ 
ness  of  a  self-codeiing  solution  of  the  decay  prob'cc. 


Figure  4.58 

We  can  easily  note  that  if  r.  <:  r^,  r?  <1  r*,  the  self-modeling  solution 
consists  of  two  rarefaction  waves  (Figure  4.59>  a)»  il  r.  <:  rT”,  but  r~  >  rl, 

*  I  c  a 

then  the  solution  consists  either  of  a  rarefaction  wave  and  a  shock  wave  (4.5.9, 
b),  or  two  shock  waves  (4.5 .9,  c),  and  in  the  case  r1  >  r|,  r2  >  r*  also 
necessarily  contain  at  least  one  shock  wave.  If  we  succeed  in  defining  the 
functions  ,  and  1>2  then  in  all  cases,  with  the  exception  of  the  case 

when  a  self-modeling  solution  has  two  shock  waves,  the  solution  r(y)  is  expli¬ 
citly  defined.  For  the  case  of  two  shock  waves  (Figure  4.5*8),  construction  of 
self-modeling  solution  r(y)  reduce?  to  solving  a  system  of  two  equations 

R2&1’  r~)  =  r7,  Rt(rv  r')  =  rv  (29) 

where  ij  and  r 2  represent  the  state  of  the  self-aodeling  solution  between  the 
shock  waves.  Hie  system  of  equations  (29)  can  be  solved  by  the  method  of 
successive  approximations: 
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'  W  .>v'f  w  .  _  t? 

:.:r#  ;/*  r-y, 


(£)  -  (a) 

here  «•  can  set  =  r^ ,  =.  rg. 

The  condition  for  the  convergence  of  successive  approximations 

*  I  «W?» fK. 'IrrO'1  SO.  /!T  Jlih*  .f‘:'  F  ■'•  i 


is  obviously  satisfied  if  inequalities  (5)  are  satisfied.  Nov  let  us  note  that 
condition  v3>. )  is  more  general  than  (5)  and  is  sufficient  for  the  uniqueness  t-f 
the  self-modeling  solution.  Additionally,  this  condition  is  invariant  relative 
to  the  change  of  dependent  variables,  in  contrast  to  requirements  (5).  We 
adopted  condition  (5)  for  sake  of  simplicity,  actually  conditions  (31)  are  suffi¬ 
cient. 


r*\  1. 


iS.  1 


b) 

Figure  4.39 


Suppose  a  system  of  tvn  quasilinear  equations  satisfies  requirements  (2), 
(ll),  (12),  and  (31 )•  Then  the  solution  of  the  decay  problem  for  such  a  system 
is  self-modeling.  Actually,  suppose  that  the  followirg  Cauchy's  problem  is 
formulated  for  a  system  of  quasilinear  equations  (l)» 


r{x,  0)  = 


x  <  0.  J 

l  r*.  x  >  0. 


Let  us  denote  the  bounded  stable  generalized  solution  of  this  -oblem  by 
r(x,  t)  and  prove  that  it  is  self -mode ling,  that  is,  that  it  der  nds  only  on 
the  variable  y  -  x/t. 
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Figure  4*40 

Suppose  the  solution  r  -  r(x,  t)  of  Cauchy's  problem  (1),  (32)  is  conti¬ 
nuous  when  t  >  0.  Biis  is  possible  only  in  the  case  when  ^(r")  <§2(r+). 
Let  us  draw  two  characteristics  x  ■  ^(r'Jt  and  x  -  £2(r”)t  through  the 
origin  of  coordinates  (0,  0)  (Figure  4*40).  Obviously,  in  zcnes  I  and  II  the 
solution  is  constant.  We  assume  that  in  some  neighborhood  of  the  line  x  - 
5^(r  )t  in  zone  III  solution  r(x,  t)  is  variable.  But  in  this  neighborhood 
r2(x,  t)  -  r2,  since  §2(r  )  )•  Therefore  the  function  r.  (x,  t)  satis¬ 

fies  in  the  neighborhood  of  the  charactaristic  x  -  5 1 (r”)+  the  following  equa¬ 
tion! 

-7f-+li(rr  ri)~3x'~Q' 

From  equation  (33)  we  conclude  that  near  the  line  x  -  (r  )t  in  zone  III  the 
function  (x,  t)  is  constant  alo-g  the  straight  ?ines  x  -  (^ ,  r2)t  +  oL  . 

Obviously,  these  straight  lines  can  interact  onlj  when  t  :$  0  (Figure  4.41). 
Quite  analogously  we  conclude  that  in  zone  III  in  the  vicinity  o  the  charac¬ 
teristic  x  -  £2(r+)t,  r^x,  t)  -  r!j,  but  r2(x-  t;  is  constant  along  the 
straight  liner  which  can  intersect  each  other  only  whsn  t  ^  0.  Hiub,  r.,  (x,  t) 
is  constant  along  the  straight  line  x  -  ^  (r1 ,  rpt  +oC(r1 ),  0,  but  r2(x,  t 

is  constant  along  the  lines  x  -  £2(r|,  r2^  +  °*  Let  us  8how  that 

oCm  ^  .  0.  If  this  is  not  so,  then  these  two  families  of  straight  lines  inter¬ 
sect  each  other  when  t  >  0.  At  the  point  of  intersection  we  will  have 

r3(x,  f)  =  r;.  rl(xit)=*r+. 

fence  we  obtain  the  result  that  in  the  domain  OABC  (Figure  42)  r(x,  t)  -  cons¬ 
tant,  which  is  possible  only  in  the  case  when  r  «  r+.  In  this  case  the  solu¬ 

tion  is  in  general  constant,  and,  therefore,  self-modeling.  But  if  r~  /  r+, 
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Now  let  us  consider  the  case  of  discontinuous  solutions  r(x,  t)  of  the 
dissent innity  decay  problem.  First  let  us  note  that  it  follows  from  the  stabi¬ 
lity  conditions  for  the  generalized  solution  (3.1.10)  and  (3. 1.11)  that  a  stable 
generalized  solution  that  is  bounded  and  piecewise-continuous  when  t  >0  cannot 
nave  more  than  two  discontinuity  lines  propagating  from  ore  point  in  the  domain 
t  >  0. 


Therefore  it  is  sufficient  to  inspect  cases  when  the  solution  has  one 
and  two  discontinuity  lines  departing  from  the  point  (0,  0)  of  discontinuity  of 
the  initial  values.  Let  us  consider  the  case  of  a  single  discontinr'  ./  line. 
Suppose  the  solution  r(x,  t)  has  a  single  discontinuity  line  OA  with  index 
?  (Figure  4.43).  Obviously,  to  the  r'  ,ht  of  OA  r(x,  t)  ■  r+,  and  to  the  left 
of  tne  characteristic  x  ^  (r  )t  r(x,  t)  ■  r  .  Similarly,  we  conclude  that 
in  the  zone  BOA  r2(x,  t)  -  r 2«  Actually,  from  the  stability  conditions  (3.1.10) 
and  (3.1.11)  it  follows  that  the  characteristics  £2(r(x,  t))  intersect 

simultaneously  the  lines  OB  and  OA  and,  therefore,  r2(x  -  0,  t)j 
r2(x,  t)(0B-  Therefore  r2(x  -  0,  t)  -  r2,  r(x  +  0,  t). 
are  assigned  at  the  line  OA. 


r2  * 


OA 

r  .  (34) 


According  to  our  assumptions  made  about  the  system  of  two  quasilinear 
equations,  the  velocity  D  of  the  discontinuity  line  OA  and  the  value  r^(x  -  0, 
t)  are  uniquely  determined  from  these  data;  here  these  quantities  will  be 
constant: 

-  593  - 


D  =  r+).  rl(x-0.6=^1(r?.  r+).  (35) 

Thus,  the  discontinuity  line  OA  is  a  straight  line.  8ext,  a&  we  did  above  let 
us  establish  that  in  the  zone  BOA  r(x,  t)  »  r(y),  i.e.,  the  solution  of  the 
decay  problem  with  a  single  discontinuity  line  is  self-modeling. 

Finally,  let  us  consider  the  case  when  the  solution  r  «  r(x,  t)  has  two 
discontinuity  lines  OA  and  OB  (Figure  4.44)  from  which  stability  conditions 
(3.1.10)  and  (3.1.11)  are  satisfied.  Omitting  several  details,  we  note  that 
the  integral  curves  of  the  equation  dx/dt  -  2-  1 (r(x,  t))  (36) 

in  the  zone  BOA  intersect  simultaneously  the  lines  OA  and  OB.  In  Figure  4.44 
the  integral  curve  of  equation  (36)  is  the  curve  CE,  here  tc  >  tg.  Similarly, 
the  integral  curve  CD  of  the  equation  dx/dt  -  2(r(x,  t))  (37) 

intersect  simultaneously  the  lines  OB  and  OA,  here  t^  >  tc»  Thun,  we  can  write 

r 2 (D)  =  r j (C),  rt(C)=aR  rl(C),  r~)  (38) 

and 

ri(0  r i(E)>  ri(E)  —  Ri(ri(E)<  r+)‘  (39) 

where  by  r(D)  and  r(E)  we  denote  values  of  the  solution  in  zone  III  at  the 
corresponding  points.  Inserting  (39)  into  (38),  we  find 

/j (fi) “ (r j (^)>  /  +)‘  r  )*  (40) 


1  B  *  .  ” 
’  *\ 


Figure  4.43 

Similarly,  we  could  obtain 


Figure  4»44 


[r i  (o)” Ri  ($i  ($t  (hi  (r  >  (&)•  ^"+)>  r~)»  r+)» 


Extending  this  process  and  comparing  it  with  the  process  of  successive  approxi¬ 
mations  (30)t  we  conclude  that  rg(D)  -  r2»  In  view  of  the  arbitrariness  of 
point  D,  we  conclude  that  the  quantity  r2(x  -  0,  t)  is  constant  at  the  line  OA 
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and  equal  to  r2j  similarly,  r.j(x  +  0f  t)  at  the  line  OB  is  equal  to  r^.  2ma, 
the  solution  r(x,  t)  is  constant  in  the  zone  BOA,  and  the  lines  OA  and  03  are 
straight  lines,  ftiis  then  signifies  the  self -modeling  status  of  the  solution 
r(x,  t)  m  r(y)  containing  two  discontinuity  lines. 

Hie  proof  that  the  solution  of  the  decay  problem  is  self -node ling  together 
with  the  uniqueness  of  the  self-oodeling  solution  of  the  decay  problem  allow  us 
to  assert  that  the  solution  of  Cauchy's  problem  on  the  decay  of  arbitrary  dis¬ 
continuity  is  unique  and  self-modeling. 

6.  The  Goursat  problem  for  a  system  of  two  quasilinear  equations.  How 
for  a  system  of  two  quasilinear  equations 

TT  +  S *(r.  =  x,0  (ft=l.  2)  (1) 


we  will  consider  several  more  general  problem  than  the  discontinuity  decay 
problem.  Suppose  §  f ^  <£=.  and 


£,(/■.  x.  f)<h(r<  x.  0. 


(',  x,  f) 
<5r* 


>0  (A  =  1 .  2).  (2) 


Suppose  the  curve whose  equation  we  will  write  in  the  form  x  «  x2(t),  is 
a  characteristic  of  system  (l).  Differentiable  functions  r°(x,  t)  and  r°(x,  t) 
are  known  at  the  curve  The  curve  Oi£  2  ^aa  a  continuous  taigent  and 

is  the  integral  curve  of  the  equation  dx/dt  -  £2(r°(x,  t),  x,  t), 
and  the  function  r°(x,  t)  satisfies  at  OJ^2  compactibility  condition 

0 =/2('°(*2(0.  O'  *•  0- 

We  will  seek  in  some  domain  ££ 2  4>j£2  (Figure  4*45)  the  solution  r(x,  t) 
of  system  (l )  satisfying  the  conditions: 

First.  The  solution  r(x,  t)  takes  on  the  given  values  r°(x,  t)  at  the 
line  0&21  r(*»  t)!^  -  r°(x,  t)|^  (?) 

Second.  The  function  r2(x,  t)  has  a  singularity  at  the  point  (0,  0)  of 
the  type  of  the  self-modeling  rarefaction  wave.  Analytically,  this  condition 
reaches  thusly: 

llm  /■_ (0,  (/»  (0.  0),  p,  0,  0).  t)  =  p.  (4)  ! 

t-¥0  '  ' 

and  parameter  takes  on  values  from  a  certain  interval 
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From  conditio*  (4)  it  follow*  that  the  function  r^r,  0 


max  bare  at 


the  point  (0,  0}  a  singularity  of  the  fora 


: ' 


We  will  seek  a  solution  of  the  problea  (*),  (3)»  (4)  far  such  that  the  function 
r^Cz,  t)  can  be  represented  in  the  fora  (5);  here  ggty,  t)  has  continuous  first 
derivatives  in  y  and  in  t-  We  will  seek  the  solution  of  tie  problem  formulated 
by  the  retbod  of  successive  apprczinations  differing  froa  that  enploying  in 
Chapter  Cue  due  to  the  singularity  of  the  solution  r^Cz,  t). 


Here  we  must  note  that  the  boundedness  of  also  successive  approzimations 
can  be  insured  if  we  consider  only  a  sufficiently  small  strip  0  t  T  of 
the  ’triable  t. 

We  assume  that  the  approzimation^r1  \z,  t)  satisfying  conditions  (3), 

(4)  is  known  in  the  zone 

Let  us  define ^r^(z,  t).  as  the  solution  of  the  single  quasilinear  equation 


<*)  (*-«) 


r3  ( x •  *)>  x<  ri  (■*•  0*  0*  (®)>\ 


satisfying  condition  (3),  i.e., 


(*) 


rt(* 2(0.  *0  =  ri  (^2  (0.  O' 


(7) 


-  596  - 


fcis  Sdcigr' s  proxies  is  s  renal  prccie*,  rime  ms  Hat  OJ^  -*  * 

characteristic  of  the  sec  col  faxHj. 

Sa  fuzicti qc  “r^ { x,  t)  is  also  defined  as  tie  solstice  of  tie  airgle  g..a.5i~ 


linear  ©quatieo 


/f  **-a  '  m  /?  («-5  «  ' 

rt-  x*  5 "jf  =/i C  r»  (*»  0-  r>  ■*■  *>»  ®, 


itirfyirg  coni  It  ice  (4)1 


MJp* 

SA 


0>  M.  <)—> 


Me  will  seek  tie  solution  of  the  two  problems  in  tie  does  in  G  foraed  by 
tie  intersection  of  the  dcaein  0^2  tic  strip  t^.  Me  deier- 

Bine  the  faloe  of  t  below  free  the  condition  that  all  successive  approximations 
and  ^,(7,  t)  *^(yt,  t)  hare  at  G  bounded  first  derivatives  of^r'  in  x  and 
in  t,  «rd  branded  first  derivatives  of  ^g^(y,  t)  in  y  and  in  t. 

Cauchy's  oro'olea  (6),  (7)  is  solved  by  the  ordinary  netbod  of  character* 
istics.  As  for  the  probles  (8),  (4)  here  we  have  a  problex  with  a  singularity 
at  the  point  (0,  0).  Ve  denote  by  x  »^(t,  |5)  the  equation  of  a  characteristic 
along  which  as  t  — •*  0  the  function^  (x,  t)  takes  on  the  value  of  Obviously, 

^(0,  ^).0'aan r 1  lim  »•/)=*=► 

f-H 

fox  brevity,  let  us  denote 

W  e)  '  w 

r2(Xj(#,  P),  f)  fj{t,  J). 

(n )  (n) 

The  quantities  ^(t,  and'x£(t,^$)  satisfy  the  characteristic  system  of  equa¬ 

tion  (8)t 


(«-J>  (»)  (*)  (*) 

!  It  (  r%  (Jc2.  f;,  r2,  x2,  0. 


(»-i)  c») 


(«)  («) 


-2T“=/j(  '1  (**.  0.  r2,  x2.  0 
and  satisfy  the  initial  conditions  * 


x2(0,  (5)  =  0.  r2(0,  p)  =  p. 


i 
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**•  will  Ksszmt  rust  t.  Is  wffidatlj  snail  shat  all  suruessive  i^rcri«tl^a« 
*7*  asi^r^  remain  accrdtd  la  £x 


|r,tx.  /=L2L  *  =  1.2.... 

1st  ss  shew  that  far  scfficiestly  stall  t_  derivatives  ef  the  fnrsotioas  “rf  sin 
gly (y,  t)  remain  bodsiei  far  all  a  •  '< ,  2,  ... 


let  cs  denote  tgr  27  tie  ssarrti'Qr  that  modal guise  exceeds  tie  first  deri¬ 


vatives  of  r°{i,  t)s 


similarly 


mm*  - 

i 

i  ar  c*.  t)i 

sad  let  as  aaxe  the  estiaate  j — 777  /.  ?b  do  this,  let  as  differentiate 

tics  (6)  relative  to  the  variable  x.  *e  obtain  tie  equation 


equa- 


a-lj 


i  *  &  P,  —  4/  j  ,  \ifx  d£,  1  3  tt  1  1 

“2T  + ST - -ir<fV+Pi  [1^7  ~~~22  \ + 

.  rv>  .»/.*£•  n  *  „„ 

+  hEF+^7~37_7j’  Pi—?r—  (,,) 


Let  us  compute  the  initial  value  oi  the  derivative  vp^  at  the  line  0a^2' 
this,  let  us  determine  p|  from  two  conditions:  Equation  (6) 


and  the  differential  consequence  (7) 


«  (*) 
9i+hPi=fv 


(*)  dxj  W  dr?  dx*  ,  drf 
/»! -5T+ ^  =  -3T-5"+-3T- 

Since  dig/dt  «  from  these  two  conditions  we  find 


<*) 


Pi  I  or. 


dr?  dr? 

■37^  +  -^-/, 


h-h 


'or. 


Since  ^  >•  0,  it  follows  that  there  exists  the  number  C  such  that 

\pi\L<c 

The  increase  in  the  quant ity^pj  is  estimated  by  using  the  solution  of  the 
ordinary  differential  equation 
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M 


^.=ii#?+ii[i+4-]>1+ji[i+4-]< 


i 


02) j 


which  taxes  ca  the  raise  C  when  t  -  t- 


Rjr  X.  ve  denote  tbe  value  of  the  variable  t  at  the  characteristic  of  equa¬ 
tion  (ll)  where  it  intersects  with  the  line  (figure  4*45);  the  raise  of  M 
is  selected  so  that  where  j  r^|_^  2  «nc  ^i,  t )  G  tht  following  inequalities 

are  satiafiedi 


itir<*  ')/.}<"■  'folk*  J&N*. I^f<:^ 
'  |£1<*  r  *  /= h 

Tbe  solution  of  the  equation,. 


*EL=M(jl+Yf4l£p-^X) 


:;  4--  a  . 

*  ' 

-  * 


exceeds  the  solution  of  equation  (12).  Rewriting  (13)  in  the  fora 


„c*-o 


•'  _(•-» 

St 


Let  us  integrate  it  with  reference  to  the  condition  p.,(-c)  -  C* 


Pi  -f- 1  = 


<‘+»(v) 


«-l> 

*  e. 


jipr 


04) 


.  (c+i)tAf  r (t\M  *  +I_,i  ' 

iW+illtj  '  J 


.  (n) 

-a  nr  'r> ' 


And  thus,  the  solution^' (x,  t)  of  equation  (11 )  is  estimated  from  above: 
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(15) 


OK 


i«-s 

«c+,,(4)' 6 

**—  yi 

(C+l)rJf  {7*>*  ** 

iM-U 

ME,  +1 


P* 


3be  ratio  t/r  appearing  in  (l 5)  is  the  ratio  cl  the  variable  t  at  the  charac¬ 
teristic  of  equation  (ll)to  the  value  of  this  saae  variable  at  the  point  of 
intersection  of  the  characteristic  vith  the  line  0^2  (^^trre  4-45)-  If  in 
the  dooain  C  the  ratio  t/r  is  bounded,  then  for  sufficiently  snail  t_  the 
boundedness  of  the  derivatives  of^  follows  free  estinate  (15). 

It  is  easier  to  astisate  that  value  of  the  derivative  by 

starting  froa  the  characteristic  ays tee  (9).  Differentiating  equations  (9)  and 
initial  conditions  (10)  relative  to  parameter  £  ,  we  get 


±9 

tff  ! 


is)  («  — 1> 

«:;,[*  dr, 


dr,  r*  '  [dr,  dx  '  Jx  \r 

d  ^  d/,f,  rd/,  dV,”  ,  d/,-|« 
"S' 't  =  7?T  rJ +  ISF" ~W  +  "STJ  **• 


(*> 


1*5 


y2(0.  P)  =  0,  r'(0.  «=1. 


(!f) 


where  we  introduce  the  notation 


(•)  ,  <*1 
0  —  . 


From  equation  (16)  it  follows  that 

'w  r  *  <2 

M=  I  P)exP 


r^>  4  r, 

4.5*1 

[  dr,  dx 

^  dx  J 

dx. 


W  ’ 

Tj(*.  P)  =  exp 

lift-] 

+ 

1 

<*— 1» 

■  +/[ 

d/»  d  r , 

4.4A.1 

dr,  dx 

'  5x\ 

it*) 

P)exp 


dx. 


17) 
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Ordinary  estimates  of  fcroolas  (17)  lead  to  tbe  inequalities 


***/*«■  t)<M>  zux  %x. 

'  '  i<t<l 


3ea«  £  dencxes  tbe  quantity 


(18) 


**=  Eli 

1>{C 


x,  fy. 


wMcfc,  according  to  (2),  ±3  larger  than  zero. 


Inserting  estimates  (l 8)  into  second  formula  (l?),  we  get 


Suppose  t  is  sufficiently  snail  that 


_ —  (*-V  w 

M*-  »«P{(£,  +2)  Mi]  <7fr  »< 

,,  .MV  — ,  w-u 

+  I  £i  +  ^(t .  P)exp  [(£,  (19) 


*t*4  <*-*'  (*-D  , 

-J- 1  £,  +  1]  erp  {(  £,  +  2) <  1. 


(20) 


Ihen  from  (19)  follow  simpler  estimates 


w 


±e-*><r'2(t,  P)  < 

Inserting  estimates  (21 )  into  (18),  we  get 

2  («-d  (*)  . 


(21) 


(22) 


Since 


<*>  ,<«> 
6?i  .  fr-i 

Ty'  =  t~57 


then  from  (21)  and  (22)  we  have 


(«> 

dgi  (y.  t) 

3y 


(«) 

dr.. 


and  r* 


!«) 

^(<.  P) 


dx 


<«>, 

-*j«.  P) 


2/*f* 
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,  <*-J> 

_  3  J  *«  +**» 
—  Tr 


(23) 


2*  deriTsiiTes  a  and  2Vg^/2»  t  can  be  aiiilarlj  estimated.  i**™*.^ 

that  in  the  domain  G  tie  ratio  t/r  is  bounded:  t/t  <  kj 

frtra  (15)  ve  get 


!*(*■  Oj < 


JC+IJJC' 


Si* 


,.£±£2*  ^ 

*£>+  J 


S^jpose  that  in  domain  G  tie  inecuality 

.jfidigSS 

*V 


+  1 


<T* 


is  satisfied,  then  fro*.  (24)  ve  hare 


I Pi(*.  0!<2(C-fl)K*V. 


If,  further,  £(l^ )+  5  ]  3^  <  ^ 

then  free  (23)  we  get 

i£ 


(24) 


(25) 


(26) 


(27) 


and,  according  to  (26),  |(^(x,  t)j<2(C  +  1  E  . 

'thus,  if  i„  the  domain  G  the  following  inequalities  are  ainulatane^  satis 
fied: 


(28) 

(29) 


4<*. 


+  1]  eW+*l*4  <  , 

[/f*?,  -t-i—  i]  (C  +  l)^  1 

•  1  1  ^IE,  +1  <1* 

(£1  +  3)/M/0<a. 

then  the  inequalities  (20),  (25),  (27),  and,  therefore, 

<*-*)  „  c-D  ; 


(30), 

(3!) 

(32) 

(33) 


J 
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,49Y*r.'n&!*v 


are  simultaneously  satisfied.  So  assuring  that  cooditicea  (y>)  -  (33)  are  satis¬ 
fied  in  G,  we  bare 


and  all  successive  approximations  of 


1%S|<W  *> 


(a)  „,(» 


^(jt  t) 


have  bounded  first  deriva- 


Let  us  consider  the  problem  of  vbether  inequalities  (30)  -  (33)  can  be 
satisfied  in  dosain  G.  Let  us  assign  arbitrary  end  values  JL  >  0  and  K  >1. 

■ext  we  calculate  the  quantities  E1  and  by  faraulas  (29)  and  (28).  Inequa¬ 
lities  (31)  -  (33)  can  obviously  be  satisfied  if  we  choose  parameter  t  suffi- 

o 

ciently  snail.  Is  for  inequality  (30),  it  bounds  frou  beneath  the  domain  of 
£  values.  Thus,  in  view  of  the  arbitrary  choice  of  X  >1  we  can  assure  inequa¬ 
lity  (30)  to  be  satisfied  in  dosain  G.  Thus  there  exists  a  domain  u  of  the  type 
indicated  in  Figure  d.45  in  which  all  successive  approximations  are^r|(x,  t) 
and^^(f»  *)  have  bounded  first  derivatives. 

Sote  that  in  the  case  of  Idpecbitz-continucus  initial  data  of  Goursat's 
problem,  the  uniform  Lipscbitz-continuity  of  successive  approximations  is  simi¬ 
larly  proven. 


From  equations 


Let  us  prove  the  convergence  of  successive  approximations. 
(6)  we  have  the  consequence 


it*  j ..  v  -  --  l»-h  (»-D  {«-*> 

rt  J+m«|  r,  -  r,  |}.  (35) 

Referring  to  condition  (7),  it  follows  that  there  exists  a  B^>  0  such  that 
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•*  —  m-n  *-n  «■-* ,  ^ 

lr,(x,  0-  rx  { x.  0|<S(/-*)»u|  '*  —  rJ  l< 


(»-D  {»-8 

<2#max|  r2  —  rt  |.  (56)  : 

O  A 


¥e  can  sore  re  sail'  estimate  the  quantity  -^r^1  ^  j  by  starting  from  the  charac¬ 
teristic  system  (9).  Frc*  equations  (9)  and  initial  conditions  (10)  it  follows 
that 


»  (■-!>  i«-» 

»—  *i(‘-  '1  ~  't  I*. 

7«-d  («-j» 

j r,(f.  p)  —  r,  (/.  p)|<«ra«x|  r,  —  r,  J. 


According  to  our  notation 


.  „  (*— fl  («}  (a)  fa _ i)  -  /.)  r 

|/-,(JC,  0—  r,(r.  f)\  =  \r3(x2(t.  p),  Q—  r2  (x2(t,  P).  Q|< 

(a-l)  («-I) 

p),  0—  r2  (  xs  (f.  p).  o|  + 

(*-«  (*-!)  <«-I)  («» •  -  x«-i) 

+  1  '2  (  *2  (*■  P).  0  —  r.  (  *2  (0  p),  0|<|ra(/.  P)—  r2  (t,  P)|+  j 

£,  :»)  (a— I) 

+  P>—  *2  (*.  P)|. 


Here  inserting  estimates  (37 }»  we  get 

i(?  /  «  <*_I>  (a-I)  ■  («-2> 

K2(*.  0—  r2  (jf,  01  <  5 max |  r,  —  r,  |{f  +  E2j. 


(38) 


Estimates  (36)  and  (38)  prove  the  uniform  convergence  of  successive  approxima¬ 
tions  in  domain  G  for  a  sufficiently  small  tQ. 

Blue,  we  have  proven  the  existence  of  a  solution  of  the  formulated  Gour- 
sat's  problem  for  a  system  of  two  ouasilinear  equations.  It  ia  interesting  to 
note  that  in  the  case  n  ^*3  not  only  is  the  question  of  the  assistance  of  the 
solution  unclear,  but  even  the  very  formulation  of  Goursat's  problem. 

7.  Construction  of  discontinuous  solutions  of  a  system  of  two  quasilinear 
equations.  Now  we  .take  up  several  cases  of  construction  of  discontinuous  solu¬ 
tions  of  a  system  of  two  quasilinear  equations,  which  we  will  write  in  invariants* 
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and  also  in  the  form  of  the  laws  of  conservation*  ...  .  ..  '»  if /•'  A ’&'<■ 

I  w  ?s*r r f«  <*  #,$<  01-  ’•/ !  <*)  1 

uft-v  .  •.  4  •  •  ji 

We  will  assume  that  system  of  equation  (2)  satisfies  requirements  (3*5.4)  “ 
(3.5.12),  with  the  only  difference  that  now  the  functions  Eg,  D^,  and 

Dg  appearing  in  these  conditions,  except  for  the  arguments  indicated  in  sub¬ 
section  5*  also  depend  on  x  and  t. 

We  will  seek  the  generalized  solution  r  -  r(x,  t)  of  system  of  equations 
(1)  taking  on  the  initial  values  r(x,  0)  ■  rQ(x).  (5) 

We  will  assume  that  rQ(x)  has  a  first-order  discontinuity  at  point  x  -  Oj  with 
the  exception  of  this  point,  the  function  rQ(x)  at  the  segment  (x|^a  is 
assumed  to  be  continuously  differentiable. 

For  the  case  when  r°(-0)^  r°(+0),  rg(-0)^  r°(-K)), 

the  solution  r(x,  t)  will  contain  only  centered  rarefaction  waves  and  will  not 
have  discontinuity  lines  (shock  waves).  The  solution  can  be  constructed  in  this 
case  by  using  the  solution  of  two  Goursat's  problems  considered  in  the  previous 
subsection.  Therefore  here  we  will  deal  with  the  case  of  discontinuous  solutions 
and  require  of  the  initial  function  rQ(x)  that  r°(-0)>-  r°(+0).  (4) 

Just  as  for  the  case  of  the  problem  of  the  decay  of  arbitrary  discontinuity  consi¬ 
dered  in  subsection  3,  problem  (1 ),  (3)  given  condition  (4)  is  decomposed  into 
three  mutually  exclusive  cases* 

a)  '?(+0)<>?(-0).  /?a(rJ(+0),  /?(— 0).*r®(-0).  0.  0)< 

<r\{+0y,  (5); 

b'  *$(+0)  </#-.<)). "*1  ('*<-&  >?(+b).  r$(+0).  0.  0)>. 

!  ^  >/•?(- 0);  «$) 

c)  /  *,(/?(+<».  r^-0),  r*(-0),  0.  0)  >  r|(-|~0).  'T  ' 

f  ^,(^(”0).  r?(+0).  r§(-J-0>!  0,  6)<r*(— 0J.  }  {7) 
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When  (5)  is  satisfied,  solution  r(x,  t)  of  problem  (l),  (3)  has  the  dis¬ 
continuity  line  OiCf.  with  index  1,  issuing  from  the  point  (0,  0)  and  the 
rarefaction  wave  oC  2  (^■^ure  4*46,  a)j  when  (6)  is  satisfied,  rare¬ 

faction  wave  c >t  1  and  discontinuity  line  0££ ^  with  index  2  issue  from 
point  (0,  0)  (Figure  4*46,  b).  Finally,  when  inequllitiea  (7)  are  satisfied, 
two  discontinuity  lines  0&£  D  with  index  1  and  with  index  2  issue  from 

point  (0,  0)  (Figure  4*46,  c).1 


Figure  4*46 


The  construction  of  solution  r(x,  t)  is  different  in  each  of  these  caseB, 
however  cases  a)  and  b)  differ  from  each  other  only  by  the  indexes  of  the 
discontinuity  lines  and  the  rarefaction  waves.  Therefore  it  is  sufficient  that 
we  consider  the  question  of  whether  the  solution  has  been  constructed  either 
when  inequality  (5)  or  inequality  (7)  has  been  met. 

Let  us  outline  the  method  of  constructing  the  solution  r(x,  t)  in  each 
of  the  two  cases. 

The  common  ground  for  these  two  cases  is  the  solution  of  Cauchy's  problem 
for  equation  (l )  with  the  initial  conditions 

r(x,  0)  -  rQ(x),  -a^  1  <  0, 

assigned  only  to  the  left  of  the  point  x  ■  0,  and  with  initial  conditions 

r(x,  0)  -  rQ(x),  0  <  x  ^  a, 

assigned  only  to  the  right  of  the  point  x  -  0, 

The  solution  of  each  of  these  two  Cauchy's  problems  is  continuously  dif¬ 
ferentiable  and  can  be  defined  in  the  domain  of  definition  of  each  of  these 
problems  by  the  method  of  characteristics  outlined  in  Chapter  One.  The  solu¬ 
tion  of  the  first  problem  is  defined  here  in  douiain  I  bounded  on  the  right  by 
a  characteristic  of  the  first  family  Oo^i  the  solution  of  the  second  problem 

is  in  domain  II,  bounded  from  the  left  by  a  characteristic  of  the  second  family, 
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which  we  denote  by  4.47 ).  Note  that  in  some  cases  domains  I  and 

II  can  overlap  each  other,  i.e.,  the  line  O0C2  can  lie  to  the  left  of  the  line 
O  ££  1 ,  however  for  our  further  consideration  this  is  not  of  key  importance. 
Solutions  of  the  two  problems  in  the  domains  I  and  II  will  be  further  denoted 
by  rQ(x,  t).  According  to  the  results  in  Chapter  0n6,  rQ(x,  t)  has  bounded 
first  derivatives  in  the  variables  x  and  t;  we  will  assume  that  these  derivatives 
are  bounded  modulcwise  by  the  number  C  _>  0. 


Figure  4.47 


Figure  4.48 


In  the  case  when  conditions  (5)  are  satisfied,  the  construction  of  the 
solution  begins  with  the  solution  of  Goursat’s  problem  for  system  of  equations 
(1 )  with  the  conditions  assigned  at  the  characteristic  Od^1 

ri(x-  01 o*+  =  ri(*’  l)- 

and  at  the  point  (0,  0)i 

KS'^WC+O)’  p,  0.  0),  <)=P, 

where 

W+O).  r°(~ 0),  r$( — 0),  0,  0)<p<r®(+0). 

The  solution  of  this  problem  is  constructed  by  the  method  outlined  in 
subsection  6.  Suppose  that  when  0  ^  t  <.  T  the  solution  of  this  problem  is 
constructed  in  the  zone  Od^  4 •48).  According  to  subsection  6, 

the  solution  r(x,  t)  of  this  Goursat's  problem  is  a  smooth  function  and,  in 
particular,  is  differentiable  along  the  characteristic  Od£ 2'  solution 

r(x,  t)  in  the  zone  ^2^0^  2  a^eo  <*en°te<l  ^y  rQ(x* 

Further  constructions  are  aimed  at  defining  the  functions  r^ (x,  t)  and 
r2(x,  t)  satisfying  the  following  conditions: 

1)  and  r2  are  defined  in  the  zone  containing  the  zone 

dC\  and  satisfy  system  of  equations  (l )  in  the  zone  &£,\od£~  • 
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2)  Integral  curve  Oo£,s  of  the  equation 

JJ1 


(jf«  0»  r0(x.  f),  x,  ' 


passing  through  the  point  (0,  0)i  x(0)  -  0, 


(8) 

(9) 


lies  entirely  within  the  zone  ^  OJ£  1  when  0  ^  t  ^  T. 


3)  The  condition  ^  (x,  t)]  -  r°(x,  t) 


is  satisfied  at  the  line  0 o£2  and  the  condition 


rt(x.  /)|0,_  **Rj(r',(x.  t).  r0(x.  f).  x.  Q- 


o, 


(10) 

(11) 


is  satisfied  at  the  line  Oc£ 


V 


We  can  easily  note  that  if  such  functions  r^  and  r2  and  the  line 


are  found,  the  generalized  solution  is  given  by  the  formulas 

,  r(x,  t)  in  the  zone  <?£  Oc^0, 

p(*._t)  =  /  \ 

\  rQ(x,  t)  outside  the  zone  ^  O^C  2* 


(12) 


Actually,  formula  (12)  defines  a  function  that  iB  discontinuous  at  the  line 


Oj£-n  i  and  which  everywhere,  except  for  the  discontinuity  line,  satisfies  sys- 
tem  of  equations  (l).  Solution  r(x,  t)  satisfies  Hugoniot's  conditions  and  stabi¬ 


lity  conditions  at  the  discontinuity  line  0  • 


'1 


Thus,  the  problem  has  been  reduced  to  constructing  the  functions  r1  and 
^  satisfying  requirements  (l),  (2),  and  (3)  formulated  above.  We  now  indicate 
the  method  of  successive  approximations  by  means  of  which  these  functions  can 
be  constructed. 


(o) 


Let  us  define  the  function'r^(x,  t)  to  the  left  of  the  line  We 


will  assume  that  ^<x,  t) 


does  not  depend  on  x  an^^hat  at  the  line  0<^C  2  it 
takes  on  the  same  values  as  does  r2(x,  t).  Thus,  'rgta  t)  is  defined  to  the 
left  of  O^C  2  and  i8  given  by  the  formula 


where  x  ■  x(t)  is  the  equation  of  the  line 

0) 

Next,  let  us  determine  ^(x,  t)  as  the  solution  of  the  equation 
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. : _ _ -  , .  ;.  _ *.^ -  -  -  •' 

satisfying  the  condition  r\  '  at  the  line  The  solu- 

(i)  -  ^ u )  + 

is  uniquely  defined  in  the  zone  ^  1  0<£  g  (^gure  4.49) »  where 

OaC  \  is  the  characteristic  of  equation  (l 3 )  passing  throu^i  the  point  (0,  0). 

According  to  our  conditions,  r°(-fO)  <  r°(-0)  therefore  for  suffic^ijtly  small 

T  the  inequality  ^(x,  />  will  be  satisfied  in  the  zone  -]• 

Prom  condition  (3.5.11)  it  follows  that 


f  ‘  .  - T~,~  *  ■  -  -  -  -v-  .  *  ■  •„  1 

:  $  »-  ..  •  v  •  •  .  .  » 

u,(^(0.  0).rt(0,  0).  0.0)=  l 

\  *  l,(^(+0).  /?J(r?(+0).  rQ( —  0),  0.  0);  0.  0)  < 

<&,('?(-0},  r0(-0).O.  0>  (!4) 

In  inequality  (14)  the  slope  of  the  line  j  at  the  point  (O,  0)  appears  in 
the  left  side,  and  in  the  right  side  —  the  slope  of  the  characteristic  0<£~ 
at  the  point  (0,  O).  Therefore  when  this  inequality  is  satisfied  it  follows 
that  for  sufficiently  small  T  the  curve  oQ?  j  lies  to  the  left  of  as 

is  shown  in  Figure  4.49. 


Figure  4-49 

Now  let  us  consider  in  the  zone  ^  *  o<£  the  ordinary  differential 
equation 

di  n  ® 

-5r  =  D,(r,(x>  f),  r0(x,  x,  l),  (is) 
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for  which^  ingpose  initial  condition  x(0)  ■  0.  So  ting  that  for  sufficiently 
snail  T,  ^ (x,  t)  is  a  differentiable  function  of  its  variables,  we  conclude 
that  the  right  side  of  equation  (15)  is  also  a  differentiable  function  of  its 

variables.  At  the  point  (0,  0),  froa  conditions  (3*5.11)  it  follows  that 
id  (■»  in  '  ~  ‘ 

h  <r,  (0, 0).  r  (0. 0).  0. 0)  <  0,  (?,  (0. 0),  r0  (0. 0),  0. 0)  < J,(r0  (0. 0),  0. 0). 

Hence,  from  the  continuity  of  these  functions  ve  conclude  that  for  sufficiently 
small  T  the  inequality 

© 


Di(^(x.  0.  rt(x.  0>  x.  /)<£, (rg(x.  f),  x,  f).  (16) 


OK 


is  satisfied  at  the  line  Odu-t  and  the  inequality 

)  h>  w  g) 

'  ^i(ri  ( x •  0.  r2(x.  01  x.  0  <£>1(r,x.  0.  rQ(x.  f).  x.  f).  (17) 

—  at  the  line  qQ) 

Inequalities  (16)  and  (17)  signify  that  at  the  lines  O*? ^  ana  * 

field  of  directions  for  differential  equation  (15)  is  of  the  form  she  in 
Figure  4*50.  We  conclude  that  the  integral  curve  of  equation  (15)  passing 
through  the  point  (0,  0)  exists,  and  that  it  is  unique.  We  denote  this  curve 
by  $  ^  ^  .  Obviously,  the  curve  is  a  smooth  curve,  and  also  dif¬ 

ferentiable! 


Figure  4*50 

(V) 


(1) 


After  determining  the  curve  j)  »  us  define  the  function  t) 

in  the  zone  ^  *  O &£  2  88  *ke  solution  of  equation 


(i) 

dr. 


(l) 


(1) 


O) 

dr. 


Cl> 


0) 


-§f-+trAri(.x-0.  r2.  X,  0-^-=/i(/'i(x.  0.  r2,  x,  t) 


(18) 
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(1) 

(in  which  r^(x,  t)  is  a  kncwn  function)  satisfying  the  initial  coalition 


imposed  on  the  curve 


(1) 


e>  .  ,  ~  j 

rt(x.  =  A}(r1(x.  f).  r9(x.  0-  x.fy 


Ibis  problem  obviously  has  the  solution 'r^C1*  *)  uniquely  defined  over 
the  entire  zone  1  Qdd p  an^  differentiable  in  this  zone  far  sufficiently 

snail  T;  here  the  values  of  the  solution  in  the  zone  continuously 


adjoin  the  values  of  the  function  r^Cx,  t)  at  the  line  Odd 2- 

(■ 

To 


the  left  of  the  line  q ^  *  we  assume  that  the  function  r^x,  t)  is 
independent  of  the  variable  x  and  that  it  takes  on  the  same  values  as  it  does  at 
the  line  Then  the  process  of  successive  approximations  is  repeated. 

C®“1 ) 

Suppose  we  know  the  Lipschitz -continuous  function^ "  '(x,  t)  to  the  left 
of  0<Zt f2<  Let  us  define  ^(x,  t)  in  the  zone  ^  *  Odd 2  88  bhe  solution  of 
the  problem 


$' 

<j t  "T'  (rl-  r3  (x.  0-  X.  0  = 

w  e-i) 

~f\('v  '3  (x.  0.  x.  0. 

<«)  ’  ' 

?,(x.  «IM.-/}(X.  0. 


(19) 


m 


cf  the  equation 


dx 


<«) 


~tT  =  Di  (ri  (x.  0.  rc(x.  0.  X.  0-  x  (0)  =  0. 


(21) 
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exists  in  the  xone  (figure  <.51 ).  &en  the  functian'r^x,  t) 

define!  in  the  none  as  the  solution  of  the  problen 


rs  p  M  E  Q 

Ec (r; (-*-  0*  r>  ■*•  0 =  /i (f  1  (■*■  0-  ^1-  x-  0-  (22) 

M  K 

=  RiCri(x-  0.  f*(x.  <V x-  0  (23) 


and  it  is  assuaed  to  be  independent  of  x  to  the  left  of  £  \j?  *  and  cartimccs 
(n)  ♦ 

at  the  line  Q  ^  . 


To  prove  the  convergence  of  successive  appraxinati-ns,  let  us  estimate, 

(f  jg} 

just  as  in  subsection  6,  the  derivatives  &  a-.  ~J  ,C 


Suppoee 


|r,(x.  /)i<«  (1=1.  2).  *=1.2....^ 

4-0  4»— XJ  (f  , 

P,  (x-  2)  <  E,.  ]p-A0r-  <C- 


and  the  quantity  X  has  the  sane  significance  as  in  subsection  6. 

Fro®  equation  (19)  ve  derive  an  equation  analogous  to  (5-6. 11): 


#  0  i 

b^r 

ix  dr,  dx  j 

Similarly  as  vith  (12),  ve  have  an  equation  for  the  nsjcrart  of  p. : 

*  *p*+  X  [£,*+  *]  P, +  ■ *  [£, ■ +  1  ]  <  M {Es+  1  )(P,  ~  if- 

dsing  similar  operations  as  in  subsection  6,  froa  this  it  readily  fr.ilcvs  tost 


u*  £-j-i 

I  Pj  (x-  ^ 

l-(C-H)  *(  £j 


T< - -t - 

£,  t 2) 


thes  vbes  0  ^  f  ^  t 


\jr,(x-  Ci<2(C-f  i). 


Let  as  also  siniiarly  write  cct  the  eooaticn  fcrhii:  the 

r'  *  2 

calcalfttes  at  the  lire  cccditice  (25) : 


Lsitial  vaime  (x,t) 


£*l_, 

**  tc  ex  u 

**<*•«— ** - - 

Is  l'*  *.  -0 —  O.  (r*  r,  0 


Sere  ve  ocaote  — ±  srd  ^ ,  cccciseiy,  Ire-  ocrrespcadir^  derlrmtlTe*  cf  tie 

ri^st  bal f  cf  (25).  Isccrdtsg  t-o  coafitiasa  (5-5.12) 


Se<>,.  rl-  -*•  0  — 0,(r j.  7.  x.  t)>i>0. 


therefore  for  saffioiestly  small  IT  toe  ieooxisatcr  is  formula  (26)  will  not  tecc 

tc  zero,  ani  is  Tie*  of  (25)  we  -as  sssrom?  that  the  ooostssb*  L  ash  £  exist 

/  ^ 

snch  that  at  the  line  £/«<f  -  of,  x,  t)  <  X  ■*  £  -  2^.  Jest  as  is  the 

precehisr,  we  ret  the  resoit  that 


2(0*-j-  ij  J£  (£  —  i) 
!/>(*•  Q  <2Dr 


Sow  selecvis* 


~  =  ESI  *  , 


r*?m }  ■  ~ '  , 


we  esters  toe  sess^-: 


tsat  -woes  2  <  •.  <  f.  estroeses  ,2;/  esc  k2z-  are  simol- 


;ly  satisfies  for  as?  s  =*  2.  — ,  i.e.,  ell  siruesscTe  spyrexim tiers 


rare  rots 


.rs*  iersTstires. 


:f  r(x.  -) 


jf:  ts  rrooee: 


toe  trsverresoe  ri  ssroessna  a oss tx : .me. n.cs 


~-nssr  tset  toe  raise  tf  ?  is  ft  "res  by  frrmtie  i- 


selects  toe  r  cannot  oart  :f  toe  renuaios 


_  woes  s 


. e c  _s  to_ot  it  ty  the  sensitise  1  ^  t  i  ?.  voere  T*  ts  srf fsriestly  stte.ll 


te  sonnies  oast  r.  sennast! 


•J  .  al'.ers  oss  tains  t - it  a__ 

=-~  £ 


lines 


vnere  a 


(a>+ 


1,  2,  ...  Since  the  inclination  cf  the  line  O ^ 
at  the  ooint  (0,  0)  does  act  deoerd  on  the  number  a,  and  the  quantities 
<?>  bore  unifcmij  bounded  derivatives,  then  this  can  aivsy<  be  dene . 

Let  us  denote  tj  G  this  oamntcn  part  of  the  domains  <>£ 

dune  the  foilovir£  notation: 


and  intro— 


=  T)-  7,  d.  tyfj 

vbere  G^  is  the  intersection  cf  the  domain  G  vita  the  strip  0  <  X.  ^  t. 


Sere  ve  denote  ot  x  -  ii  t ,  the  eruation  cf  the  line  c  -  •  Iran.  ('9)  and 

2.  *  ct-'  2. 

(20)  ve  r*r  readily  obtain  estimates  (ve  produced  similar  estimates  in  selec¬ 
tion  c  cf  tie  section) 


from  equations  (21 , 


if-i  _ 

7, (.a 


Ax.  (0  <«/  A  f.  ;f,  <  i 


and,  it,  oa*  obtain  tne  estimates 


l»-h 


\rs<f)<M  Sr.  if)  —  {<) — .M  Sx.  (f)  <  JR?  A  7.  (0- 

from  eruptions  ^22  arc  ?}).  cere  X  arc  X  are  oertain  io_noeo  quant 

r.)  «> 

ciioru  oorrrer«erioe  cf  the  sequences  ^  "r  ,/f  t.  a-C  < 


TTV- 


fell  overran  Taese  fr.rEL.1^4 
In  Trev 


cm  aarrsxr^ae-. 


^  -WLi 

r.(x.  i  =  iha  r:  (x  ft.  r;<x.  f  =  lim  r,  (x.  /) 


5-itlS.f  J  iTi  v  STIIc-H 


S'nii." 


s  \  -  / ;  tee  —me  ^  ou-  i  ♦  >  *  -urn  f —  V "  / )  is 


the  r**oiora^.  _  »  —  cl  ecus  hoc  arc  .* — e  .  — c  * i  oo  r—  i, 

rociii  n  oc.  v  *  *  /  ^  t  toe  .  '-Zir  m,  _  . 


t .  satisfies  tne 


rt  us  nov  cr-O'Oae-ei  to  J  t-.t  ~-r  toe  3eoccc  case. 


Figure  4.52 

Vben  inequalities  (7)  are  satisfied,  as  we  b&ve  already  oted,  the  solu¬ 
tion  contains  two  discontinuity  line  si  with  index  1  and  0-£  ^  with 

index  2.  issuing  fit*  the  point  (0,  0)  (Figure  4.52).  Cn  analogy  vilh  the 
preceding,  let  as  introduce  functions  (x,  t)  and 'r'2(x,  t),  which  are  required 
to  coolly  with  the  following  1 

1)  5be  functions  r^  and  "r^  are  defined  in  the  zone  +  0<£.Z  containing 

the  zone  O^C.  _  ;  they  haxe  in  ‘his  zone  bounded  first  derivatives  satis¬ 

fying  systen  of  equations  (l). 

2)  The  integral  curve  0^  of  the  equation 

"l 

-fr  =  01  (?iU.  0.  ^(X.  0,  X.  0.  (JO) 

passing  through  the  point  (0,  0),  when  0  <  t  <-  7  lies  in  the  znne  J£*  C^C  ^  1 
and  the  integral  curve  ^  of  ecus t ion 

^  =  D,  (7,(x.  0.  r,(r.  0.  x.  0.  (J‘.  ) 

issuing  free  the  point  (0,  0)  lies  in  the  zone  ^  VDe“  0  <  t  <  7. 

ri (x,  0  i.  =  (r,  (x.  fl  r.(z.  A.  x  ft.  r*?) 

'»  =  «<  (7a C».  0.  r, (*.  0-  x,  /).  (33 ) 


j)  !!be  conditions 


are  satisfied  at  the  lines  O ^  and  ^  the  functions  and  "r^ 

and  the  lines  0<£  ^  and  QaC*  satisfying  these  re  quire  Bents  are  constructed, 

1  Z 

then  the  solution  of  Cauchy's  problea  (l),  (3)  is  given  by  the  forottls 


r(x,  t) 


r(x,  t)  in  the  zone  o£n  O  <£  ^  , 

D1  D2  (34) 


(  nx, 

r„(x. 


t)  outside  the  zone  O  • 


We  outline  the  nethod  of  successive  appxoxiBations  by  vhich  the  functions 
and  can  be  constructed;  here  ve  oait  several  several  details  that  are  coeman 
to  the  preceding  construction. 

Let  us  introduce  the  notation 


9  9 

rt(x.  f)=rJT=R1  (r*( — 0),  re(+0).  0.  0). 

9  9 

r,(x.  f)=rt  =  R7(r‘(+ 0).  rt( — 0),  0,  0) 


and  let  us  define  the  line  Q  as  the  integral  curve  of  the  problem 

4x  ff  — 

ST  —  D i  <ri*  re (*-  0.  x.  0.  x (0)  =  0.  (85) 

and  the  line  q  ^  ^  —  as  the  integral  curve  of  the  problea 


=  Cf  ro  (x.  0.  x.  0.  x  (0)  =  0  * 


If  T  is  sufficiently  small,  then  when  0  t  ^  T  the  curve  Q 


the  left  of  C£y',  correspondingly,  O^L  ^  to  the  ri6ilt  of 

2  (1 ) 

Seit,  let  us  define  the  subsequent  approximation^:^!,  t)  as  the  solu¬ 
tion  of  the  Cauchy's  problem 


^  1*1  ^  ,c.  K2i  KJ 

%  4-  Si  Ci-  r3  (x.  0.  x.  Ci-  r7 (x.  0.  x.  1).  (37) 

to  « 

rt(x,  t)  \g  =  fl,C3(x,  0.  rQ(x.  f),  x.  f),  (38) 


andvr^(x,  t)  —  as  the  solution  of  the  Cauchy's  problem 


51  n  0^0® 

-£•  SjCj  (x.  0-  x,  0  -j-jT  =  /j  Ci  (x.  0.  x,  f),  (39) 

0  9 

r2(x.  0\ofD  =*^jC i(x.  0.  r0(x,  0.  x,  .}-  (40) 
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O) 


The  solution  of  the  probleo  (37)*  (38)  can  be  defined  in  the  zone 


;  let  ua  also  define  the  solution  of  Cauchy's  problem  (39)*  (40)  in 

2  (i)  Ct) 

this  same  zone,  and  exterior  to  this  zone  let  us  assume  that'r/  and  conti- 

(o_  1  2 

nuously  adjoin  the  values  at  the  lines  O-^C ,  and  z  “*4  do  not  depend 

on  the  coordinates  of  x. 

Then,  the  process  of  successive  approximations  be cooes  routine.  Suppose 

(rpl ) 

we  know  the  approximation'^  r  '( x ,  t^ith  a  bounded  coordinate.  First  let  us 
define  the  lines  O^CD  and  Ootp  as  integral  curves  of  the  problems 


dx  n 

ST  ==z?«(  r!  (*•  *>•  r*(Jf.  Or  X.  o.  x(0)«0.  (41)  i 

r.  n  1 


{■-!) 


—  Dt(  ri  (*■  0.  r0{x.  0.  x.  /).  x (0)  =» 0.  (42)  j 


}  These  integral  curves,  for  sufficiently  small  T,  lie  within  the  zones 

and  *  respectively.  We  can  be  convinced  of  this  by  investi¬ 

gating  the  jfield  of  directions  of  differential  equations  (41)  and  (42)  at  the 
lines  02£*  ,  f,  and  O quite  analogously  to  the  preceding. 

(5-) 

Then,  let  us  define 'x* (x,  t)  by  means  of  the  solution  of  Cauchy's  problem 


J~  *»)  (*-«  $  55)  (•-» 

+  (x.  0.  x,  0-gj- =  /,(•',.  r,  (x.  /).  x.  Q, 

<«-» 

ri(x.  0l(or^  =  ^i(  rt  (*•  0.  r0(x. /).  x,  0 


(43) 


in  the  zone  O  j  let  us  find^ (x,  t)  in  this  same  zone  from  the  conditions 


«£  (*r»  (»>  $  <*xn  ‘J? 

+  ri  <x’  0.  K  x.  0^  =  /»(  r,  (x,  0.  x,  0. 


(*-» 


(44) 


'a(x.  0|gj”  =/?,(  r,  (x,  0.  'o(*<  0.  x,  0 
(E)  65'  in‘ 

and  let  us  takevr^  and*?'  as  independeht  of  x  exterior  to  the  zone  XC ,  O 


<”J l 
z 


(Figure  4.5>)«  We  will  not  present  here  the  cumbersome  operations  involved 

with  the  estimates  of  the  first  derivatives  of  the  successive  approximations 
(n)  (Jl) 

vr|  and*?'*  since  they  mainly  repeat  those  given  earlier,  but  we  will  present  only 
the  results.  If  system  (l  )  satisfies  tne  above  enumerated  requirements,  and  if 
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(£)  (B) 

solution'^  and'?'  remain  bounded  for  any  n  -  1,  2,  then  there  exists  a 

T  >  0  such  that  when  0  ^  t  ^  T  all  successive  approximations  ^x,  t)  have 
bounded  first  derivatives. 

ih)  (*) 

We  will  denote  by  the  zone  the  domain  of  the  variables  x, 

in  which  the  functions t)  and^r^C*!  t)  are  simultaneously  determined 
(Figure  4-55). 


Figure  4.53 

Exterior  to  the  zone  0  we  predetermine 'r(x,  t)  in  order  that  in 

the  process  of  successive  approximations  there  i3  no  reduction  in  the  domains 
S'W'  (n^l)  (n“1 ) 

oC  ,  because  the  functions'  r1  and'  are  unknown  in  the  domain  of  deter- 

rninacy  of  the  solutions  of  Cauchy's  problem  (43)  and  (44). 

Finally,  let  us  note  the  elements  of  the  proof  that  the  method  of  successive 
approximations  converges  in  order  to  explain  the  requirements  that  insure  conver¬ 
gence. 

(") 

In  the  general  portion  of  the  zones  for  all  n  ■  1 ,  2,  ...  (such 

(  n)  In) 

exists  and  for  sufficiently  small  T  contains  the  lines  Ot£D  and  O  for 

all  n  ■  1,  2,  ...),  on  analogy  with  the  foregoing  it  is  not  difficult  to  obtain 
the  estimates 


(*> 

ir ,  (0  <  nux 


dR)  ( rj ,  r*  x,  t) 


dr 


i 


01—  i)  _  (*-D  _  («-j) 

A  7j  (0+MA  r,  (0  -f  MA  *©,(0 


(/— 1.  2;  J  +  0. 

(■)  -r  (i ) 

AxCl(0<^A^(O- 


(45) 

(46) 
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In  formula  (45)  the  expression  for  ~Ty~  computed  for  Borne  value  of  the  first 

J 

argument  that  is  intermediate  for  the  successive  approximations.  Prom  formulas 
(45)  and  (46)  follows  tnat 

Aj;(0<{max|^i|-}-^/jA  7j{f)  (/=j,  2;/*/).  (47) 


Hence  it  follows  that,  further, 


Since 


<!>  f 
A/^OCjmax 


dr, 


max 


( t 


Jl 

I.  2;  j  +  l). 


2H-*} 


(«-*>• 

A  rt  (0 


(48) 


dR,  (r,,  rt,  x,  t) 

dRi  (r„  rt,  x,  t ) 

dr3 

drt 

for  arbitrary  r1 ,  r 2,  rQ,  and  r  ,  from  this  it  follows  that  there  exists  a  small 
T  >  0  for  which  inequality  (48)  can  be  strengthened  such  that 

(n)  (n-2) 

A r,  (0,  0  O <  1  (1=1.  2). 

Hence  follows  the  uniform  convergence  when  0  $  t  T  of  successive  approxima- 

/n\  (n)  (») 

tions  are^r'(x,  t)  and  the  discontinuity  lines  Os£n  and  O . 

Thus,  we  can  show  that  there  exist  the  limit  functions  ef.  (x,  t)  ■ 

(n)  1 
lira  v^.(x,  t)  (i  ■  1,  2)  which  satisfy  the  above  formulated  conditions.  This 
n — *.  Oo  1 

concludes  the  proof  of  the  existe 'ce  of  the  solution  of  Cauchy's  problem  (l), 

(j)  for  the  case  when  conditions  '" )  are  satisfied*). 


8.  Remarks  on  the  uniqueness,  of  the  discontinuous  solution  of  a  system 
of  two  equations.  We  will  briefly  discusE  here  the  uniqueness  of  the  disconti¬ 
nuous  solution  of  r(x,  t),  whose  construction  was  presented  above. 

cn~‘) 

Prom  the  known  approximation  r  (x,  t),  we  construct  in  the  preceding 

section  the  following  approximation  'r  (x,  t).  We  briefly  outline  the  procedure 

<'h).  . 

of  constructing  the  approximation"?  (x,  t)  using  the  equality 


*)  Note  for  more  general  systems,  however,  only  for  the  initial  functions 
differing  little  from  the  constant  function  was  the  existence  of  generalized 
solution  recently  proven  by  D.  Glimm  [66], 
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I  (»)  (*-») 

r(x.  t)  =  T  r  (x).  (1) 

where  by  T  we  denote  the  nonlinear  operator  that  converts  approximation 
c»-'J  tn) 

(x,  t)  to  the  approximation vr'(x,  t).  We  showed  above  that  for  each  of 
the  configurations  considered  the  following  equality  obtains! 

<•)  (»-D  <«-H  3 

|ir(x,  0 —  /■  (x.  0K0II  r  (x,  0-  r  (x,  OH.  0 < p  <  1.  (2)< 

where  by  the  norm  jj  r(x,  t ){j  we  refer  to  the  maximum  of  the  modulus  r^(x,  t) 
in  the  G  region.  Inequality  (2)  can  also  be  written  as 

(»-l)  (»-2)  («-!)  (*-2)  '  •  r-  'i 

il7,  r  ~T  'KM  r  -  r  |}.  0<p<l.  (8) 

Now  let  us  assume  that  there  exists  two  distinct  solutions  r(x,  t)  and 
r(x,t,)  of  the  above-considered  Cauchy’s  problem.  Two  possibilities  are  feasi¬ 
ble  here! 

1)  solution  r  and  r  correspond  to  two  distinct  configurations;  and 

2)  solution  r  and  r  correspond  to  the  same  configuration  of  the  disconti¬ 
nuity  lines  and  the  rarefaction  waves. 

However,  the  first  possibility  can  be  striken  out  at  once,  since  it  is 
equivalent  to  the  nonuniqueness  of  the  stable  generalized  solution  of  the  prob¬ 
lem  of  the  decay  of  an  arbitrary  discontinuity,  and,  as  we  have  seen  in  aubseddon  5, 
this  is  precluded  by  the  requirements  imposed  on  the  cystom  of  two  quasilinear 
equations- 

Therefore  it  remains  for  us  to  consider  the  case  when  the  solutions 
r(x,  t)  and  r(x,  t)  correspond  to  the  second  configuration.  This  means  that 
there  exist  two  solutions  r(x,  t)  and  ’r(x,  t)  satisfying  the  requirements  that 
were  formulated  in  subsection  7  and  satisfying  the  same  operator  equation! 

r(x,  t)*=Tr(x,  t),  r  (x.  ()•*-  .  r(x.  f).  (4), 
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I 


9m  method  of  estimates  which  were  presented  above  for  successive  approximations 
is  applicable  to  solutions  r  and  ?  of  equation  (4)>  therefore  fro®  (4)  follows 
the  estimate 

j;  4-1 T7^  7>J  <  r  |T  $<K  ». 

which  is  impossible.  Hence  we  conclude  that  r  ■  r.  Thus  we  have  proven  the 
uniqueness  of  the  stable  generalized  solution  of  Cauchy's  problem  (3.7ol), 

(3.7.3). 

Cur  second  remark  deals  with  the  region  in  which  a  discontinuous  solution 
of  a  system  of  two  quasllinear  equations  can  be  constructed.  As  long  as  the 
number  of  singularities  of  this  solution  (discontinuity  lines  and  rarefaction 
waves)  remains  finite,  we  can  adopt  this  method  of  constructing  the  solution  bj 
decomposing  the  region  into  areas  in  which  the  singularities  are  isolated.  How¬ 
ever,  solution  singularities  arxse  even  from  smooth  initial  data,  and  idieir 
number  can  be  multiplied,  possibly,  even  unboundedly. 

This  fact  makes  difficult  to  the  construction  of  discontinuous  solutions 
of  a  system  of  two  quasllinear  equations  in  the  large,  i.e.,  for  any  t  >  0. 

Let  us  note,  however,  that  in  most  cases  of  practical  interest  the 
number  of  singularity  remains  bounded. 

9.  Viscosity  method  for  a  system  of  quasllinear  equations.  Phenomena  of 
the  viscosity  method.  In  Chapter  Two  we  saw  that  shock  waves  in  a  gas  or  liquid 
can  be  considered  as  the  limits  of  flows  of  a  viscous  and  thermally  conductive 
fluid  and  we  became  acquainted  with  the  application  of  some  linear  viscosity 
(Heumann-Hich tnyer  viscosity).  In  subsections  2  and  7  of  Section  II  of  this 
chapter  it  wat  shown  that  a  stable  generalized  solution  of  one  quasllinear 
equation  is  the  limit  of  solutions  of  an  t  quation  containing  "viscosity"  as  the 
viscosity  coefficient  tends  to  zero. 

9ie  viscosity  method  has  not  yet  bjen  adequately  studied  for  systems  of 
quasllinear  equations.  With  the  example  of  a  homogeneous  system  of  quasilinear 
equations 

i'du  ,  d<t(u)  ^  ' 

~dr+’~sr-0‘  . «,).  (i) 
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that  ia  hyperbolic  in  the  narrow  sensei 

*,(*><$*(«><  •••  <U*%j 

we  will  show  that  the  choice  of  any  given  viscosity  is  substantial  and  requires 
great  care. 


Ve  will  write  the  r?  equations  containing  viscosity  corresponding 

to  (l )  in  the  form 


d  •  3b_ 


where  B(u^  )  is  a  n  x  n  square  matrix.  Thus  we  will  confine  ourselves  to  the 
class  of  "divergent"*)  viscosities. 


First  let  us  make  several  very  general  remarks.  Obviously,  the  matrix  £ 
must  be  chosen  so  that  the  following  requirements  are  meti 

a)  the  formulation  of  Cauchy's  problem  is  correct  for  system  (2); 

b)  solutions  u^  are  smooth  when  t  >  0  for  any  piecewiBe-cnntinuouB  and 
piecewise-smooth  initial  data; 

c)  the  convergence  (for  any  norm,  for  example,  in  the  everage)  of  solutions 
u^  as  /(— e-  0  to  stable  generalized  solutions  u(x,  t)  of  ByBtem  (l )  holds. 

At  present  it  is  impossible  to  indicate  which  are  the  sufficiency  condi¬ 
tions,  which  one  met  will  cause  conditions  a)  -  c)  to  obtain,  in  view  of  the 
fact  that  systems  (2)  have  not  been  studied  closely  enough.  Therefore  we  will 
attempt  to  delimit  the  clacs  of  matrices  B  by  relying  on  certain  very  simple 
analogies. 

Let  us  consider  the  case  of  linear  systems  (l)  and  (2)  with  constant 
coefficients,  when  <fm  An  and  A,  B  are  coefficient  matrices. 

First,  let  us  note  that  when  any  solution  u^  (x,  t)  is  representable  in 
the  form  Hu(x>  t)  ■  u  (x/^>  t/Ca  ) , 

where  u(x,  t)  is  the  solution  of  the  system 

du  .  .  da  a  d*u 

W  +  A  =  (5)  , 

*)  Hie  divergent  form  of  viscosity  in  the  form  ensures  that 

Hugonict's  conditions  are  satisfied  at  the  front  of  a  blurred  shock  wave 

(compare  Chapter  Two,  Section  V). 
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this  8/s ten  baa  particular  solutions  of  the  fern 

where  ur  is  the  eigenvector  (right) ,  and  ( - )  is  the  eigenvalue  of  the  satrix 

3  +  ii/y .  If  are  the  eigenvalues  of  Estrix  B,  then  as  |v|  — ,  A* 

if?  .  v  +  0(v  ).  According  to  requirement  a),  we  wish  to  satisfy  the  cceaiition 
« 

u(x,  t)  0  as  u(x,  0)  — ►  0, 

therefore  we  sust  require  that  Be  ..  >■  0  (j  ■  1,  2,  n).  (5) 

hold.  Actually,  when  Bef>  .  <  0,  we  can  specify  -,the  sequence  of  initial  functions, 

o  /  \  iv  x  j 

say,  uv  (x,  0)  *  uq  e  fv  ,  which  as  V  — o-~ 

tends  to  zero,  but  for  some  solution  u^  (x,  t),  according  to  (4},  it  tends  (in 
absolute  value)  to  DO  for  any  t  >  0. 

Condition  ^5)  is  the  well-known  condition  for  the  correctness  of  Cauchy’s 
problem  for  system  of  equations  (3)  according  to  Badaaard. 

Recently  attention  was  directed  to  the  fact  that  (cf  [65])  conditions  (5) 
are  in  some  sense  insufficient  for  the  correctness  of  the  problem  under  considera¬ 
tion. 


Let  us  consider  the  behavior  of  the  numbers  A.  for  small  V .  If  Ji-  are 

0 

eigenvalues  of  matrix  A  and  r.  and  X .  are  the  corresponding  eigenvectors 

J  J 

(as  usual,  we  will  assume  that  are  real  and  distinct),  then  as  we  can  readily 
see, 


‘A  a  -  a,v  -f  ft*  «jBrj+  0  (v*).' 


If  for  some  j  -  j  {Jl  .  Br.  )<  0,  then  by  (4)  a  system  with  viscosity  will  have 
0  Jo  Jo 


particular  solutions  of  the  form 


Vtf*Wy! 


3 


where  v^  is  a  bounded  (as  AA—*  0)  function,  which  as  A^~~*  0  will  tend,  for 
any  t  >0,  to  00  .  According  to  requirement  c),  we  must  exclude  this  possibility 
and  require  that  along  with  condition  (5)  the  following  condition  is  met: 


VjBrj)>  0  (/=*  1.  2,  . . 


(6) 


Note  that  requirement  (6)  implies  that  the  diagonal  elements  of  the  visco¬ 
sity  matrix  in  the  system  arising  from  (3)  after  it  has  been  reduced  to  Riemann 
invariants  must  be  positive.  -  623  - 


Cfc  analogy  with  a  lineal  cam,  cooiiticEs  (5),  (6)  mist  also  be  satisfice 
for  the  nonlinear  gratae  a a  veil. 

Let  us  consider  to  bare  a  sizzle  example. 

We  will  seek  the  particular  solutions  ~ )  cf  aysten  (2)  depen¬ 

dent  only  on  a  a  ingle  variable  y  -  (x  -  2t)/iu,  i.e. , 


x—CH 


Tbe  function  u^x  (j)  satisfies  the  systez  cf  equations 


which  elicits  of  integration 


vhere  C  is  an  arbitrary,  constant  vector. 


+,  cO  ,  i.e . , 


We  require  of  this  solution  u^  _that  it  tends  tc  constant  values  as  y 

,  (  s  _ ^  /  u  as  y  — 

i.e . ,  u  „  lyj  I  .  *  ___  , 

*  *  1  u+  as  y  -*-co. 


For  this  solution  to  exist,  it  is  necessary  that  the  points  u  >  u”,  u  « 
u+  be  stationary  points  of  ays  ter  (7;,  i.e.,  ?(u  )  -  ?(u+)  -  0. 

These  conditions  can  be  rewritten  sb  <p(u  )  -  <p(u T)  »  L(u  -  u+). 

Hence  we  conclude  that  the  states  u  ,  u+  rust  be  related  by  Sigoniot's  conditions. 

First,  however,  it  is  still  insufficient  for  the  existence  of  the  integral 
curve  u  (y)  of  system  (j)  passing  through  the  points  u  when  y  *  -  oo  end  u+ 
when  y  -  +<X>  . 

Let  us  explain  several  additional  necessary  conditions;  to  do  this  we  re¬ 
write  system  (7)  as  du^i/dy  -  B  1  (u^  ) , 

where  B  1  is  a  matrix  inverse  tc  B.  Expand  the  right  side  of  this  system  in  a 
series  in  the  neighborhood  of  a  stationary  point,  for  example,  u  ■  u  .  Then 

-jJ  (**- O  =  5-1  (*’)(— 5T^)  ]b_b  SH  ~  «")■ +  0  ( I S  -  «"  f)  =» 

r.  —  (O  [A  (O  —  DE)  (a,  -  «-} -f  o ( 1  *B  —  P). 

ftiltiplying  the  system  scalarly  by  the  vector  (uy.  -  u  ),  we  get 

i  _ 

.  7y' — 5 — -  *  ’ 

-  (*,  -  O  B-'  (O  WO  -  DE]  («„  -  a-)  4-  0  ( I  s  -  ft. 


When  the  variable  y  increases,  the  quantity  C*M’  ~  —  does  not  decrease  in  the 
neighborhood  u  ■  u  $  therefore  if  the  integral  curve  u  (y)  of  system  (7)  exists, 
the  matrix  B  (u  )[a(u  )  -  HE]  cannot  be  negatively  determinate.  We  quite  simi¬ 
larly  establish  that  the  matrix  B  ^(u+)[a(u+)  -  HE]  oannot  be  positively  deter¬ 
minate  . 


Suppose  there  exists  the  desired  solution  u^i (y)  of  system  (7).  Then 


ihe  limit 


lira  «„( x,  0  =“«(*.  /)> 

it *o 


when 

when 


x  -  Dt<  0, 
x  -  Dt>0. 


is  a  discontinuous  function  which  satisfies  Hugoniot's  conditions  at  the  disconti¬ 
nuity  line  x  *  Dt  and,  therefore,  the  integral  laws  of  conservation  of  system  (l). 

However,  this  solution  can  be  an  unstable  solution  of  system  (l),  since 
the  conditions  for  the  existence  of  solution  u  (y),  which  were  discussed  above, 
and  the  conditions  for  the  stability  of  the  discontinuity  u  ,  u+  are  distinct. 

Let  us  confirm  this  with  a  simple  example,  set  up  in  the  work  [5].  Suppose 

n=* 2;  <p<a)  =£{—«,;  («,)};  >'(aj)<0,  p*(«j)>0. 

Then  system  (l)  is  a  system  of  equations  of  isothermal  flow  of  a  norrtal  gas  (cf 
Chapter  Two,  Section  II). 

Suppose  u+  -  £l,  0  }■,  D  >0.  Let  us  show  that  there  exists  a  solution 
u  (y)  when  u1  >  1.  Such  a  solution,  as  M — *•  0,  changes  a  rarefaction  wave 
into  a  shock  wave,  and  as  we  have  seen  in  Chapter  Two,  this  solution  is  an  un¬ 
stable  solution  for  equations  in  gas  dynamics. 
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According  to  Ekgoniot's  conditions,  :  ^  />(!)—  p(«r).  1 

£)»,_ - - - - - ,  ■ 

.  —  1  ! 

*  A  »  ;  . 

and  according  to  our  assumptions  u~  >  1,  D  >  0.  Since  p,(u1)<  0  and  p"(u1)<’0, 

then  there  follow  the  inequalities* 

>D  >  y- >(«,-),  ■  .  (?( 

°r  >'<l)-t-D»<0.  p'(«r)-hD>>0.  .  -  * 


oince  a,  b  0,  it  follows  that  the  roots  of  quadratic  equation  (8)  when  ■ 
u+  ■'  1  have  different  oigns.  Thus,  eigenvalues  of  the  matrix  B_1 (A(u+)  -  BE) 
are  of  different  signs.  This  implies  that  the  point  u  .  u+  is  a  saddle  point. 

Conversely,  at  the  point  u  ■  u  the  r.oots  of  quadratic  equation  (8)  are 
of  the  same  sign  (if  they  are  real).  Therefore  for  the  integral  curve  connect¬ 
ing  the  points  u  ,  u  to  exist,  we  must  require  that  the  roots  of  equation  (8) 
be  real  and  positive,  i.e»,  that  the  matrix  B  (u  )[a(u  )  —  DE]  he  positively 

defined.  This  will  hold  provided  that  the  following  inequalities  are  satis¬ 

fied: 


c  —  {a,-\-b)D  ^  n  .  fc  —  (a  +  b)  D)* 
>0.  - L  U 


D*-D'(ur 


P  («,“)>  0.  (10)'. 


We  can  easily  see  that  these  two  inequalities  can  be  satisfied  by  fixing  the 
arbitrary  c  >0  and  choosing  the  quantity  D  >0  to  be  sufficiently  small. 


Suppose 
are  satisfied, 
the  point  u+  « 


the  quantities  a,  b,  o,  D  >0  are  suoii  that  these  inequalities 
Then  the  point  u"  -  ^u^,  u~  }  a  node  (u~  >  1 ,  u“  <  0),  and 
£  1 ,  0  j.  is  a  saddle  point. 
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Thus,  the  pattern  of  integral  curves  of  system  (7)  in  the  plane  of  vari¬ 
able  v  u2  is  Of  the  form  shown  in  Figure  4.54.  The  arrows  of  the  figure  indi¬ 
cate  the  direction  of  increase  of  variable  y.  Thus,  given  the  restrictions  made, 
there  exists  an  integral  curve  u  .  u^  (y)  passing  through  the  points  u",  u+. 

Ey  passing  in  the  solution  u^  the  parameter  M  to  zero,  at  the  limit  we 
get  a  shock  wave  of  rarefaction,  which  is  unstable. 


Thus  far  we  have  not  taken  conditions  (6)  into  account.  In  our  case,  as 


we  can  aasily  verify, 


Jgf  | 


. tfiSPr. ! 

If  conditions  (10)  are  satisfied,  under  which  we  obtained  the  unstable 
shock  wave,  then  by  (9)  (/.BrJ,,  <  (a  +  b)D  -  c  <  0, 

i.e.,  (6)  has  been  violated.  1  1 

An  even  simpler  and  more  stalking  example*)  is  represented  by  system  (2)  in 

the  case 

v^-(7+va)a..'v:-i]:"; 

'  h.  1: 4  ‘•r...  I 

.  \  I  *,i 

75;; 


r-  >?  A\  „ 

^(a)=or,Vr*- .  f .. 

>'!  V  •  •  •  ••  ,’.i 


1  -«:• 


When 


defined,  and  moreover  it  is  always  symmetric  and, 


matrix  B  is  positively  “uiuuicj.  a.w  j.b  always  Bymmexrio  ana, 

obviously ,  satisfies  condition  (6).  System  (l )  when  <p  •>  £iii ,  i£ij  decomposes 

into  teo *• Hopf  “■  mmmmmm 2 

and  syotem  (2)  in  this  case  has  the  solution 

Hence  it  follows  that  aa  M~*~  0,  u1  -  u.,  (y)  -  u^x/^*)  tends  to  the  unstable 

solution 

of  the  Hopf  equation  (u2(y)  tends  to  a  stable  solution). 


*0  'Bio  exaraplewns  suggested  by  N.  N.  Khznotsov. 
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Note  that  the  integral  curve  in  this  case  passes  through  the  point  u^  ■ 
u2  "  C  at  which  th-  eigenvalues  of  system  (l )  ^  ^  ,  £2  «  u2  coincide 

(i»e, ,  the  system  is  not  hyperbolic  Ln  the  narrow  sense).  Precisely  because  of 
this,  condition  (6)  is  insufficient  in  the  given  case. 

Whether  similar  examples  with  a  symmetric  viscosity  matrix  are  possible 
for  systems  that  are  hyperbolic  in  the  narrow  sense  is  not  known. 

Let  us  consider  the  viscosity  matrix  B  ■  b(u)E, 
which  obviously  satisfies  oondition  (6). 

Let  us  show  that  in  this  case  when  n  «  2,  system  (7)  cannot' have  solutions 
which  as  _/(.—*»■  0  correspond  to  unstable  discontinuities. 

Actually,  if  the  integral  curve  u^  (y)  passing  through  the  points  u”(y  ■ 
-oo)  and  u+(y  »  oo)  exists,  then  it  ia  impossible  for  the  following  inequalities 
to  be  satisfied?  ^(u")  <  B  (u+)  (ll) 

for  any  k  -  1 ,  2.  Actually,  suppose  that  these  inequalities  do  hold,  for  example, 
for  k  »  1.  Then,  since  ^2(u)  >£.(u),  then  £2(u+)  >  B.  Oherefore  the  matrix 
B  (u+)[a(u+)  -  EE]  -  [a(u  )  -  DE]  -  [a(u+)  -  BE]  has  the  eigen¬ 

values  In which  are  both  positive  according  to  (ll).  As  we  have  seen 
above,  in  this  case  no  integral  curve  of  system  (4)  connecting  tha  points  u” 
and  u+  exists,  therefore  it  is  impossible  to  satisfy  (ll).  The  impossibility  of 
(ll)  when  k  «  2  is  similarly  proven. 

And  thus,  in  the  case  B  -  b(u)  (ll)  cannot  be  satisfied  for  any  integral 

curve „ 


Note  that  from  this  it  does  not  yet  follow  that  whole  solutions  u^(y) 
os  0  will  tend  to  stable  solutions  of  system  (l),  since  stability  condi¬ 

tions  wore  not  formulated  in  the  form  of  inequalities  (5.1.10)  and  (3. 1.11)  for 
arbitrary  systems.  None  the  less,  for  systems  for  vhioh  these  inequalities 
guarantee  uniqueness,  viscosity  matrices  of  this  type  yield  only  stable  solutions. 

Some  advantages  of  a  unit  visoosity  matrix  can  be  established  also  in 
moro  general  cases  (of  [62]).  General  visoosity  matrioes,  but  for  systems  of 
a  more  special  type,  have  been  treated  in  the  work  [343*  Hie  advantages  of  a 
unit  viscosity  matrix  does  not  of  course  imply  that  it  is  to  be  preferred.  In 
practice  more  complex  viscosity  matrioes  have  to  be  used.  Thus,  for  example,  the 

'’viscosity  matrix"  is  not  a  unit  matrix  for  a  visoous  and  thermally  conduotive  fin -id 
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Section  IV.  Applications  of  the  General  Theory  of  Systems  of  hyperbolic  Quaei- 

1 inear  Equations 

In  this  section  we  will  point  out  a  number  of  problems  in  physios,  che¬ 
mistry;,  and  mathematics  that  are  related  to  the  theory  of  systems  of  hyperbolic 

quasilinear  equations. 

The  best  known  application  of  systems  of  hyperbolic  quasilinear  equations 
is  the  study  of  one-dimensional  flows  of  compressible  gases  and  fluids  devoid 
of  viscosity  and  thermal  conductivity.  Chapter  Two  discusses  this  problem  in 
detail  along  with  its  relationship  to  the  theory  of  systems  of  quasilinear  equa¬ 
tions  . 


Other  well-known  examples  of  problems  related  to  systems  of  quasilinear 
equations  include  the  motion  of  an  incompressible  fluid  in  shallow  ohannels 
("shallow  water"  theory),  supersonic  steady  flow  of  gas  or  liquid  in  the  two- 
dimensional  case,  problems  in  the  nonlinear  theory  of  elasticity,  filtration 
theory,  and  certain  others,  We  now  dwell  in  brief  on  several  of  these. 


1.  "Shallow  water"  theory.  Suppose  that  a  heavy  (in  the  gravity  field) 
incompressible  fluid  flows  in  the  channel  that  has  the  shape  shown  in  Figure 
4.55.  We  will  assume  that  the  liquid  is  devoid  of  internal  friction,  friction 
against  walls  and  bottom  of  the  channel,  and  that  the  level  of  the  fluid  above 
the  bottom  of  the  channel  h  is  a  small  quantity  oompared  with  the  dimensions 
of  the  bottom  irregularities,  characteristic  flow  dimensions,  and  so  on.  We 
will  assume  that  the  flow  of  the  liquid  characterized  by  one  three-dimensional 
variable  x  and  depend  on  time  t.  Thus  we  will  assume  that  the  velocity  of  the 
liquid  u  han  a  nonzero  component  u  ,  which  we  will  denote  by  u,  and  we  oan  negleot 
the  remaining  components;  in  addition,  we  will  assume  that  the  level  h  depends 
also  only  on  x  and  t. 


the  liquid. 


describing  the  flow  of 


Figure  4.55 
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Suppose  b(x,  t)  is  the  level  of  the  liquid  measured  from  the  channel 
bottom  at  the  point  x,  p  is  the  density  of  the  liquid,  jt  is  the  channel  width, 
and  u(x,  t)  is  the  velooity  of  the  liquid  directed  along  the  x  axis. 

ftie  amount  of  liquid  present  at  instant  t  between  two  cross  sections 
of  the  channel  divided  by  the  planes  x  -  x1 ,  x  -  xg  is  obviously  the  quantity 

t  f  f  A(j».  Orfjfc) 

".A-S  ~ri- 

Ihe  change  in  the  amount  of  liquid  in  this  part  of  the  channel  between 
the  instants  t  »  t^  and  t  -  tg  is  the  quantity 

j  J*  .  ..  \rr-  ;r7r' 

!  p*-j  t*  (Jf.  ^  —  A  {X,  tj)]dx,  (!) 

which,  obviously,  must  be  equal  to  the  amount  of  liquid  flowing  during  the  time 
from  t  -  t,j  to  t  »  >2  the  planes  x  ■»  x1  and  x  -  Xg,  that  1b,  the  quantity 


*  v  ‘ 

j  I* (Xj.  f) a (Xj.  f)a (xu  01  dt. 


Equating  (1 )  to  the  quantity  (2),  we  get  the  equation 


,jr»  .  »» 

tj  (*C x.  ty-Hx.  /,) I  rfx+  J  {ha  \x.x-ha\x_x\  dt= 0 

j?!  v  '*••••  /, 


.  (3)  ; 


which  obviously  is  the  integral  law  of  conservation  of  the  mass  of  liquid. 

As  usual,  the  following  integral  law  of  conservation  stems  from  (3)1 


f  ® k  dx — ha  d(*=  0;  ' 


I  ®  b  dx — ha  at  > 


it  is  valid  for  any  closed  contour  C  of  the  plane  of  variables  x,  t,  and  the 
differential  equation  ih/3  t  +  x)  hu  ■  0  (5) 

in  the  case  of  smooth  flows. 

The  change  of  total  momentum  of  the  liquid  in  that  section  of  the  channel 
during  the  time  from  t  ■  to  t  -  tg  is  equal  to  the  quantity 


*>#  \  f  i  «s> 


The  momentum  of  the  liquid  varies  in  this  part  of  the  channel  due  to  two  effects  1 
the  transport  of  momentum  hy  the  flow  through  the  planes  x  ■  x1  and  x  -  Xg  in 
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-p/  J  [«*A  ...  JfXf  / 

'■  it'.1’,  ;•  .  •'  ^  -  f~,  • , r 

and  also  the  momentum  of  the  pressure  forces  and  the  planes  x  -  x1  and  x  -  x 

Calculate  the  total  pressure  p(x,  t)  acting  in  the  channel  cross  section. 
Assuming  that  at  the  free  surface  of  the  liquid  z  -  h  the  pressure  is  zero,  we 

will  have  by  the  barometric  formula  p  .  ^g(h  -  z)  (g  is  gravitational  accelera¬ 
tion)  and 

■  a  '  .  /V 


p(x,  f)  —  l  j  p  dx  ■=  Ipg  j  (A  _  X)  dx  =  -J.  lpgft\ 


Therefore  the  momentum  of  the  pressure  forces  in  the  seotions  x  -  x1  and  x  -  x 
during  the  time  from  t  ■■  t^  to  t  *  tg  is  given  by  the  quantity 

*  f|  „  **  " 

—  - x-  J  IA*  (*2.  0  —  A*  (x,.  01  dt.  (9)  , 

u  ■  ... 

ITow  equating  (6)  to  the  sum  of  (7)  and  (9),  we  get  the  integral  law  of 

conservation  of  momentum  of  the  liquid 


#1  • 

— [A“*-f-«,4r]L  }rf/=0-  (io) 

““Jr'  L  ■ 

Equation  (10)  can  be  written  as  the  integral  law  of  conservation  of  momen- 


^  jfts  dx  —  (ab*+ g  -y)  dt*=  0. 


from  which  follows  this  differential  equation  for  smooth  flows* 


Combining  equations  (5)  and  (12),  we  get  a  system  of  two  quasilimar  equa¬ 
tions  for  h(x,  t),  u(x,  t)i 


dh  .  dhu 


f +^=o. 
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3 Sew  we  can  easily  rets  that  tie  systeu  cf  eqraticu  (l?)  coincides  with  tie 
ays  tan  af  equatisa.  in  gas  dynanics  cf  an  isentropic  flew  of  an  ideal  gas  with 
adisbat  index  V»  2.  In  fact,  if  tie  quantity  fc  is  denoted  'or  f  and  if  we 
assume  that  p  »  (g/2)  then  sysse-a  (*5)  turns  into  the  orrrespc«iing  system 
for  tie  case  cuter  cmsidjir  tice  (cf  Chatter  %c). 

?rcm  this  ccopariscn  wt  ca-.  in  particular  conclude  that  tie  ays  tea  (l>) 
is  a  system  cf  hyperbolic  qcasilinear  equations  and  that  its  solutions  are  general¬ 
ly  spearing  disoantircccs.  Corresponding  to  the  d±scont lenity  of  the  solution 
cf  systea  (’3)  is  tie  sudden  increase  in  tie  lerel  b(x.  t),  tie  sar-sailed.  ’‘water 
leap.*  fix  usual  rbguniot's  conditions  and  stahili^r  conditions  nest  be  satisfied 
at  the  discontinuity  front. 

2.  Plane  steady  state  flew  cf  a  ecepressibie  gas.  Inc  tier  well-ircwu 
ezsnpls  cf  a  system  of  hyperbolic  eras il inear  equations  is  tie  system  of  equations 
describing  a  plane  steady  state  supersonic  flow  cf  a  compressible  gas.  If  u,  t 
are  tie  soaMMcts  of  the  Telocity  Teeter  q,  then  this  system  is  cf  tie  fora 


,  &  B  * 
1  — -P-jj 


Ar 


dx  * 
dr 

s7u- 


r*  cj 


=  C. 

=  0. 


i  i? 


- £ 

Cry  p  CX 

-C  —  -  £ 


dr 

$7  P 
«  ,  AS  n 


(1) 


"b±3  system  describes  only  snoot h  flews,  ihe  conservative  fora  of  equa¬ 
tions  (l)  require  when  considering  discontinuous  flows  is  presented  below. 

3>e  characteristic  equation  (of  the  fourth  degree)  for  systen  (l)  is  of 
tb?  ferz 


*  —  frC  —  $p 

e2 

-lT  «-l« 


£ 

~p" 

0 


0 

0 


0 

-It's 


=  0 


0  v  —  Ik 

(v  -  ft*  («*  -  c*)  -  lout + (s’- c*)f*=  0, 
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■*l 


Kfy~*UtCr£t^~<r 


I 


!  £ 

s  / 


£ 

ft 

i 


where  ^  >»  dy/dx  ia  the  characteristic  direction  of  system  (l). 

The  first  cofactor  gives  a  double  root  ^  •  v/u.  The  corresponding  charac¬ 
teristic  is  obviously  a  streamline .  Thus  it  is  doubly  degenerate.  The  second 
cofactor  in  the  left  side  of  (2)  has  real  roots  only  when  q  ■  u  +  v  ^  c  .  In 
the  acoustic  case  (q  *  c),  both  of  these  roots  coincide  and  system  (l),  as  we 
can  easily  check,  is  not  hyperbolic.  In  contrast,  in  the  supersonic  case  (q  c) 
it  ia  of  the  hyperbolic  type.  To  see  this,  it  suffices  to  verify  that  corres¬ 
ponding  to  each  eigenvalue  »  v/u  there  are  two  linearly  independent  eigenvectors, 
that  is,  two  independent  equations  in  the  characteristic  form  of  system  (l).  Un¬ 
complicated  aanipulEticns  lead  to  the  following  two  equations  that  contain  only 
different iation  along  the  stress! ine* » 


«  0 


tWI- 


•  *  i 
<# 


(bare  d/dq  «  a  2/ax  +  v  2/iy).  Relation  (3)  implies  the  constancy  of  entropy 
at  the  streamline  and,  obviously,  is  independent  of  equation  (4). 

Introducing  the  function  H(  f ,  S)  given  by  the  equation 


//(p.S)-J 


2 

from  equations  (3)  and  (4}  -e  gex  d/dq  v* ,  3)  +  q  /i  •  •  ").  (5) 

Thus,  the  streamlines  correspond  to  two  Riemann  invariants  1  entropy  S  and 
B  ■  H  «  £q  .  The  equality  B  ■  constant  f  ,1 lowing  from  (5)  is  called  Bernoulli's 
integral . 

The  expression  of  the  remaining  (so-called  acoustic)  characteristic  values 
of  system  (1 )  is  as  followsj 

—  uv  ±  cYq*  —  c*  _  (/' — _ 

«*— e>  uv  t  cVqi  —  c* 

The  characteristics  dy/dx  -  forn  with  the  streamlines  the  angles 

cL  and  -oC  ,  respectively,  where  Bind  -  c/q  -  l/M,  M  ■  q/c 
(the  angle  cC  is  called  Mach's  angle,  and  the  function  M  is  the  Mach  number). 

In  conclusion,  we  present  the  divergent  form  of  equations  (l)i 
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<£+$=».: 

i.  »  « 'i 


jz<j>  -hrw^rf  4-  (p®v)  *  Oi  l' 


-^(P^  +  ^-tp+pi'^O.  Jj 


4-  [p"  (e  +  £  +  t)]  +  £  [*  (8  +  £ + /£)]  *  O- 


3.  Chemical  sorption  and  chromatography  problems  [64].  Suppose  that 
through  a  tube  containing  a  sorptively  active  substance  (sorbent)  flows  a  liquid 
or  gaseous  mixture  of  compounds  that  are  to  be  separated.  Avoiding  effects 
associated  with  the  influence  of  tubing  walls,  we  will  assume  the  problem  to  be 
one-dimensional.  Suppose  t  is  time,  x  is  coordinate  along  the  axis  of  the 
sorption  column,  ^  is  the  concentration  of  i-th  component  in  the  mixture,  a.^ 
is  the  concentration  of  the  i-th  component  in  the  sorbent,  and  V  is  the  velocity 
of  the  mixture  on  the  column,  assumed  constant. 


Neglecting  diffusion  flows  of  substances  both  in  the  mixtures  as  well  as 
in  the  sorbent,  we  write  the  equations  of  conservation  cf  mass  for  each  compo¬ 


nent! 


"I 

/  (l«/ .-!«,+ «,!(„,)  rfx+ 

1, 

+  jvl“i(*2-  0 ou*  =  o  (l) 


(1=1,2 . n). 


which  for  smooth  u^,  a^  reduced  to  the  differential  equations 


V  Jx  +  °<)  — °- 


We  will  make  the  assumption  that  the  sorption  is  instantaneous,  that  is,  we  will 
assume  that  at  each  point  of  the  tube  and  at  each  time  instant  equilibrium  obtains 
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between  the  sorbed  substance  and  the  free  mixture/'  Mathematically,  this  is 
exprepied  by  the  fact  that  the  concentration  of  the  sorbed  substance  is  deter¬ 
mined  by  the  composition  of  the  mixture,  that  is,  the  following  functions  hold* 

•  ■  ■  •  /<(*)  (f  —  U  i-t’* v* 

Equation  (3)  usually  called  equations  of  the  sorption  isotherm.  Given  this 
condition,  system  of  equations  (2)  is  rewritten  as 

du~ 


where  u  ard  f  are  vectors  with  n  components. 

Characteristic  values  £  *£(u)  of  system  (4)  are  determined  from  the 
equation 

Let  us  denote  by  A»A(u)  the  eigenvalue  of  the  matrix  ((3f^/a 
The:-,  obviously,  from  equation  (5)  we  get 


v—\  .  .  V" 

,  »  TfT* 


We  will  assume  (actually  this  follows  from  general  principles  of  sorption)  that 
all  eigenvalues  Ak(u)  of  the  matrix  ((^f^/du^))  are  positive,  i.e.,  the 
matrix  «^f/<^  u  is  positively  defined.  Then  from  (6)  it  follows  that  the 
eigenvalues  £j„(u)  of  system  (4)  satisfies  the  inequalities 


iy>ox 


(7) 


i.e.,  the  velocity  ^k(u)  the  characteristics  dx/dt  ■  4Tk(u^ 
of  systam  (4)  is  smaller  than  the  flow  velocity  V. 


(8) 


Let  us  consider  in  greater  detail  the  case  of  a  special  sorption  isotherm 
(3)  when 

_  a?kPi 


a‘  = - (1=1.2. 

1  +  2  *A 


»). 


(9) 


usually  called  the  case  of  Langmuir  sorption.  Here  a^  is  the  saturation  adsorp* 

:tor. 

-  635  - 


tion  and  is  the  sorbability  factor. 


Introducing  the  notation  v^  -  k.^,  -  a^°k.  (Henry's  coefficients), 

let  us  rewrite  the  equations  of  Langmuir's  isotherm  (9)  as 


and  system  (4)  as 


r, — p— i  +  2«r  (10) 

■,+a>  ■ 


1-1 


(•»> 


We  will  assume  that  all  Henry's  coefficients  S' ^  are  distinct  (if  a  series  of 
r±  coincide,  then  the  problem  can  be  reduced  to  the  case  when  jT^  are  distinct), 
and  we  will  number  them  in  increasing  order 1 

ri  <  f2  <  •••  <  jTr;  (12) 

For  isotherm  (10),  the  eigenvalues  A  are  determined  from  the  equation 

Det  (((/>-X)V— />,))  =  <).  (13) 

Let  us  consider  the  case  when  vi  /  0  for  all  i  -  1,  2,  ...,  n.  Then  equation 
(ij)  is  transformed  to  become 

01) 


Equation  (14)  can  also  be  written  in  the  form  F(A,  v)  «  1,  (15) 


where 


Since 


(W 

A-l 

A 

Pk(K  v) = 2  r nvi,  ( r k.p — *,)~3  >0  (vk  >  o).  (i  7) 


then  the  function  F(A,  v)  is  a  monotonically  increasing  function  of  variable 
A  ,  which  has  zones  at  the  points  Af  m  f*  P  >0  (Figure  4*56).  Since  the 

1C  1C 

roots  Am  /\c(v)  ar£  +,lti  abscissae  of  the  points  of  intersection  of  the  graph  of 
function  F(A,v)with  the  straight  line  F  -  1  (Figure  4-56)  and 
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We  conclude  that  equation  (15)  has  n  real,  distinct,  positive  roots  A*A^(v). 
These  roots  satisfy  the  inequalities 


0  <  J-i (v)  <  X,.  JL,_,<  k, ( v )  <  i.t> 


(18) 


and  by  formula  (6)  tne  characteristic  values  <f«  ^(v)  system  (11 )  are  also 
real,  distinct,  and  positive;  here  V  >  ^  (v)  >^,(v)  >  ...  >^(v)>£?  ,  (19) 
i.e.,  given  the  condition  Z"7  v  /  0  system  (11)  is  hyperbolic  in  the  narrow 


sense . 


k  (  k  1 

Calculating  the  left  eigenvectors  »  i^i  }  °f  8y9tem  (ll)»  we  find 
(with  an  accuracy  up  to  the  multiplier) 


_ 1 

1  F iP  —  kk  (o)  ' 


K  /•  k  * 

and  the  right  r  ■  {  r^ji  ^ 

r‘  =  Tl~p-xk(v) 


(20) 

(21) 


Note  also  certain  singularities  of  system  of  equations  (ll). 

For  system  (ll)  there  exist  n  Hiemann  invariants,  so  that  the  system  can 


be  reduced  to  the  form 


where 


^•  +  &»(*)TET  =  0  (/=»!.  2. 

Rl(v)  =  ±yl- 


«). 


(22) 
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Di8 continuities  of  the  solution  v(x,  t)  oT  system  (11 ),  as  usual,  sat¬ 
isfy  augoruot' s  conditions,  which  in  this  case  become 

Dfc+f  (c)]  D  =  -^7-.  (28) 

and  the  stability  condition  ^(v(x  -  0,  t)  >  D  >  £^.(y(x  +  0,  t)).  (24) 

It  is  interesting  to  note  that  far  3ystex  (11)  tfce  rarefaction  waves 
(IL  -  constant  when  i  ft  k)  of  the  k-th  type  coincide  with  Sigcniot's  adiafcat  of 
the  k-th  type,  i.e.,  a  straignt  line  E^(v)  -  constant  (i  /  k)  gives  a  solution 
of  equations  (23). 

Due  to  the  iffeimoe  in  the  velocities  of  the  characteristics  ^^(v)  is  explainer 
by  the  means  which  the  components  cf  the  fixture  in  the  sorbent  are  separated. 

The  method  of  separating  the  components,  based  on  differences  in  Henry's  coeffi¬ 
cients,  is  called  chromatography. 

4.  Applications  in  differential  geometry.  Problems  in  geometry  are  related 
to  nonlinear  differential  equations,  'iherefore  geometers  first  began  systematic 
study  of  nonlinear  differential  equations  and  their  solutions.  It  is  not  mere 
chance  that  the  outstanding  geometer  of  the  past  century  Riemann  obtained 
fundamental  results  in  gas  dynamics,  which  have  in  many  respects  remained 
unsurpassed  even  at  the  prerent  time. 

We  will  here  point  to  the  relationship  between  the  theory  of  quasilinear 
equations  with  one  of  the  fields  of  differential  geometry  •—  tfce  theory  of 
surfaces. 

Suppose  that  at  some  smooth  surface  in  three-dimensional  space  the  follow- 

2  2  2  2 

ing  metric  is  implemented:  ds  ■  dx  +  B  (x,  y)dy  ,  (l) 

where  the  lines  y  -  constant  are  geodesic  lines  on  the  surface,  and  the  lines 
x  -  constant  represent  a  boundary  of  trajectories  orthogonal  to  them.  Ifcis 
system  of  coordinates  (x,  y)  plotted  at  the  surface  is  called  a  semigeodesic 
system. 

The  gaussian  curvature  K(x,  y)  of  the  surface  is  defined  only  by  the  metric 
(1),  using  the  formula  G"(x,  y)  +  K(x,  y)B(x,  y)  »  0.  (2) 

If  only  metric  (l )  is  given  (the  first  quadratic  form),  then  the  question 
of  whether  a  surface  exists  in  three-dimensional  &ic3idean  space  that  realizes 
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this  metric  reduces  to  finding  the  coefficients  L(x,  y),  X(z,  y  ).  arc  5(x,  j) 
of  tbe  second  quadratic  fora.  5fcese  ooef  icierls  anst  satisfy  the  Bain  equa¬ 
tions  of  the  theory  of  surfaces  —  the  Peterson- Codscci  equations *}  x 

W,-^=Tr(W+«t)  -T*  ® 


Ch  the  other  band,  the  gsussian  curvature  of  tbe  surface  ran  he  calculable  else 
externally,  through  tbe  coefficients  of  the  Second  quadratic  font.  Hse  Gauss 


foraula 


2  1  m  IS  -  h 


is  used  for  this  purpose.  Sow  if  we  cancel  out  of  equr.tico  [5),  using  (4)  one 
oi  the  quantities  L,  X,  and  5,  and  ve  get  a  system  of  two  quasilinear  equations 
with  two  independent  variables  x,  y  with  respect  to  the  two  unknown  functions. 

Investigating  this  aye tec  of  equations,  we  can  readily  establish  that  it 
is  a  elliptical  in  tbe  case  K  >  0,  parabolic  when  Z  *  0,  and  hyperbolic  in  tbe 

case  Z<  0. 

Thus,  for  the  case  of  negative  gauss ian  curvature  K  0,  the  Peterson- 

Codacci  equations' reduce  tc  a  systen  of  two  hyperbolic  quasilinear  equations. 

2  2 

Hie  integral  curves  of  the  equation  Liz  t  2Xdxdy  +  My"  *  0  (5) 

will  be  characteristics  in  this  case,  lines  which  are  called  asymptotic  lines 
of  the  surface,  in  geometry . 

As  we  have  seen  in  Chapter  One,  Rienann  invariants  can  be  introduced  for 
any  ays tec  of  two  hyperbolic  quasil inear  equations.  Uncomplicated  calculati:ns 
lead  to  the  following  egressions  for  the  invariants: 


■f  =  5 


t  =  B 


after  which  equations  (3)  are  reduced  to  the  loin 


£+~t£=-u>+^+^[#+^]. 

Q  =  lny^— Tf (x,  y)  B=B{x,y). 


*)  cf  Blyashke,  Differential  Geonetry. 
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V 


If  we  assume  r  -  tg  <f>. ,  s  »  tg  ‘■fb  >  <?.  are  angles  famed  at  toe 

surface  by  the  direction  of  the  ssynptotic  lines,  (characteristics)  with  tbe 
direction  of  the  geodesic  lines  y  ■  constant.  Here  tt>e  system  (7)  is  also 
written  in  tbe  following  fens 


<*-. _ ,  *Sfl  «*>  _  ™  -  1  <9 

-^-  =  ««¥j-3r - T~W~  ”*»T^T*®*^* 

<*5  _ >  *=*  **»  _  ri-t  s*  *.  T>-«  ^ 

—  —  <**  fi  -  jj  n s  2  S'rB  ^  • 
•=fi  — fr 


Sow  we  construct  on  tbe  basis  cf  systen  oi  equation  (7)  cr  (8),  we  can 
readily  note  that  systen  (?)  is  a  veakly—ncnl inear  systen  cf  quasilinear  equa¬ 


tions,  since 


*  U.  7)  ’ 


B  (x.  j) 


Tbe  regular  surface  cf  negative  gsussian  curvature  £(x,  y)  <  ?  exhibits  differ¬ 
ent  directions  of  the  asymptote  lines  (cnaiscteriitics),  so  that  we  can  assume 
that  at  the  regularity  points  r  /  s,  i.e.,  /  ^2*  i*e*>  systems  (?)  and  (8) 

are  hyperbolic  in  the  narrow  sense  at  the  regularity  points. 

Is  we  have  seen  in  Chapter  One,  weakly  nonlinear  systems  have  a  re  car  li¬ 
able  property:  solutions  cf  such  systems  retain  continuous  and  smooth  as  long 
as  the  solution  itself  is  bounded.  A  siriiar  property  also  holds  for  solutions 
of  systea  (7)  or  (8). 

At  the  beginning  of  this  century ,  D.  Hilbert  formulated  a  hypothesis 
which  states  that  no  complete  regular  surface  with  negative  gauss ian  curvature 
£(x,  7/ <  £.  <3  erbedded  in  a  three-dimensional  Euclidian  space  exists.  He 
also  gave  a  proof  of  this  statement  for  the  case  of  constant  gauss ian  curvature 
E  ■  -1 .  Since  system  (8)  is  weakly-nonlinear,  the  cause  of  tbe  nonexistence  of 
the  surface  Z(x,  y }  -1  is  not  the  formation  cf  discontinuity  of  the  solution 

(as  we  would  have  thought),  and  also  not  the  unboundedness  of  the  solution  (as 
can  be  seen  free,  the  expression  (8),  the  solution  remains  bounded  at  the  endpoint 
x,  y).  Therefore  the  cuase  of  the  nonexistence  of  solutions  of  system  (8)  in 
the  large  is  the  degeneracy  of  the  surface, i.e.,  the  case  <p  ^  «  <p 0.  In 
all  known  cases,  actually,  at  the  edge  of  the  surface  we  obtain  the  result  that 

lO  «  0  and  the  surfact  cannot  be  extended  smoothly  beyond  the  bound  (edge). 
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lot*  that  la  re-sent  yea rs  proof  of  tie  iypctSe-sta  fnrncletei  giver.  oertalr 
restrictions  cc  tie  derrrstiTes  of  t^i.  y)  bas  beer  c*t*i»rd. 

5-  Satires  of  nagytic  rydr-dynaiica-  la  tils  aectiar:  we  will  obtain 
differential*)  e-quaticcs  deanrifcing  tie  ane-dunensiunal  action  ef  ii  electro- 
conduct!'  e  gas  in  a  nagnetic  field. 

If  we  let  £  and  5  denote,  mpertively,  tie  intensity  of  as  electrics! 
and  a  magnetic  field,  tier  tie  force  f  acting  cc  tie  side  cf  tie  electrcma^e- 
tic  field  for  sr.it  vcluae  cf  gas  oar,  as  we  error**'  be  written  as 

/=P*£-5-4l/X«J.  ■  '*  (5* 

‘  "  -  *  w  *>_  X 

where  P  is  the  density  of  the  electrical  charge.  ’  is  tie  density  cf  tie 

C 

electrical  canent,  and  c  is  the  speed  of  iigr.t.  gaussian  system  cf  units 

for  electroaagr  ‘ic  quantities  has  been  adopted  in  fcrmla  (*  ). 

when  an  electrical  current  j  passes  through  a  fixed  substance,  the  follow¬ 
ing  ax-cun',  of  energy  (’oule  heat)  is  released  per  unit  tire  per  unit  volume : 

*  «  3j. 

For  the  case  when  the  conductor  coves  at  velocity  u,  Q  ■  S* j* ,  where  £•  and  j’ 

can  be  written  in  the  following  fern,  based  on  fcrsulas  of  electrodynamics  with 

2  2 

an  accuracy  up  to  tens  of  the  order  u  /c  : 

£'  =  £+4l«X^1.  /  =  /-p#».  <2)  4 

where  B  is  the  induction  of  the  magnetic  field. 

Electromagnetic  fields  satisfy  the  Maxwellian  system  of  equations 


fot  H  —  — —  y  + 

e  ^  '  c  dt 


,ot£=_i«. 


div  D  =  4-tp,,  div£?  =  0. 


•  * 

CR' 


*)  In  studying  discontinuous  "solutions,  we  must  derive  the  integral 
laws  of  conservation.  For  simplicity  we  will  confine  ourselves  here  to  use 
smooth  solutions  of  equations  of  magnetic  hydrodynamics. 

**)  I.  Ye.  Tamm,  Osnow  teorii  elektrishestva  (Fundamentals  of  the 
Theory  of  Electricity). 
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Here  D  -gE,  B  »M. H  ( «£  and  u  are  the  electrical  and  magnetic  permeabilities 
of  the  gases). 

We  will  assume  that  the  medium  we  are  considering  satisfies  the  condition 
of  quasineutrality .  Ibis  implies  that  the  combined  electrical  charge  of  any 
volume  element  is  zero  (  ft  -  0).  Then  Usually  a  medium  satisfying 

the  cor'*  it  ion  of  quasineutrality  is  called  a  plasma. 

*  for  a  well— insulated  plasma  we  can  assume  with  sufficient 

accuracy  that  B  -  H,  D  -  E. 

let  us  use  Cbm's  law  to  determine  the  density  of  current  j* 

y«o£*«o(£-}.±[,X/f,j.  .  (4) 

We  obtain  equations  describing  plasma  motion,  ftiey  consist  of  two  groups! 
Marvell  equations  in  a  moving  medium  and  hydrodynamic  equations.  The  latter 
mst  allow  for  the  action  of  electromagnetic  force  (l )  and  the  release  per  unit 

volume  of  Joule  heat  Q  -  j  fa  . 

Obviously,  the  continuity  equation  remains  unchanged: 

‘  •y+divpB  —  O.  (5) 

and  the  force  f  enters  into  the  equations  of  motion: 

•y-}-(aV)«-4--i-grad  (6) 

and  Joule  heat  appears  in  the  equation  of  the  energy  balance  written  for  entropy 
S  per  unit  mass  of  gas: 


Thus,  a  complete  system  of  equations  describing  the-motion  of  plasma  in 
an  electrical  field  is  the  system  (3)“(7).  Here  the  electromagnetic  equations 
(3),  (4)  are  related  with  the  "hydrodynamic"  equations  (5)-(7)  only  by  the  right 
sides:  the  function  J  dependent  on  velocity  u  appears  in  (3),  and  the  functions 
j  and  f  dependent  on  E  and  E  appear  in  ( 5 )— (7 ) . 

In  most  case  of  practical  interest,  the  system  (3)-(7)  can  be  somewhat 
simplified.  The  point  is  that  even  for  a  case  of  a  fairly  cold  plasma,  we  can 
ordinarily  neglect  in  system  (3)  the  displacement  current  -1-  compared  with 
the  conductivity  current  j.  Here  obviously,  we  must  discard  the  equation 
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div  D  -  0.  lhen  from  the  system  of  equations  (3)-(7)  we  cancel  out  E,  and 

equations  (j)  become 


dtvff=0. 

TF + rot  [*K5T nt  H  —  («  X  #)]  =  0 . 


(8) 


Consider  the  further  simplification  of  the  system,  assuming  that  the 
electroconductivity  of  the  plasma  (T  is  infinitely  great,  that  is,  the  gas  under 
consideration  is  an  ideal  conductor.  With  this  assumption,  Ohm's  law  (4)  is 
replaced  by  the  condition  of  the  finiteness  of  current  j,  i.e.,  with  the  equation 


E  --(l/c)[uxH], 

and  equations  (8)  be coco  div  H  ■  0, 

-7gr  +  rot[«X/n  =  0. 


(9) 


The  system  of  equations  (5)~(7)  ia  very  considerably  simplified  in  this  case. 

Since 

j  =  ~nU:,  = 

and 

rot  H  X  H  =  —  grad  -f-  ^  (HJf)  -f  -g-  (///f)  4-  , 

then  equations(6)  are  transformed  to  become 

■Sr + (oV)  * + 7  Pad  [p +tt)  = 

P  "4np  ["37  WXH)  -j-  ^  HyH)  4-  (//,/f)] .  (10) 

and  equation  (7)  changes  into  adiabaticity  condition 

_4£+(«V)S  =  0.  (11) 

Let  us  consider  one-dimensional  motion,  that  is,  let  us  assume  that  all 
the  quantitieo  depend  only  on  x  and  t.  Then  from  equations  (9)  it  follows  that 

at,  E  »  H  •»  constant. 

z  o 

Let  us  write  our  system  of  equations  (5),  (9)»  (10),  and  (11  )* 
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ymm 


f 


-Z.  tit  CS it&  tilt 


t-ticucggrt  of  ti*  ittggti:  field  it 


ii®c:  (I  •  0),  w  i&rs  &  •  *  »  0,  k±  { '  2’  its  a  firtfci:  oegei 

ret*  icictdi:::  ^  •  i^. 

a. 

!5*  lire*  i.-idfrpendf'T.t  equations  fcr  this  cr.«Ta.crterisiic  are  tie  fourth, 
fifth,  and  seventh  e>qastiins  cf  sjitea  [ >2).  ?c  citeir  tr  additicsal  ts*o  ecus- 
tiicis,  we  cccrote  j|  r^,  ^  (**). 

Ir-on.  syne®  [t2)  ve  gst 


I  ***, 

"?T~ 


1  bLjffj  t  ff^  if**  _ 


m~v 

,«+>),«  *.  <V>  ' 

— — -  +—,~E ~l  +  -W ~7T  ~  V  ~S^- 

^  S  ♦  ♦  -  r—  «»  *  ^  m  M,  «r  T  "*  • 


^Sftrefrre  the  dit-sired  relations  are  as  fcllgwi 

?mi  these  it  f oil o* «  that  along  tie  Btreadine  a/p  -  constant.  (*i) 

*e  oar  state  that  equality  ("i)  e presses  tie  "frosemess*  cf  tie  mag¬ 
netic  field. 

Using  integral  (li),  ve  reduce  systen  (t 2)  in  tie  case  H  -  C  tc  three 


ecrua  tiers; 


^  1  ^*J  _ A  ^X  1  —  *»X  I  ^  ^  _  _  A 

Tr+^-ST+T^'*  a- 


dS  AS 

■y  +  *x‘2j®=®- 


vhere  p^  denotes  ire  sc— called  effective  cagne tciydrodyn&aic  pressure : 

?-  -  pCfi  S)  +  A  *.  [9  -  effective] 

lie  quantity  A,  just  as  entropy  3,  can  vary  in  the  transition  froz  cr.e 
5  tread  ire  to  snother,  cut  is  constant  along  any  of  then. 


In  the  case  under  consideration  c  =  0, 

c 

propagate  relative  to  the  gas  vith  the  velocity 


the  fast  ragnetceccustic  vavts 
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